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Preface

This book is dedicated to applications of Lie groups to finite-difference equations,
meshes, and difference functionals. The interest in continuous symmetries of dis-
crete equations (i.e., Lie transformation groups admitted by such equations) springs
from at least two sources. First, discrete equations serve as primary, fundamental
mathematical models in physics and mechanics. Cellular automata and neural nets
also clearly belong to the realm of discrete models. Their integrability and the
existence of exact solutions and conservation laws are undoubtedly related to the
presence of continuous symmetries. This raises the question of finding and using
the transformation group admitted by a given discrete equation.

Second, modeling a given system of differential equations with the use of dif-
ference equations and meshes can also be based on symmetries. It is well known
that one and the same system of differential equations can be approximated by
infinitely many difference schemes. Hence finite-difference modeling always in-
volves the problem of selecting the schemes that are in some respect advantageous.
The selection criteria are often given by fundamental physical principles present
in the original model, such as conservation laws, variational principles, the exis-
tence of physically meaningful exact solutions, etc. In this connection, qualitative
considerations play a significant role in the construction of numerical algorithms,
because they permit including the “physical meaning” of the object under study in
the numerical method used to analyze the mathematical model. This point of view
has led to the development of methods for constructing conservative difference
schemes, to the integro-interpolation approach to constructing numerical schemes,
to variational methods for constructing schemes, to symplectic numerical methods,
etc.

The invariance of differential equations under continuous transformation groups
is certainly a fundamental property of these models and reflects the homogeneity
and isotropy of space—time, the Galilean principle, and other symmetry properties
that are intuitively (or experimentally) taken into account by the creators of physical
models. Therefore, it is apparently important in the theory of difference schemes to
preserve the symmetry properties when passing to the finite-difference model, thus
adequately representing the symmetry of the original differential model. This may
serve as the above-mentioned selection criterion.

The author first became acquainted with the idea that the qualitative (physical)

ix
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characteristics of differential equations should be preserved in difference models at
A. A. Samarskii’s seminar in the late 1960s,! mainly in connection with the con-
struction of conservative and completely conservative difference schemes and vari-
ational numerical methods for gasdynamic and magnetohydrodynamic problems.
From the theoretical viewpoint, this work of Samarskii and his scientific school
was perhaps ahead of their time. (By the way, all their publications at the time
were only in Russian.) Back then, the community of mathematicians dealing with
qualitative methods of the theory of differential equations did not pay much atten-
tion to difference equations. These ideas were widely implemented and developed
only a few decades later. Nowadays, methods putting emphasis on the preserva-
tion of geometric and other qualitative properties of the solution set of the original
differential system (e.g., the symmetry group; variational principles; the existence
of first integrals, conservation laws, and exact solutions; symplecticity; and volume
preservation) are being intensively developed. In recent years, they have sometimes
been combined under the common name of geometric numerical integration. This
book largely deals with only one aspect of this new research trend, with attention
being mainly paid to continuous symmetries of discrete mathematical models.

The theory of continuous transformation groups was first formulated by So-
phus Lie when he was devising general integration methods for ordinary differen-
tial equations. Further development of group analysis of differential equations and
a systematic study of the structure of their solution sets originated in the work of
L. V. Ovsyannikov and his scientific school. (This was indeed a second birth of
group analysis, at least in Russia.) The publication of Ovsyannikov’s papers and
books in the USSR in the 1960s led to a boom of studies and publications on the
topic. The work of Ovsyannikov, Birkhoff, and their students and successors has
made Lie’s idea of describing symmetries of differential equations into an indepen-
dent scientific field. At present, group analysis is a generally recognized method for
describing continuous symmetries of differential and integro-differential equations
of mathematical physics.

It is very tempting to use the group-theoretic approach when constructing and
studying various mathematical models (including difference schemes), because
group analysis has powerful infinitesimal criteria for the invariance of objects un-
der study. Thus, the problem of finding a continuous transformation group can be
reduced to solving a system of linear equations regardless of whether the original
model itself is linear or not. To model a physical process with known symmetry,
one should finding a set of differential (or, in our case, difference) invariants, and
this problem is also linear.

The knowledge of the transformation group admitted by a mathematical model
provides significant information about the solution set of the model, because the
structure of this group correlates with the algebraic structure of the set of solutions.

'Tt was in the 1950s that Tikhonov and Samarskii [135] recognized the importance of the re-
quirement that the scheme be conservative.
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The higher the dimension of the admissible group, the wider are the possibilities
for its application. Therefore, it is apparently important to preserve the entire sym-
metry of the original continuous model in its finite-difference analog.

In this book, attention is focused on the problem of constructing difference
equations and meshes such that the difference model preserves the symmetry of the
original continuous model. The introduction of finite-difference variables is rather
formal. But one can intuitively rely on the geometric vision of the “difference”
space being embedded in the “continuous” space; i.e., continuous transformations
act on the entire Euclidean space of appropriate dimension, but we are only inter-
ested in countably many of its points. Therefore, two types of variables, continuous
and discrete, are used in the mathematical apparatus. The first are used to describe
the tangent fields of continuous transformation groups, and the second serve to
construct difference forms and equations. As a result, there arises a rather unusual
object, an infinitesimal group operator whose action is a continuous differentiation
with respect to discrete variables.

Finite-difference operators, in contrast to differential operators, are defined on
finite subsets of countable sets of mesh nodes. (The finite set of mesh points on
which a difference equation is written is called a difference stencil.) Owing to this
nonlocality of the operators (which physically means that the problem has char-
acteristic length scales), difference operators possess peculiar properties absent in
the local differential models. In particular, one distinguishes between “right” and
“left” differentiations (and the corresponding shifts), there are uniform and nonuni-
form meshes, and the difference Leibniz rule has a specific character. This specific
character results in the appearance of a peculiar calculus of infinitesimal transfor-
mations of finite-difference variables considered in Chapter 1.

Note that all issues in this book are considered locally, just as in the classical
group analysis: invariance problems for difference equations and difference meshes
are studied in a neighborhood of an arbitrary point. However, unlike in the case of
differential equations, a “point” in the case of difference equations is a difference
stencil, which has a certain geometric structure, so that the role of transformations
of independent variables is of exceptional importance. 1t is a distinguishing fea-
ture of our approach to the analysis of group properties of difference equations that
the transformations of independent variables are included in the class of admissible
transformations. Accordingly, the group action generally transforms the differ-
ence stencil (and the entire mesh). To pose the invariance problem for a difference
model, we suggest including the mesh equation characterizing the difference sten-
cil geometry in the difference model. With this approach, it is possible to preserve
the symmetry of the original differential model exactly rather than in the form of a
group isomorphic to the original one. This finally permits constructing difference
models completely preserving the symmetry of the original differential equations.

In Chapter 1, we consider the invariance problem for various difference meshes,
uniform and nonuniform, orthogonal and nonorthogonal. It is clearly impossible to
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list all meshes used in practice, but a series of propositions establishing necessary
and sufficient conditions for the invariance of several classes of most widely used
meshes allow us to carry out a preliminary analysis of the possibilities of difference
modeling in specific situations. In the same Chapter 1, we consider the relation-
ship between the operations of discrete and continuous differentiation and also the
problems related to changes of variables in the space of difference variables. We
construct a difference representation of the (continuous) total differentiation oper-
ator with the help of so-called Newton series. Note that this representation is ex-
tremely cumbersome. Hence the well-known equivalence of the symmetry group
in the form of evolution fields (for which the independent variables are invariants)
is no longer attractive for difference equations. While the point symmetry group of
a difference equation can be written out in exactly the same form as for a differen-
tial equation, the symmetry in the form of evolution fields has an awkward structure
(which uses all points of the difference mesh), which is unsuitable in practice. Here
the specific features of difference models manifest themselves as well.

In Chapter 2, we use the mathematical technique developed in the preceding
chapter to study the symmetry properties of finite-difference models, i.e., differ-
ence equations considered together with difference meshes. The main theorem of
this chapter provides necessary and sufficient conditions for the invariance of dif-
ference equations and meshes. We also propose a simple algorithm for constructing
invariant difference models from a given transformation group, namely, the method
of finite-difference invariants. In several examples, we construct finite-difference
models completely inheriting the symmetry of the original differential equations.
We show that the symmetry of difference models permits applying reduction to
subgroups just as in the case of differential equations and thus obtaining invari-
ant (exact) solutions of difference schemes. Since the criterion for finite-difference
equations to be invariant on the difference mesh also provides necessary conditions
for the invariance of a difference model, it is possible to calculate the symmetry
of a given difference equation. We present an example of such calculations of the
admissible group, showing the peculiarity of the splitting procedure.

In subsequent chapters, the technique of point transformation groups is used to
study invariant properties of difference equations. In Chapter 3, we consider in-
variant ordinary difference equations. Just as in the case of first-order ODE, the
knowledge of the admissible group permits integrating the difference equation. For
second-order ODE, we give a complete group classification of difference equations
and meshes. It is of interest to note that this classification presents significantly
more invariant difference equations than the corresponding list of invariant differ-
ential equations.

In Chapter 4, we construct examples of finite-difference models (i.e., difference
equations and meshes) completely preserving the symmetry of the original partial
differential equations. We note that a majority of the constructed invariant dif-
ference schemes are very unusual and rather different from the traditional ones. In
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particular, the symmetry of most evolution equations can be preserved with the help
of moving mesh schemes. For the nonlinear heat equation with a source (which in-
cludes the linear equation as a special case), we present a complete list of invariant
difference models corresponding to the list of invariant differential equations ob-
tained earlier. Note that we do not discuss any issues concerning the numerical
implementation of the invariant difference models obtained earlier, and hence the
book does not contain specific numerical calculations.

In Chapter 5, we consider combined models, i.e., equations containing both
differential and difference variables. As typical examples, we consider delay dif-
ferential equations and differential-difference equations, where continuous deriva-
tives with respect to time occur together with difference spatial derivatives. The
symmetry of such models is described by admitted transformations in the product
of the spaces of differential and difference variables, and its analysis is in some
sense simpler than that of purely difference models, because the question of the
invariance of geometric properties of the space—time mesh does not arise.

It is well known that conservation laws underlie the construction of mathemat-
ical models in a majority of cases. The relationship between the conservation laws
and the symmetries of the corresponding variational problem is stated in a defini-
tive constructive form in the Noether theorem, which says that if the variational
functional is invariant, then the corresponding Euler differential equations are con-
servative (i.e., the conservation laws are satisfied on their solutions). In Chapter 6,
we consider invariant variational problems for difference functionals and present
a difference counterpart of E. Noether’s construction. Difference variational prob-
lems have their own specific features and in general substantially differ from the
continuous version. Nevertheless, fully constructive methods for devising invari-
ant schemes and meshes with difference analogs of the conservation laws are also
proposed in the difference case. We show that the invariance of the finite-difference
functional does not automatically imply the invariance of the corresponding Euler
equations. We obtain a new difference equation (which, in general, does not coin-
cide with the difference Euler equation) on whose solutions the functional proves
to be stationary under the group transformations. This equation, which is called
the quasi-extremal equation (or a local extremal equation), depends on the coor-
dinates of the group operator and, in the case of an invariant functional, has the
corresponding conservation law. Thus, if a difference functional is invariant un-
der several subgroups, then, in general, this leads to several difference equations
with conservation laws. (Each equation has its own conservation law.) If this set
of quasi-extremals has a nonempty set of general solutions, then it is possible to
state a theorem completely similar to the Noether theorem for such an intersection
of quasi-extremals of the invariant functional. Note that the proposed difference
construction becomes the classical Noether theorem in the continuum limit.

In Chapter 7, the relation between symmetries and first integrals for differ-
ence Hamiltonian equations is considered. These results are based on results for
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continuous canonical Hamiltonian equations considered in the Introduction. It is
shown that discrete Hamiltonian equations can be obtained by the variational prin-
ciple from action functionals. Noether-type difference operator identities are de-
veloped. On the basis of these identities, a Noether-type theorem for the canonical
Hamiltonian equations is stated. The approach based on the symmetries of discrete
Hamiltonians provides a simple, clear way to construct first integrals of difference
Hamiltonian equations by means of purely algebraic manipulations. It can be used
to preserve the structural properties of underlying differential equations under dis-
cretization procedure, which is useful for numerical implementation.

In Chapter 8, we construct examples of exact schemes, i.e., difference models
that have infinite order of approximation. The set of solutions of exact schemes,
which coincide with the corresponding solutions of the differential equation at the
mesh points, obviously admits the symmetry group of the differential equation.
Therefore, the exact scheme (and the mesh) must be invariant and can be con-
structed from difference invariants. Several examples show that the parametric
family of invariant schemes contains exact schemes. Such schemes can be viewed
as a discrete representation of the solution set of the corresponding ODE. Thus, the
following peculiar mathematical dualism arises: one and the same process can be
described either by ODE or by an exact difference model.

At present, there is a comprehensive literature concerning applications of Lie
groups to differential equations. Moreover, there are excellently written introduc-
tory courses, which allow young researchers to assimilate the main ideas of group
analysis rather quickly. Nevertheless, to make our presentation closed and self-
sufficient, in the Introduction we briefly recall the elementary notions of group
analysis of differential equations and introduce some notation that we need in our
studies of applications of Lie groups of transformations to difference equations,
functionals, and meshes. In addition, we briefly present some results concerning
the Lie—Bicklund groups (or higher-order symmetries) and Noether-type theorems
for Lagrangian and Hamiltonian formalisms in the context of differential equations.
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Introduction

0.1. Brief Introduction to Lie Group Analysis
of Differential Equations

Nowadays, there is a wide literature dealing with applications of Lie groups to
differential equations (e.g., see [13—15,69,73,107,111, 130]).

To make our presentation closed and self-contained, in this introductory section
we briefly recall the required elementary notions and introduce the notation used in
group analysis of differential equations and needed to study difference equations,
functionals, and meshes with the help of Lie transformation groups in subsequent
chapters.

In our presentation, we follow the notation and partly the contents of Ovsyan-
nikov’s excellent book [114], which has long since become a bibliographical rarity.
We also briefly present some results concerning the Lie-Bécklund group (or higher-
order symmetries) and Noether-type theorems for the Lagrangian and Hamiltonian
formalisms. Theorems are given without proofs but are illustrated by examples.

0.1.1. One-parameter continuous transformation groups

Consider the Euclidean space R” of points x = (2!, 2%, 2%,.. ., 2"V) in which some

smooth transformations 7, s = 1,2, ..., taking RN toitself, 2* = T,x € RY, are
given.
The action of T can be written as the system of relations

o = f(x) = f (a2 2Y),  i=1,2,...,N, s=12,....

We assume that the functions f*, determining this transformation are locally in-
vertible and three times continuously differentiable. The inverse transformation is
denoted by 7, .

The product T1Ts of transformations Ty and T, is understood as the succes-
sive application first of 75, and then of 7. This composition of transformations is
referred to as multiplication. The role of unity element for this multiplication is
played by the identity transformation E. In terms of the functions f*, the multipli-
cation of transformations can be written as

fz(x) = fil(f12(x)af22(x)7 e '7fN2(x))7 L= 1727 e '7N'

xXvii
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It follows from the above definition of multiplication as consecutive transfor-
mations that multiplication is associative,

T1 (TQTd) — (TlTQ)T3
The definition also implies the inversion formula
(M) ' =T (0.1)

for the product of transformations.

Now consider a family {7} } of transformations depending on a real parameter a
ranging in an interval A. The family {7} is said to be locally closed with respect
to multiplication if there exists a subinterval 6 € A such that the product 7,7
belongs to {7} for any a, b € §. In coordinate form,

T, : 2" = fi(z,a), 1=1,2,..., N,
T.Ty: f'(f(x,0),a) = f'(z,¢(a,b)), i=1,2,...,N.

Thus, there is a function ¢(a, b) determining the multiplication law for the trans-
formations in the family {7, } by the formula 7,7, = T., ¢ = ¢(a,b). We assume
that this function is three times continuously differentiable.

A family {7} of transformations is called a local one-parameter continuous
transformation group (a local Lie transformation group) if

1. {T,} is locally closed with respect to multiplication.

2. There exists a unique parameter value ay € o determining the identity trans-
formation 7y,,.

3. The equation ¢(a,b) = ag has a unique solution b = a~' for each a € .
This means that every transformation T, a € 4, is invertible, (T,,)~" = T,-1.

Note that the multiplication and inversion of transformations is defined only for
a € 9 rather than on the entire admissible interval A. For § we can take any smaller
interval containing ag; i.e., we are only interested in some small neighborhood
of ag. Accordingly, the object introduced above is not a group in general; it is
called a local group. We denote a local one-parameter continuous transformation
group by Gj.

The group parameter can be transformed with the use of a three times contin-
uously differentiable function, @ = a(a). In particular, using the transformation
a = a — ap, we can ensure that the identity transformation is associated with the
zero parameter value. As the group parameter varies, each point (z!, 2%, ..., 2")
moves in R™ along a smooth one-parameter curve, which is called an orbit of the
group G.

The definition of G implies the following properties of the function ¢(a, b)
determining the multiplication law for the transformations:

»(0,0) =0, ®(a,0) = a, #(0,b) = b, p(a,a™t) = p(a™t,a) = 0.

(0.2)
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The parameter a is said to be canonical if the multiplication law is just the addition
é(a,b) = a + b. In this case, a~* = —a, and formulas (0.1) can be rewritten as

fi(f(z,a),b) = fi(z,a+0), i=1,2,...,N. (0.3)

One can show that there exists a canonical parameter for any one-parameter group.
The transformation yielding the canonical parameter is given by the formula

a(a) = /Oa V(s)ds, where V(b)) = %

a=b—1

It follows that every one-parameter transformation group is Abelian (commutative).
Some examples of one-parameter transformation groups include
1. The translations along a vector (', ~%,..., ") in RY,

™ = 2" + ~'a, i=1,2,...,N.

(As a special case, this includes the translations £* = = + a on the real line.)

2. The dilations z* = e“x on the real line and the inhomogeneous dilations
z* = es'og? in RN,

3. The Galilei translations on the plane,

r=x+ay, Yy =y.
4. The rotations on the plane,
x* =xcosa+ ysina, y* = —xsina + ycosa.
5. The Lorentz transformations on the plane,

x* = xcosha + ysinha, y* = xsinha + y cosh a.

6. The projective transformations on the plane,

Tzt = , = )
1—ax y 1—ax

Note that ¢(a,b) = a + b in all these examples.

0.1.2. Infinitesimal operator of a group

With the group (G; determined by the transformations (0.1), we associate the aux-
iliary functions
, Of(x,a) .
) = =12 =1,2,...,N. 0.4
g (x) aa azo? ? ) ) Y ( )
The following theorem establishes a one-to-one correspondence between vector
fields (0.4) and one-parameter transformation groups Gj.
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THEOREM. The functions f'(x,a) determining the transformation group satisfy
the system of differential equations (which are called the Lie equations)

oft 4
=& =1.2.....N 05
aa 5 (f)? Z b ) ) b ( )
with the initial conditions
fil_ =42, i=12... N (0.6)

Conversely, for any set of sufficiently smooth functions &'(x), system (0.5)—(0.6)
has a solution f*(x,a), which determines the group G\.

This theorem establishes the most important relationship between the transfor-
mation group and the tangent vector field (0.4).
Along with the tangent field (0.4), consider the linear differential operator

0
8@»’

X =¢&'(x) (0.7)
which is called the infinitesimal operator (or the generator) of the group G;. (In
formula (0.7) and in what follows, summation over repeated indices is assumed.)
The functions £'(x) are called the coordinates of the operator X.

Let us write out the infinitesimal operators for the above examples.

1. The operator of the group of translations along the vector (y', 7%, ...,
in R" has the form 5

0@-'

2. The inhomogeneous dilation transformation in R has the infinitesimal op-
erator

)

X:’yi

X =s'2"

Oxt’
3. The Galilei translations on the plane have the generator

0

4. The rotations on the plane are generated by the operator

0 0
X =y— —ax—.
Yor ¥ dy
5. The infinitesimal Lorentz transformation has the form
0 0
X=y—+z—
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6. The infinitesimal operator corresponding to projective transformations on
the plane is given by

The action of a transformation 7, of the group G; on a scalar function F'(z) is
defined as T, F'(z) = F(T,x). The infinitesimal operator gives the principal linear
part of the increment of the function; indeed,

T.F(z) = ¢ F(z) = F(2) + aX F(x) + ;—TX2F(x)+---+i—TX"F(x) e

If we make a change of variables ' = y’(z) in R, then the coordinates of the
infinitesimal operator are changed by the formulas

0
oyt

=X@): X=E&W)

(0.8)

If one group can be obtained from another group by a smooth invertible point
change of variables, then these groups are said to be similar.

THEOREM. Each one-parameter transformation group is similar to the group of
translations along one of the coordinates.

Remark. The desired change of variables can be found from the linear system

X(y'(z)=0, i=1,2,...,N—1, XN (z)) = 1.

0.1.3. Group invariants and invariant manifolds

A locally analytic function F'(x) # 0is said to be group invariant if F(z*) = F(z)
for any transformations of the group.

THEOREM. For F'(x) to be group invariant, it is necessary and sufficient that
XF(z)=0, (0.9)
where X is the operator of the group (0.3).

It is well known that the linear partial differential equation (0.9) has N — 1
functionally independent solutions /'(z), I?(x),..., I ~1(x) and that the general
solution has the form

F(z) = o' (z), I*(z),..., IV (),

where ®(z1, ..., 2 is an arbitrary differentiable function. Thus, the group G
has NV — 1 functionally independent invariants.

N—l)
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Consider some examples of solutions of Eq. (0.9) used to calculate group in-
variants.

1. The group of translations along a vector (y*,~2,...,~4") in RN has N — 1
independent invariants. For example (assuming that all +; are nonzero), one can
take

I = vt — gttt i=1,2,...,N —1.

2. The inhomogeneous dilation transformations in R have the invariants

(QU")SZV+1 .
112W7 2:1727...’N_]..

3. The Galilei translations on the plane have one invariant
I =y.
4. The rotations on the plane have the obvious invariant
I = 22 + 4%
5. The Lorentz transformations on the plane have one invariant
I = 2% — 2
6. The projective transformations on the plane have the invariant

x
I 1= .
Y
Remark. One can also find group invariants in a different way, by considering finite
transformations of the group and by eliminating the group parameter. We illustrate
this by the example of projective transformations on the plane,

* z x Y

le—am’ yzl—ax'

By eliminating the group parameter a, we obtain

This relation means exactly that the expression x/y is an invariant of the one-
parameter group considered.

This idea was generalized in [54, 109, 110] to multiparameter groups acting in
a space with a larger number of variables.
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The manifold defined in R by some functions ¢*(x) according to the formulas
¢*(z) =0, s=1,2,...,A, (0.10)
is said to be invariant if the following relation holds for all group transformations:
o°(z*) =0, s=1,2,...,A.
In other words, the group transformations take the manifold (0.8) to itself.

DEFINITION. The manifold (0.10) is said to be regularly defined if the functions
¢*(x) are continuously differentiable and the matrix ||0¢*/dz"|| has rank A (equal
to the number of equations in system (0.10)).

A criterion for a regular manifold to be invariant can be written in terms of the
group operator.

THEOREM. For a manifold regularly defined by Egs. (0.8) to be invariant under a
group G with operator X, it is necessary and sufficient that

X¢*(x)

s = 0 (0.11)

The geometric meaning of condition (0.11) is that the vector field £'(x) is tan-
gent to the surface (0.10).

0.1.4. Prolongation of the transformation group to derivatives

Now we divide the coordinates in R" into two types, independent variables ', i =
1,2,...,n, and dependent (differential) variables u*, k = 1,2,....,m, N = m+n.
Accordingly, we divide the transformations in the group G, into two types,

' = iz, u,a), 1=1,2,...,n,
u*k:gk(m,u,a), k=1,2,...,m.

We prolong the space R to the derivatives, i.e., supplement it with differential
variables u¥;,

L ouP
T g

1=1,2,...,n, k=1,2,...,m.

The space prolonged to the first derivatives has dimension N = N + mn. In
the prolonged space, consider the one-parameter transformation group defined by
the operator

0
314’%’

X:ﬁ"iJr k9 (0.12)

ox; " ouk ¢
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where the (¥, are some functions of x;, u*, and u*;.

To ensure that the group transformations preserve the definition and the geomet-
ric meaning of the derivatives, we require that the following relations be invariant
under the transformations in Gy :

du® = o, da, k=1,2,...,m. (0.13)

The invariance of Eqgs. (0.13) under the group (G; with operator (0.12) implies
the following prolongation formulas:

Ckz:Dz(nk)_uk]Dz(gj)a 1= 1727"'777’7 k= 1727"'7m7 (014)

where
0

Ouk’
is the operator of total differentiation with respect to the variable z°.

Prolonging this process to the second derivatives, in a similar way we obtain
expressions for the coordinates of the group operator which determine the transfor-
mation of the second derivatives:

1=1,2,...,n,

¢*5i = Di(¢F) — uF i Di(€%), i,j=1,2,...,n, k=1,2,....,m. (0.15)

J

In the same manner, one can obtain formulas of prolongation to third and higher
derivatives. The operator of the group (G; prolonged to the desired number of
derivatives (which will be clear from the context) will be indicated by a tilde,

X:fii‘f‘nki i 0 ij 0
8:61- 8uk (9ukl J 8ukij
The operation of prolongation is linear and homogeneous in the coordinates of
the original operator, which can readily be seen from formulas (0.14) and (0.15).
In the prolonged space, there are more group invariants. The invariants of the
prolonged group that are not invariants of the original group (i.e., of the group
acting in the space of independent and dependent variables alone) are called differ-
ential invariants of the group GG. In a similar way, a differential invariant manifold
of the group is defined to be an invariant manifold that is not an invariant manifold
of the original group (i.e., contains derivatives).

+ ¢* + ¢*

0.1.5. Transformation groups admitted by differential equations
Consider the system of differential equations
Fo(x,u,uy,ug, ..., us) =0, a=1,2,...,m, (0.16)

where © € R", u € R™, and u; is the set of sth partial derivatives.
We treat Egs. (0.16) as the equations of a manifold in the corresponding pro-
longed space.
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DEFINITION. One says that system (0.16) admits a group G if the corresponding
manifold is a differential invariant manifold of G4, i.e., if Egs. (0.16) remain un-
changed under the action of any group transformation appropriately prolonged to
the derivatives.

Another equivalent definition can be stated as follows: system (0.16) admits the
group (¢ if the group action takes every solution of the system to a solution of the
same system (see [73,107,111]).

In connection with this definition, the following main problem of group analy-
sis arises: for a given system of equations, find all transformation groups admitted
by this system. We point out that, for this problem to be solved, it is insignifi-
cant whether the system has solutions. The only significant characteristic is the
possibility to rewrite (0.16) in the form of a regularly defined manifold.

Since finding a symmetry group is equivalent to finding its infinitesimal opera-
tor, we continue this operator to the derivatives up to and including s,

~ ; 0
ng &Ei iauki SaTks7

and rewrite the criterion for system (0.16) of differential equations to be invariant
in the form

0
+nk8uk + ¢ o C (0.17)

)N(Fa(x,u,ul,m,... =0, a=1,2,...,m. (0.18)

7u5)|(0.16)

The invariance criterion (0.18) is an overdetermined system of linear equations
for the coordinates of the operator (0.17). Therefore, the solutions of system (0.18)
form a linear vector space L, of some dimension r. Thus, the problem of finding a
symmetry group (operator) is always linear, regardless of whether the system itself
is linear or nonlinear. The efficiency of group analysis is a consequence of this fact.

System (0.18) is called the system of determining equations. In general, there
is no relationship between the dimension r of the space of symmetry operators and
the dimension of system (0.16).

We illustrate the process of solving the determining equations by an example of
a nonlinear ordinary differential equation.

EXAMPLE. Consider the ordinary differential equation

1" 1
u = (0.19)

ud’

We seek the operator of the symmetry group in the form

X = €, u) 2 4 () 2

Ox ou’
which we have to prolong to the first and second derivatives:
= 0 0 0 0
X = — — — )
g(‘r7 'LL) ax + n<x7 U) au + Cl au’ + <2 au”7 (O 20)
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where

/ 0 /8 //8 ///a
Q:D(n)—uD(f), D—%+u%+u %4‘“ 8U”+ y

G2 = D(Gi) — u"D(§) = D*(n) — 2u"D(€) — u' D*(¢).
We act by the prolonged operator (0.20) on Eq. (0.19):
31

AR
u4

D?(n) — 2u"D(§) —u'D*(£) =
or, in expanded form,

Nez + 2773:uu/ + nuu(u/)z + nuu// - 2u”(§m + guu/)
3
— (& + 260 + Euu (W) + &) + =0 (021)

Now it is necessary to “introduce the manifold,” i.e., write out the action of the
operator at the points of Eq. (0.19). To this end, we can, for example, express u”
from (0.19) and substitute it into Eq. (0.21):

1 1
Nax + 277:6uu/ + 77uuu/2 + 3 — 2_3(£x + fuu/)
u u
1 3
— W (Epp + 2800t + Euu(U)? + &ﬁ) + 0 =0, (0.22)

Thus, the determining equation has been obtained. Any of its nonzero solutions
gives the coordinates of an operator generating a one-parameter group.

The desired coordinates of the operator depend only on x and w but are inde-
pendent of «’, and the determining equation (0.22) should be satisfied identically
in the variables x, u, and «’. This permits splitting Eq. (0.22) into several simpler
equations. By matching the coefficients of like powers of u/, we readily obtain the
following overdetermined system of equations:

£uu = 07 Nuw — 2§a:u - Oa

§u

1 3n

From the first two equations in (0.23), we obtain
¢ = a(x)u+ p(z), = o u® + y(2)u + 6(z).

By substituting these expressions into the remaining equations in system (0.23) and
by matching the coefficients of like powers of u, we obtain the general solution in
the form

£(z) = Ax® + 2B + C, n(x,u) = (Ax 4+ B)u,
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where A, B, and C' are arbitrary constants.
Thus, we have obtained a three-dimensional space of operators. By setting any
two of the three constants to zero, we obtain a basis of symmetry operators:

0 0 0 0 0
_ Y X, — Oy — il X, = p2— — 0.24
ox’ 2 x8x+u8u’ 3= 8x+xu8u ©0.24)
Thus, Eq. (0.19) admits three one-parameter transformation groups with op-
erators (0.24). The finite transformations on the (x,u)-plane for each of these
one-parameter groups can readily be obtained by solving the corresponding Lie
equation (0.5). Thus, we obtain three families of transformations,

Xy

* *

=x+a, U = Uu;

* 2a ¥ __ Q.

Tr =€ o, U = € U, (025)
X u

* *

U )
1—az’ 1—azx

Let us prolong the transformations (0.25) to the first and second derivatives:

=+ a, ut = u, (u/)* _ u/) (u//)* _ u//;
JZ* _ €2ax7 U* — eau7 (u/)* — e—au/’ (u//)* — e—3au1/;
. x . u (0.26)
r = y u = s
1—azx 1—ax

(W) =au+ (1 —azx)u’, @) =(1—ax)*.

By substituting the transformations (0.26) into Eq. (0.19), we readily see that it is
invariant.

We point out the following obvious fact, which we need in the subsequent anal-
ysis of invariance properties of finite-difference equations. Under the transforma-
tions (0.26), Eq. (0.19) becomes the same equation

but at a different point of the same prolonged space (z, u, ', v”). Thus, the group
action does not change the invariant equation but transforms the point at which it is
written, (x, u, v, u") — (z*, u*, (u')*, (u")*).

0.1.6. Lie algebra of infinitesimal operators

Thus, the symmetry of given differential equations is described by a vector space
of infinitesimal operators, which was confirmed by an example. Along with the
operation of addition of operators and their multiplication by numbers, one more
operation can be introduced in this space.
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DEFINITION. The commutator of operators X; = &'0/0x; and X, = &,'0/0x; is
the operator

0
83:2- ’

(X1, Xo] = X1 X — Xo X1 = (X16' — X06Y)

This definition readily implies the following properties of the commutation op-
eration:
1. The commutator is bilinear,

[aX + bXs, X3] = a[ X1, X3] + b[ Xy, X3, a,b = const.
2. The commutator is antisymmetric,
(X1, Xo| = —[Xq, Xi].
3. The Jacobi identity
[[X1, Xo], X5] + [[X2, X], Xu] + [[X5, X1], X5] = 0

is satisfied.

A linear space L of operators containing all commutators of these operators is
called a Lie algebra of operators.

In the above example, we obtained three linearly independent operators X, X,
and X3. Now let us calculate the following commutators of these operators:

[XhXQ] = 2X17 [X17X3] = X27 [X27X3] = 2X3

The other commutators can be obtained from the property that the commutator is
antisymmetric; in particular, [X;, X;] = 0,7 = 1,2, 3.

Thus, we have shown that the commutator of any two operators admitted by
our equation can be expressed via the basis operators and is also admitted by the
equation. This assertion is also true in general [111].

THEOREM. If a manifold is invariant under operators X, and Xo, then it is also
invariant under their commutator [ Xy, Xs).

This means that, for any system of differential equations, the set of infinitesimal
operators admitted by it is a Lie algebra.

Note two more properties of the commutator, which are useful in further analy-
sis:

1. The commutator is invariant under changes of the coordinate system.

2. The operation of prolongation to the derivatives commutes with the operation
of commutation [111].
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Table 0.1: Commutators of the group G3

X1 Xy X3
X, 10 2X, X5
Xo | —2X110 2.X3
X3 —X2 —2X3 0

It is convenient to arrange the commutators of the operators under study in
a table where the commutator [X;, X,] is placed at the intersection of the ith row
with the jth column. Table 0.1 shows the commutators of the operators X7, X5, X3.

Lie algebras have been studied sufficiently well in the general theory. Here
we need only the simplest of their properties. In particular, if a subspace of op-
erators itself forms a Lie algebra, then it is called a subalgebra. In our example,
the subspaces spanned by the basis operators X7, X5 and X5, X3 are subalgebras,
while the operators X; and X3 do not span a subalgebra, because their commutator
cannot be expressed as a linear combination of X; and X3.

0.1.7. Local Lie transformation groups

In the general theory of Lie transformation groups, one-parameter transformations
groups are generalized to the multiparameter groups. In the Euclidean space RV
of points # = (2!, 22, 2%,..., 2"), one introduces transformations taking R to

itself:
e = fi(z,a) = fi(zb 2. 2N al a? L ah), 1=1,2,...,N. (0.27)

We assume that the transformations (0.27) satisfy the same axioms as for one-
parameter transformation groups. The main novelty is that the parameter is a vector
(a',a? ...,a") € R" ranging in a small neighborhood of the point (0,0, ...,0)
corresponding to the identity transformation.

By G, we denote a set of transformations (0.27) satisfying the axioms of a
local group with the usual law ¢(a, b) of multiplication of transformations:

TyT, = Tyap): fi(f(z,a),b) = fi(z,¢(a,b)), i=1,2,... N.

The definition of the group G, implies the following properties of the function
é(a,b) = (¢',¢?, ..., ¢") determining the multiplication law:

$(0,0)=0,  ¢(a,0)=a,  ¢(0,b)=0b.

With the group G, of transformations (0.27), we associate the auxiliary func-
tions
0f'(x,a)

@maz—aﬁ— , i=1,2,...,N, a=12,...,r
a=0
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These functions are used to define the linear operators

0

Xa = £a2($) ax,a

i=1,2,....,N, a=1,2,...,r (0.28)

which are called the basis operators of the group G,
To state the multidimensional analog of Lie equations, we also need the auxil-
iary functions

_ 0¢%(a,b)

Vﬁa(b)—w s Vﬁa(o):(gﬁa7 Q,B:1,27...,7".
a=b-1

Using these functions, we can write out the Lie equations

oft ,
=& )VE? 0.29
=& V() 029)
with the initial conditions
fi]azo :xi, 1=1,2,..., N, (0.30)

and state the following theorem.

THEOREM. The functions f'(x,a) determining a transformation group satisfy sys-
tem (0.29) of differential Lie equations with the initial conditions (0.30). Con-
versely, if there are given auxiliary functions V3’ (a) and linearly independent vec-
tors fai(:v), then the solution of system (0.29), (0.30) determines a local Lie trans-
formation group.

In the group G,”, a one-parameter subgroup can be chosen as follows. In the
space of the parameters (a',a?, ..., a"), take a directing vector e = (e', €2, ... ¢€")
and consider the straight line a® = e*¢, where ¢ is a parameter. Then the group
transformations become the one-parameter transformations

2" = fi(z,et), i=1,2,...,N,

and the Lie equations acquire the form

%J; = e (f), fllimo = 2, i=1,2,...,N.

We denote the Lie algebra generated by the basis operators (0.28) of the group
G, by the symbol L,. Note that the general theories of Lie groups and Lie alge-
bras are completely parallel: there is a full correspondence between the structures
of Lie algebras and Lie groups; in particular, to any subalgebra there corresponds
a subgroup of the Lie transformation group up to the choice of a coordinate sys-
tem. In fact, this reduces the problem of finding the transformation group admitted
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by a given system of equations to the problem of finding one-parameter subgroups
admitted by the system.

An r-parameter Lie transformation group can be constructed from the given
basis operators (0.28) by various methods. For example, one can construct one-
parameter transformation groups corresponding to the basis operators and then use
the multiplication of the corresponding transformations. Thus the so-called canon-
ical coordinates of the second kind [111] are introduced:

Ty =TuTy - Tyr. (0.31)

Note that the introduction of an r-parameter group in such a way is not unique;
namely, a permutation of transformations in (0.31) generally leads to a different
representation of the group G, .

EXAMPLE. We return to our example of the three-dimensional Lie algebra admit-
ted by Eq. (0.19). Each of the basis operators generates its own one-parameter
subgroup:

Xi: r*=x+a, ut = u;
Xy r* = ez, u* = e‘u;
x u
X3 rt = , ut = )
1 —ax 1—ax

Two-parameter subgroups G can be constructed from the subalgebras spanned by
X1, X5 or Xo, X3, respectively,

¥ = e*z + b, u* = eu;
., xe? . ue®
xt = , ut = .
1—ax 1—ax

The full three-parameter group G can be represented as the superposition of all
three one-parameter transformations,

., we® § ue®
T = +c, u =

C1—ax

where a, b, c are the parameters of the group G'5°.

0.1.8. Group invariants

An invariant of the group G, is a function I(z) that is not identically constant and
satisfies /(T,x) = I(z) for any transformation T, € G,".

Since a one-parameter subgroup can be drawn through any element of the group
(sufficiently close to the identity element), it follows that a function /(z) is an
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invariant of the group if and only if it is an invariant of any subgroup G;”. Thus, a
necessary and sufficient condition for /(x) to be invariant can be written as

XoI(x) =0, a=1,2,...,r, (0.32)

where the X, are the basis operators of the group.

System (0.32) is a system of linear first-order partial differential equations. If
IY(z), I*(x), ..., I*(x) are some solutions, then any function of them is also a so-
lution of this system. Therefore, it is meaningful to speak only about functionally
independent solutions, i.e., about solutions for which the relation

F(I*(z), *(x),...,I°(z)) =0

implies that F(y',y2,...,y°) is zero as a function of the independent variables
yt y?, ..., y°. If there exists a function F'(y!, 4%, ..., y®) that is not identically zero
but F(I'(x), I*(z),...,I*(x)) = 0, then such solutions are said to be functionally
dependent. The solutions of systems of the form (0.32) have been well studied in
the classical literature. In particular, the following assertion holds.

PROPOSITION. For functions I'(z), I*(z), ..., I°(z) to be functionally indepen-
dent, it is necessary and sufficient that the Jacobi matrix J = ||01°/0z”|| have
general rank equal to s (the number of functions), R(J) = s. If R(J) < s, then
there exist s — R(J) independent functions F,(y',y?, ..., y®) satisfying the condi-
tion F,(I'(x), I*(z),...,I*(x)) =0,a=1,2,...,s — R.

DEFINITION. Operators X,, a« = 1,2,...,r, are said to be linearly connected if
there exist functions ®*(z) of which not all are identically zero such that ¢ X, =
0. If such functions do not exist, then the operators X, are said to be linearly
unconnected.?

DEFINITION. Operators X,, « = 1,2,...,r, form a complete system if they are
linearly unconnected and their commutators satisfy the representation

[Xa, Xs] = ¢ap” Xo
with some functions ¢ ().
The above-introduced definitions permit stating the following lemma.
LEMMA. Ifthe system of equations
XoI(x) =0, a=1,2,...,r,

is generated by a complete system of operators, then, for s < N, there exist N — s
functionally independent solutions such that any other solution is a function of
them. (For N = s, the system does not have functionally independent solutions.)

Note that linearly connected operators may or may not be linearly dependent over C.
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The maximum number of linearly unconnected basis operators of the group
G,V is determined by the general rank R(M) of the function matrix

M=|&, a=1,2...r i=12...,N.

The number R(M) is used to solve the problem on the number of functionally
independent invariants of G,".

THEOREM. The group G, has invariants if and only if R(M) < N. In this case,
there exist t = N — R functionally independent invariants I'(z), I*(z), ..., I'(x)
of the group such that any invariant of G, is a function of them.

EXAMPLE. We return to our example of the three-dimensional Lie algebra admit-
ted by Eq. (0.19). The three-parameter group G3” can have invariants only for
N > 3. Therefore, we need to consider the prolonged space z,u,u , u” and the
corresponding prolonged operators

X, = g, X :2$2+u2—u'i—3u”i,
X3 = x2£ + xu2 + (u — a:u’)i — 3au” 0
’ Oz ou ou/ ou’"”

It is easily seen that the operators (0.33) are linearly unconnected, R(M) = 3, and
hence the group Gs* has 4 — 3 = 1 invariant. Since the invariant depends on the
derivatives, it follows that this is a differential invariant. To find the invariant, one
has to solve the system of linear partial differential equations

X;(I(z, u, v/, u")) =0, j=1,2,3.

We solve it successively. It follows from the equations X (I (x, u,u’,u”)) = 0 that
the invariant is independent of x. Then the second equation Xo(/(u,u’,u")) = 0
has two solutions, J; = uu’ and J, = u3u”. We prolong the action of X3 to the

new variables J;, .Js,

~ 0 0 0 0
X — 2 7 _ o /__3 " .
3 =2 8x+xu8u+<u ycu)au/ TU 8u”+u 7, o7,

It follows that the only common differential invariant is I = J, = u3u”.

Note that each group has differential invariants. Indeed, in the case of succes-
sive prolongations of the group to derivatives provided that the rank R is bounded,
the group begins to acquire differential invariants after a certain increase in the di-
mension of the space. In our example, this occurs in the prolongation to the second

derivative.
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0.1.9. Invariant manifolds of a group

DEFINITION. A manifold K is said to be invariant under the group GNifTyre K
forany z € K and T, € G,”.

Just as in the case of invariants, the problem on the invariance of a manifold
regularly defined by the equations

¢*(z) =0, k=1,2,...,s, (0.34)
can be solved by using one-parameter subgroups.

THEOREM. For the manifold regularly defined by Egs. (0.34) to be an invariant
manifold of the group G, it is necessary and sufficient that

Xa¢k(x)|(0'34) =0, k=1,2,...,s, a=12...r

The following definition essentially distinguishes the invariance of a manifold
with respect to multiparameter groups and the invariance with respect to the action
of GlN.

DEFINITION. A manifold K is called a nonsingular manifold of the group G, if
R(M) ‘ = . Otherwise, if the rank of the matrix M decreases at the points of the
manifold compared with the general rank, then the manifold is said to be singular.

If we have a complete set of invariants ['(z), [?(x),..., I'(x) of the group
G.", then, obviously, each system of equations of the form

OF (1 (2), I*(x),..., I'(z) =0, k=1,2,...,s, (0.35)

is an invariant manifold. It turns out that this method for constructing invariant
manifolds is actually most general.

THEOREM (on the representation of nonsingular invariant manifolds of a group).
For a group G, to have nonsingular invariant manifolds, it is necessary and suffi-
cient that R < N. In this case, a nonsingular invariant manifold can be defined by
(0.35), where I'(x), I*(z), ..., I'(z) is a complete set of functionally independent
invariants of the group G,.

This theorem shows that the problem of constructing invariant manifolds is
rather simple and can be solved constructively. It suffices to find a complete set
of group invariants. In the case of differential equations, the problem can be solved
in a similar way, only the group transformations are understood as appropriately
prolonged transformations and one needs a complete set of functionally indepen-
dent differential invariants of the prolonged group G, .
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EXAMPLE. We return to our example of the three-dimensional algebra admitted by
Eq. (0.19). The only differential invariant in the space (x,u,u’,u") is I = u3u”.
Any sufficiently smooth function of this invariant determines an invariant of the

second-order differential equation
F(u*u") = 0.
A special case of this equation coincides with Eq. (0.19),
I =43 =1.
The equation thus obtained is an invariant representation of Eq. (0.19).

This example shows that invariant equations can very easily be constructed for
a given group; it suffices to calculate the differential invariants of the desired order
and use them to construct an equation satisfying the conditions of a given problem.
It is this simple idea that we use to construct finite-difference equations and meshes
preserving the symmetry of the original differential equations.

0.1.10. Group classification of differential equations

For the three-dimensional Lie algebra (0.24), we have constructed the most gen-
eral differential equation admitting the corresponding three-parameter transforma-
tion group. This raises the natural question as to whether it is possible to list all
equations of given order that are invariant under a set of groups. Lie classified all
groups on the line and on the plane (z, y) with respect to their dimension and struc-
ture. Starting from the classification of algebras (and the corresponding groups), he
classified invariant second-order differential equations [93]. In each class of sim-
ilar subalgebras, by choosing an appropriate point change of variables, he found
the simplest representatives of invariant equations containing the minimum pos-
sible number of arbitrary constants. The result of this classification is shown in
Table 0.2, where one can readily see the equation considered in our example. The
dimension of a Lie algebra of symmetries is equal to 1,2, 3, or 8. The maximal
eight-dimensional algebra is admitted only by a linear equation and by any other
equation related to the linear equation by a point change of variables =,y — z*, y*.
The same pertains to all other equations in the list of invariant second-order equa-
tions. Thus, invariant second-order differential equations have been classified up to
arbitrary point changes of variables. Such transformations take the corresponding
subgroup to a similar subgroup together with the corresponding equation.

In the case of partial differential equations, the situation is more complicated,
because no classification of Lie algebras and Lie groups in the space (z,y, z) has
been obtained yet.

But in this case, it is also possible to pose the problem of group classification
for equations in a certain class. Apparently, this problem was first put forward
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Table 0.2: Group classification of second-order ordinary differential equations

Group | Basis operators Equation
G| Xi=g y'=F(y.y)
Gy (a) | Xq = %’ Xy = dﬂy y// _ F(y/)
Gp (0) | Xo =g Xo =g +yg, y'=1F()
0 ) ) 9
Xl = 8_x+a_y7 X2 :JZ%"’ya_y? " o Oy T4
Gi3 (a) Xy =420 40 y' 4 2L — ()
3 =4 51 oy
Xl - (%’ X2 = 21’(% + ya%7 " -3
Gs (0) 20 9 y =y
Xy =5 + Y5,
X1 = %’ Xy = aiv
G3 (C) 9 Yy 5 y// — C'eXp(—y )
Xz =z5 +(x+y)g,
Xi=d Xa=gp )
G (d) ’ 9 9 ” 1 y" = Cy'k-1
Xy =5 +kygy k#0312
Xim . X-B Xi-ad
X4:x%, X5:y%7 ,
Gs 9 2.9 F) y' =0
XGZ?/a—y, Xr=z 7 T TY5,
Xg = xy(_% + xza%
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by Ovsyannikov [112], and its solution was demonstrated for the nonlinear heat
equation
u = (k(u)ug) s, k # const. (0.36)

In this equation, the unspecified coefficient &k = k(u) is called an arbitrary element,
and the equations in this class are classified with respect to this element. The group
classification problem is posed as follows: find the transformation group admitted
by Eq. (0.36) for an arbitrary k = k(u) (the so-called main group), and also find all
special cases of k& = k(u) in which the symmetry group can be extended and find
these larger transformation groups. Technically, the computation of the group by
solving the determining system is complicated only by the presence of an arbitrary
element. Hence, in the solution process, there arise additional equations for the
arbitrary element. Just their solution gives all special cases in which the main
group can be extended.

To concentrate the results of the group classification, Ovsyannikov [112] pro-
posed to write out the corresponding groups up to some “external” transformations
that transform only the arbitrary element but do not change the type and structure of
the equation under study. The group of such transformations was called the equiv-
alence group. For Eq. (0.36), the following group was chosen as the equivalence
group:

2
t=at+e, T=br+f = U=cu+g; /?::Ek;;

a,b,c,e, f, g = const, abc # 0.

The classification of Eq. (0.36) up to transformations of the equivalence group has
led to the following result. For arbitrary & = k(u), Eq. (0.36) admits the three-
dimensional Lie algebra of operators

0 0 0 0
X == Xo=— X3 =2t— —.
T e T Ve e
The algebra of symmetry operators extends to L, in the following cases:
0 0
k=c¢e": Xy=2— +2—
c 1T o * ou’
o 0 0
k=u’ 0,—4/3: Xy=—x— —.
w0 #0,—4/ * Qxax—'—u@u
The space of symmetry operators becomes five dimensional if
2 0 0 0 0
k=u™? Xy=-Za—+u—, Xs=-2"—+3vu_—.
" ! 3" 00 +u3u’ > rr i Y ou

The above results completely solve the problem of group properties of an equa-
tion of the form (0.36). It should be noted that the publication of [112] caused a
wave of studies on group properties of equations of mathematical physics and me-
chanics. The results of these studies are largely reflected in the reference book [74].
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0.1.11. Integration of ordinary differential equations
with the use of a symmetry group

Integration of nonlinear ordinary differential equations and systems is a rather dif-
ficult problem. Therefore, numerous examples of successful integration were col-
lected in various reference books, which, as a rule, contain hundreds of equations
and the corresponding solutions obtained by various specific methods. Part of these
specific integration methods are also traditionally presented in manuals on differ-
ential equations. It is remarkable that an absolute majority of these integration
methods can be considered from a unique viewpoint, namely, from the viewpoint
of the transformation group admitted by a given equation.

Integrating factor

It is well known that any first-order ordinary differential equation

y = f(z,y) (0.37)

admits an infinite point group (e.g., see [107, 111]). Let us find the relationship
between its symmetry and integrability.
We seek the operator of a symmetry group in the form

0 0

Prolonging it to the derivative

X = ¢l +nten)g + (D0) =y D) 3

we apply it to Eq. (0.37) and replace ' by f(x,y),
Mo+ (1y = &)f — &% = &fa +0fy. (0.38)

This determining equation contains two unknown functions ¢ and 7; therefore, it
is clear that the symmetry group is infinite-dimensional. We introduce the new
function

0(z,y) =n—Ef;

then the determining equation (0.38) acquires the form
0, + f0, = f,0. (0.39)

The zero solution § = 0 of this equation gives the symmetry operator

0 0
X=§8—I+§fa—y, (0.40)
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with an arbitrary function &(x, ).
But if a nonzero solution 6(x,y) # 0 of Eq. (0.39) is known, then the function

1 1
== 0.41)
0 n-&f
is an integrating factor for the original equation. Indeed, we can rewrite (0.37) as
dy — fdr =0
and multiply by M,
Mdy— Mfdz=0. (0.42)
The well-known integrating factor condition
oM oM
Lot
ox oy

is transformed into the determining equation (0.39) by the change (0.41).
We rewrite the total differential equation (0.42) as

A(z,y)dx + B(z,y)dy =0, (0.43)

where A(z,y) = Vy(z,y) = —Mf, B(z,y) = V,(z,y) = M, A, = B,, and
V(z,y) is a function implicitly determining the general solution of Eq. (0.37),

V(z,y) = ¢ = const.

In particular, Eq. (0.43) admits the one-parameter group generated by the operator

0

0
X = B(ZL’,y)— - A(xay>a_ya

Ox
which is obtained from (0.40) for £ = M (x,y) = B.
It is easily seen that in the space (x, y) this operator has the unique invariant

Jl = V(.’L’,y)

determining the general solution of Eq. (0.37).

Thus, the knowledge of a nonzero solution of the determining equation is equiv-
alent to the knowledge of an integrating factor, which permits integrating the first-
order equation. Unfortunately, the problem of finding a nonzero solution of the
determining equation is not at all simpler than the problem of integration of the
original equation. But if some nontrivial symmetry of the original equation is
known from some auxiliary considerations, then the change (0.41) gives an effi-
cient integration method for the equation. This property underlies all elementary
integration methods for first-order ordinary differential equations presented in nu-
merous manuals. The idea of integrating factor for ordinary differential equations
of higher order was developed in [13].
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EXAMPLE. Consider the nonlinear equation

2
r_ 2
V=m~v
It admits the dilation operator
0 0
X=r——y—
Yor y8y7

which has two invariants 2%y’ and 2y in the space (z,y,y’). In this case,

2 T
0=—y—— 2 M=—————,
4 x+xy x2y? — xy — 2

which permits rewriting the equation as the total differential equation

2
-2
B W el I P
x2y? — xy — 2 x2y? —xy — 2
Integration gives the solution
1. |zy—2
V(z,y) =In|z|+ -In = const
(2.0) =Infal + 31| 2

Integration of second-order ordinary differential equations
with the use of a symmetry group

The above Table 0.2 displaying Lie’s group classification of second-order ordinary
differential equations contains an exhaustive list of equations with symmetries. As
was already noted, the table contains the resulting examples of equations “up to
arbitrary point transformations”; i.e., any other ordinary differential equation ob-
tained from the given equation by a point transformation admits a similar algebra
of operators. This is very inconvenient in practical applications, where a given or-
dinary differential equation may be related to one of the equations in the table by
a rather unobvious transformation. By distinguishing between four types of Lo,
Lie developed a unique approach to the integration of second-order ordinary differ-
ential equations with a symmetry that contains two-dimensional subalgebras (e.g.,
see [77]).

We assume that the symmetry of a given equation contains a two-dimensional
subalgebra of operators

0 0 0 0
Xl:gl(x’y)a_x+nl(x’y)8_y’ X2:£2(x7y>%+n2(‘rvy>a_y

To classify the algebras L., we need to calculate the commutator and the pseu-
doscalar (skew) product
X1V Xo=8&m —&m



0.1.

BRIEF INTRODUCTION TO LIE GROUP ANALYSIS OF DIFFERENTIAL EQUATIONS

of the operators.

Then, determining the type of the symmetry subalgebra in Table 0.3, we can
make the change of variables and pass to the canonical variables t, u, in which this
equation takes one of the integrable forms listed in Table 0.3.

Table 0.3: Standard forms of L, and canonical forms of second-order ODE

Canonical
Structure of Lo Standard form of L, second-order ODE
a a 2 /
[X1, Xo] =0, &mp — Eom # 0 Xlza, XQZ% u" = F(u)
0 0 "
[X1, Xo] =0, &imp — Lo = 0 X1:%7 Xy = o u" = F(t)
0
M= g L
(X1, Xo] = X1, &mp—&m #0 P 9 ' = ;F(u)
Xo=t— —
2T ot + “ou
a a " /
(X1, Xo] = Xy, & — &m =0 | Xy =30 Xz—u—u u" = u'F(t)

Thus, to integrate a second-order ordinary differential equation, we should

e Find the transformation group admitted by the equation and single out a two-
dimensional subalgebra L5 if any.

e Determine the type of the obtained subalgebra L, according to Table 0.3.

e Find canonical variables by solving the corresponding equation in Table 0.4
and make the corresponding change of variable.

e Integrate the resulting equation and return to the original variables.

Let us illustrate Lie’s method by an example.

EXAMPLE. Consider the nonlinear equation

/3

Y

y/l y

xli
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Table 0.4: Equations to be solved for obtaining the canonical variables

Standard form of L, Equations to be solved

X—QX—2 Xi(t) =1, X5(t) =0, X1(u) =0, Xo(u) =1
1_8t7 2_8’& 1 ) 2 — Y, 1\u) =V, 2\U) =
X—QX—t2 Xi(t) =0, Xo(t) =0, X5(u) =1, Xo(u) =t
1 au7 2 — au 1 — Y 2 — Y 1\u) =1, 2\U) =
X—QX—tg—kgX(t)—OX(t)—tX()—lX()—
1 87.1,’ 2 — at uau 1 — Y, 2 — b 1\u) =1, 20U) = U
X—QX—2 Xi(t) =0, Xo(t) =0, X5(u) =1, Xo(u) =
1 aU’ 2_uau 1 — Y 2 — Y 1\u) =1, 2lU) = U

By solving the determining equation, we find the symmetry algebra

0 0
X =— Xo=y—.
Then we determine the type of the two-dimensional algebra:

(X1, X5] =0, &2 — &m = 0.

We find the canonical variables by solving the following equations in the second
row of Table 0.4:

t:y(ﬂf), u(t) =T
In the canonical variables, the operators acquire the form

0 0
X =— Xo=1t—
T o 2T o
and the equation becomes
u// _ _1
t

and has the general solution
Returning to the original variables, we obtain

y—ylnlyl + Cy—z = Cs.
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The Lie method is discussed in more detail in [77].

0.1.12. Symmetry reduction and invariant solutions
of partial differential equations

The best-known application of transformation groups admitted by partial differen-
tial equations is the construction of invariant solutions. Let the following system of
differential equations be given:

Fo(z,u,uy,ug, ... us) =0, a=1,2,...,m, (0.44)

where z € R", u € R™, and u is the set of sth partial derivatives.
We assume that Eqs. (0.44) admit a transformation group G,”, and H is a
subgroup of G,™.

DEFINITION. A solution u = ®(x) of system (0.44) is called an invariant solution
if it is an invariant manifold of the subgroup H.

We restrict our consideration to solutions that form a nonsingular invariant man-
ifold. Moreover, the manifolds given by Egs. (0.44) are also assumed to be nonsin-
gular.

The nonsingular manifold u = ®(x) has some rank p, which is called the rank
of the invariant solution. Let the subgroup H be generated by the subalgebra of
operators

.0 o)
X, = gaa—xi +n§%, a=1,2...,r (0.45)

Let R = R(M) be the general rank of the matrix
M = Hgaia nakH
of coordinates of the operators (0.45); then the following assertion holds.

PROPOSITION. For an invariant solution to exist, it is necessary that the group H
have invariants 1" (z,u) (i.e., R(M) < N) and

oI (z,u)
COuk

Under these conditions, there exists an invariant solution in principle. To con-
struct such a solution, one has to calculate a complete set of independent invariants
of the subgroup H and perform the symmetry reduction of the original system by
means of this subgroup H, i.e., pass to a system of equations relating the invariants,
which is ensured by condition (0.46). We illustrate this by an example.

> =m. (0.46)
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EXAMPLE (symmetry reduction).
A. Consider a solution invariant under the operator X; = /0t for the heat equation
with a power-law coefficient,

w = (U gz

In this case, the invariants are J; = x and J> = u. One can readily verify that both
necessary conditions for the existence of an invariant solution are satisfied:

[’T
R=1<3 (Ha quzl.

To pass to the space of invariants, we let the second invariant to be a function of the
first: w = V/(x). Substituting this representation into the heat equation, we obtain
the ordinary differential equation

(VV,), = 0

for the unknown function V' (x). By integrating this equation, we obtain the sta-
tionary solution

u=(Chx + Co)V/e 54 —1; u=Che® o=-1,

where C and C are arbitrary constants.

B. For the same heat equation, let us construct a self-similar solution, i.e., a solu-
tion that is invariant under the dilation operator

One can readily verify that both necessary conditions for the existence of an invari-
ant solution are satisfied. In this case, the invariants are

Jl = t, J2 = 'LL.T}72/U.

We seek the solution as a relation between the two invariants, uz =7 = V(t). We
reduce the original equation to an ordinary differential equation for the unknown
function V() by substituting the invariant representation v = V (t)2?/7 of the
solution into the heat equation,

v 2(c +2) ol

o2
By integrating this equation, we obtain the self-similar solution

I2

1/o
UZ(C—2(0—|—2)IS/0> , C = const.
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C. Remark about self-similar solutions. Self-similar solutions are often used to
solve problems in mechanics and physics. Their popularity is based on the fact that
the form of solutions can be guessed by analyzing the dimensions of the variables
determining the solution of the problem. The central theorem in this approach, the
so-called -theorem, is a special case of the theorem on the invariant representation
of the solution determined by the dilation group. This approach is not invariant
under the change of the coordinate system; it suffices to pass to another coordinate
system, and the group ceases to be the dilation group. In our last example, the
change of variables

T=Inuz, t=1Int, u=1Inu

transforms the operator X into the translation operator

For the translation operator, dimension analysis does not work any more, but the
theorem on the invariant representation of the solution remains valid. A detailed
discussion of this problem can be found in [111].

The preceding examples show that if the necessary conditions are satisfied, then
invariant solutions can be constructed for any subgroup of the group admitted by
the equation or system under study. In the general case, the subgroups can have
different dimensions, and for the operators one can take any linear combinations
of basis operators. Therefore, the following problem of classification of the set of
invariant solutions arises.

The basic classification of invariant solutions is usually performed with respect
to their rank p = n — R. Therefore, the rank of solutions may vary in the range
p = 0,1,2,...,n — 1. The set of invariant solutions of given rank p can also
be arranged in a certain order. To this end, L. Ovsyannikov proposed to divide a
subgroup H € G, of given rank into classes of equivalent subgroups in the sense
of the following definition.

Two subgroups H and H* are said to be similar in the group G, if there exists
a transformation 7 € G,V such that H* = THT!. In this case, the invariant
solutions corresponding to the subgroups H and H* are obviously related to each
other by the same transformation 7. Thus, the problem is reduced to listing all
nonsimilar subgroups of given dimension. Using the algorithm for obtaining all
nonsimilar subgroups of given dimension (see [111]), upon which we do not dwell
here, we present the result of such calculations for the nonlinear heat equation
with an arbitrary coefficient k(u) and for one-dimensional subalgebras. This set of
subalgebras, which is called an optimal system of subalgebras, is generated by the
following operators:

0 0 o 0
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All other invariant solutions of the first rank are similar in the above sense to the
solutions invariant under the four subalgebras (0.47). In all cases where one has a
larger symmetry group, an optimal system of subalgebras can also be constructed.

The knowledge of the transformation group admitted by a system of differential
equations also permits constructing solutions that are noninvariant in the rigorous
sense. The most famous extension of the set of solutions is given by the so-called
partially invariant solutions: these are solutions lying in a certain invariant mani-
fold but not coinciding with it. An algorithm for constructing partially invariant so-
lutions can be found in [111]. Moreover, to reduce a given system of equations, one
can use differential rather than finite invariants. In this case, differential-invariant
solutions are constructed with the use of relations between differential invariants.

0.1.13. Contact symmetries of differential equations

Contact (tangent) transformations have been widely used in mechanics and the the-
ory of differential equations for a long time. Sophus Lie used the group of contact
transformations of the form
= Yz, u,u,a), i=1,2,...,n, 0.48)
u*:g(x7u7u17a)7 ui*:hi('xauvuba)?
where u; denotes the set of all partial derivatives u;. It turns out that the transfor-
mations (0.48) can be different from point transformations prolonged to the first
derivatives only in the case of a single dependent variable u (e.g., see [111]).
Consider the one-parameter group operator

- 0 0 0
X = 51(xi,u,ui)% + n(x;,u, ul)% + iy, u, ul)% (0.49)

The requirement that the first derivatives are preserved, or the manifold is invariant,
du = u; dz’, 1=1,2,...,n,
results in the prolongation formulas

Cz:Dz(n>_UgDz<§j)y i:1,2,...,n,
where

D 0 . 0 . 0
i = o T Uig— T Ui,
ox; ou T O
THEOREM. For the operator (0.49) to generate a group of contact transformations,
it is necessary and sufficient that
, ow ow . OW ow
(R , =W —-u—, (" =—-= i
¢ ou; m b ou; ¢ oxt tu ou
where W = W (2, u, u;) is the so-called characteristic function of the group of
contact transformations (see [73,107,111]).

i=1,2,....n.

i=1,2,...n,
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Note that the point transformation groups form a subset of contact groups.

The invariance criterion for a group of contact transformations can be written in
the same form as in the case of point groups. Any second-order ordinary differen-
tial equation has infinitely many contact symmetries (just as a first-order ordinary
differential equation admits infinitely many point transformations), but usually one
does not succeed in finding them. For third- and higher-order ordinary differential
equations, contact symmetries can be found (in this case, the determining equation
splits), because the characteristic I/ is independent of the second derivatives. As an
example of solving such a problem, we present the symmetry of a linear third-order
equation.

EXAMPLE. The ordinary third-order equation v = 0 admits the symmetry

0 0 5 0 0
M= TV BTV M TV
0 0 0 0 0 0
X = — Xo = r— X, = 2 7 . X, =2 1= 2=
° T 9 6= Yo T aac_l—xu@u’ s u@x+u ou’
2 2
ng(u_m,)a ru ﬁ_u 0

dr 2 ou 2 ou’
P AN w2 z?u?\ 0 N , wu?\ 0
=T T o " 4 ) ou b 2 ) ou

We note that the operators X, Xs, ..., X7 correspond to point transformation
groups and the operators Xg, Xg, X correspond to contact groups.

0.1.14. Groups of formal power series and higher-order symmetries
of differential equations

A nontrivial generalization of contact transformation groups are groups of higher-
order symmetries, or Lie-Bécklund groups [35, 73].

Consider the space Z of sequences (x, u, ug, us, . . . ), where z is an independent
variable, v is a dependent variable, and wy, us, ... are differential variables; here
u is the sth derivative. By z we denote some vector consisting of finitely many
coordinates of the vector (x, u, u1, us, . . .), and by 2 we denote its ith coordinate.

In the space Z, we introduce a mapping D (differentiation) by the rule

D(.I):l, D(u):ul, RN D(US):US+1’ 521727.”‘

Let A be the space of analytic functions F(z) of finitely many variables z. (Dif-
ferent functions F(z) contained in A can depend on different variables in the se-
quence (x,u,u;,us ... ), but the set of arguments is always finite.) Identifying D
with the action of the first-order linear differential operator

0

D ol v b un
_ UG — Uo —— P U’S - SN
ox Y ou 28u1 +18us
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we generalize the differentiation D to functions in A, and D(F'(z)) € A in this
case.
Consider sequences of formal power series

[i(za) =) A(2)d*,  i=12,..., (0.50)
k=0

in a single symbol (parameter) a, where A% (z) € A and A’y = 2'. Here ' is the ith
coordinate of a vector in Z.
We denote the space of sequences

(fY(z,a), fA(z,a),..., f(za),...)

of formal power series (0.50) by Z. The sequences (&, u, uy, ug, ... ) are a special
case of such sequences, Z C Z.

In Z, by definition, we introduce the operations of addition and multiplication
by a number and the product of formal series as follows (these operations coincide
with the operations for converging series):

o( i) +5( X mia) = 3 (ani+ o5 ),
k=0 k=0 k=0
(X ) (X mi) =3 3 Am, )
k1=0 ko=0 k=0 “ki+ko=k
where ¢ = 1,2, ... and «, 8 = const. We also introduce the operations
=, . 0 o= . =
D Al k k il Al k) LA k-1
(L aen) D (D) = ket

da

-y
k=0

0 (=

(Z Al (2)ak )

k=0 a=0

of differentiation of the series (0.50). An equality of formal power series is under-
stood in the sense that the coefficients of like powers of a coincide. In particular,
the series (0.50) is equal to 0 if A, =0,k =0,1,2,....

In Z, consider the transformation
2% = fi(z,a), i=1,2,..., (0.51)

determined by the series (0.50). This transformation takes a sequence 2’ to the
sequence z%*.

The above-introduced operations on the series (0.50) permit considering powers
of series of the form (0.50), monomials, polynomials, and even analytic functions
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(or formal power series) of finitely many variables z°. For example, the composition
of transformations of the form (0.51) is well defined:

2= P 0) = ) AL =D AL(f(za)bt, i=12.
k=0 k=0

In general, such a composition takes a one-parameter series (0.50) out of Z. We
consider only such series (0.50) (and the corresponding transformations (0.51))
whose coefficient structure ensures that the transformations (0.51) are closed in Z:

2 = fi(25,0) = fi(z,a + D) = ZAZ Ja+b)*, i=1,2,.... (0.52)

Property (0.52) of the formal series (0.50) means that the transformations (0.51)
form a formal one-parameter group in Z.

Property (0.52) is equivalent to the following exponential representation of the
power series (0.50) (see [107]):

2% = fi(z,a) = ZS,X(S 2% i=1,2,..., (0.53)

s=0
where X is the infinitesimal operator (generator) of the group:

0 i Of(z,0)
ox;’ £e) = Oa

X =¢&'(2) €A, i=1,2,.... (054

a=0

Let us show that the representation (0.53) is equivalent to definition (0.54) of the
formal group. To this end, we consider the superposition of transformations of the
form (0.52):

2 = b ZZ'X ( s'X (z ))

s=0

_Z(Z o s+l(zi)) :Z(a;b) XH(21) = elothX ().

s+l=k k=0

Hence the representation (0.53) is equivalent to (0.54). Moreover, it is obvious that
1z, a)’azo =2'and f'(f'(z,a), —a) = 2.

Thus, for formal one-parameter groups, the exponential representation in terms
of the infinitesimal operator holds just as for the classical local Lie transformation
groups.

Note that the exponential representation (0.53) implies the recursive chain

. 1 .
Aj(2) = 2 XA G), k=12, i=12..,
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for the coefficients of the formal group (0.54) and the following formula convenient
for calculating the coefficients of the formal series (0.50):

. 1 .
A;(z):EXW(zz), k=1,2,..., i=1,2,....
In the theory of formal groups, it is shown (see [72]) that the tangent vector
field 0F(z.0)
i 0f'(za
6 (Z) - aa o
is related to formal series (0.50) by the Lie equations
o fi A A S
a—‘izf’(f), f’(z,a)‘a:():zl, 1=1,2,...; (0.55)

i.e., the sequence of formal series (f!, f%,...), which form a group with tan-
gent field £°(z), satisfy system (0.55), and conversely, for an arbitrary sequence
(€1(2),&%(2),...), & (2) € A of functions, the solution of system (0.55) is a formal
one-parameter group.

Thus, the same relationship between the group and the operator as in the case
of classical local Lie groups holds for formal one-parameter groups. If the formal
power series converge and give sufficiently smooth differentiable functions, then
we deal with Lie point or tangent transformation groups. Thus, point and contact
transformations are part of formal groups but do not exhaust them completely. The
class additional to point and tangent transformation groups is formed by groups of
“higher-order symmetries,” or by Lie—Bicklund groups [5,73,107].

For formal groups, just as for Lie point and tangent transformation groups, one
can introduce the notion of invariants and invariant manifolds.

Alocally analytic function F'(z) of finitely many variables is called an invariant
of a formal group if F'(z*) = F(z) for any transformations of the group (0.54).

For a function F'(z) € A to be invariant, it is necessary and sufficient that

XF(z) =0,

where X is the group operator (0.54).
A manifold defined in Z by a function ¢(z) € A according to the formula

is called an invariant manifold if
o(z*)=0

for all solutions (0.50) and all transformations of the formal group. A criterion for
a manifold to be invariant can also be written with the use of the group operator
(see [73,107]):

X¢(z)|¢<z):0 = 0.
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In the set of formal groups whose transformations are described by formal power
series (0.50), a special place is occupied by point and contact groups and by higher-
order symmetries. While the first two classes of transformations can be considered
in the finite-dimensional part of 7, any nontrivial higher-order symmetry can be
realized only in the entire infinite-dimensional space Z.

In what follows, we present an example of a nontrivial Lie-Béicklund group,
i.e., of a group that cannot be reduced to a point or contact group.

EXAMPLE (of a Lie-Bécklund group). Consider the heat equation
Ut = Ugy

and seek a symmetry operator in the form
0
ou’
where the spatial derivatives are denoted by uy = Juy_1/0z. The invariance crite-
rion acquires the form

X =n(t,x,u,uy, ug, . . . uy)

(De = D), _,.. =0, (0.56)
where
ngﬂ—ulg—kl@i—l—--- Dt:g‘f'utg"'utli‘f‘"‘-
ox ou ouy ’ ot ou Ouy

One solution of the determining equation (0.56) is obvious, 79 = u, which im-
plies the point dilation group. One can readily see that the action of the operator D
takes each solution of the determining equation to a solution, because the following
commutation relation holds:

(D, — D*),D]|, _,. =0.

Thus, the solutions of the determining equation form the infinite series
ne = D¥(u) = uy, k=1,2,....

This series of solutions suggests the following approach to solving (0.56). One
seeks an operator . commuting with the operators of the determining equation,
(D, = D?), L}, _,. =0 (0.57)
Then the action of such an operator L generates an infinite series of solutions of
the determining equation (0.56). One can show (see [73, 107]) that (0.57) has the
solution
L=aD+ p(2tD + z),

where « and (3 are arbitrary constants.

One can acquaint oneself with higher-order symmetry groups and a vast bibli-
ography on the subject in [73, 106, 107].
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0.1.15. Invariant variational problems and conservation laws

One of the great achievements in group analysis, which strongly impressed physi-
cists and mechanicians, was the discovery of the relationship between symmetries
of differential equations and the existence of conservation laws for their solutions.
This relationship is established not directly but with the use of a variational func-
tional. More precisely, E. Noether’s well-known theorem [104] establishes a rela-
tionship between the invariance of the variational functional and the conservativity
of the corresponding Euler differential equations (i.e., the fact that the conservation
laws are satisfied on their solutions).

Suppose that a differential equation
F(z,u,uy,...,us) =0

of some order s is given and its solutions are extremals of some functional

L(u) = / L(z,u,uq, ... u)de, (0.58)
Q

where the integral is taken over a domain {2 C R". We assume there is a given
group G,V of transformations of the N-dimensional space of n independent and m
dependent variables, n+m = N, which is generated by the Lie algebra of operators

0
fa +77a Ew a=1,2,...,r. (0.59)

The following theorem [104] presents a necessary and sufficient condition for the
functional (0.58) to be invariant. Without loss of generality, we restrict our consid-
eration to functionals independent of the higher derivatives,

L(u):/ﬁ(x,u,ul)dx. (0.60)
Q

THEOREM. For the functional (0.60) to be invariant under the group G,~, it is
necessary and sufficient that

XoL + LD =0, a=1,2,...,m 0.61)

where the operator X, is the operator X, prolonged to the first derivatives and D;
is the operator of total differentiation with respect to the variable x".

Simple transformations reduce condition (0.61) to the equivalent condition

(na* — Zga) + DA =0, a=12...r (0.62)
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where or
i k kgi
Ay = (Na” — u ﬁa)aTik

This condition explicitly contains the Euler equation

+ L€

suF — auk T\ duk

oL _ oL i(ﬁﬁ):o, E=1,2,...,m, (0.63)

which provides an extremum of the functional, and the vector Aia, which determines
the conservation law. These relations allow us to state the following theorem due
to E. Noether.

THEOREM (E. Noether). Let the variational functional (0.60) be invariant under
the group G, with the operators (0.59). Then the r linearly independent vectors
Al give r conservation laws

D; Al =0, a=12...,r, (0.64)

|(0 63)

on the solutions of the Euler equation (0.63).

Thus, Noether’s theorem gives sufficient conditions for the existence of conser-
vation laws. We point out that the invariance of the functional rather than of the
Euler equations is required. The Euler equations may admit a group, but this does
not ensure that the functional is invariant. The invariance of the Euler equations is
a necessary condition for the variational functional to be invariant.

THEOREM. The group G, takes each extremal of an invariant functional to an
extremal of the same functional.

Thus, the invariance of a variational functional implies the invariance of the
corresponding Euler equations.

In the proof of Noether’s theorem, one needs to show that formulas (0.61)
and (0.62) are equivalent. Ibragimov [72,73] noticed that the relationship between
these formulas is of identical character regardless of the function £ on which the
operators act. This operator identity was called the Noether identity in [73]:

oL ., OL
ga naka i [Di(nak> - ujkDi(gajﬂa i(&a )
oL oL :
— (kK k k i
:(77 — U ga )ﬂ_‘_D ((77 — U goz)auik )a
a = 1,2,...,r. This identity permits stating a necessary and sufficient condition

for the existence of conservation laws.
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THEOREM ( [73]). The invariance of the variational functional (0.60) with respect
to the group G, on the solutions of the Euler equations (0.63) is a necessary and
sufficient condition for the existence of the conservation laws (0.64).

The Noether identity gives a relationship between three types of differentiation:
the total differentiation D;, the variational differentiation 6%,“ and the Lie derivative
X,,. This permits one to formalize the theory in general without relating the prob-
lem of constructing conservation laws to the statement of the variational problem.

The Noether identity readily allows one to generalize it to the case in which
both of its parts are equal not to zero but to the divergence of a vector B*(x, u, u;*)

(see [11]). Introducing this vector on the right-hand side in (0.62),

0L 0L , .
k ke 1 k ke i % i k _
(7704 — Uy Sa)duk +D2<(77a — Uy Sa)@uzk +‘C§a —B<ZU,U,U,Z' )) _07
a=1,2,...,r, we see that, for such (divergence-invariant) Lagrangians, the con-

servation law takes the form
Di(AL, — BY)| g3 = 0-

The fact that the functional is divergence-invariant means that there exists another
Lagrangian function for which the exact invariance is satisfied (see [107]).

EXAMPLE. The second-order ordinary differential equation
u = — (0.65)

admits the Lie algebra Ls with the basis operators

0 X2:2x3—|—u2, X3:3:2£+xu£

X1 = oz’ ox ou ox ou’

One can readily verify that the Lagrangian function

£:u'2—i

u2

satisfies the condition that the corresponding functional is invariant with respect
to X; and X5. By Noether’s theorem, this implies the following first integrals:

1
Ji=u?+ — =A% =1 (u—uz) = B (0.66)

u2 u2

The action of the third operator X5 gives the total derivative

X3L 4 22L = 2uu’ = D, (u?).
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The divergence-invariant Lagrangian generates the first integral

2

Jo=Z 4 (u—au)? = CO. (0.67)

u2

The same integral can be obtained starting from the other Lagrangian

which is invariant under X3 without any additional divergence.

Note that Noether’s theorem guarantees the independence of the first integrals
only under the condition that they were obtained from the same Lagrangian invari-
ant under all symmetries under study. The violation of this condition in our case
implies that the three integrals are dependent and satisfy the relation

JiJs — Jy? = 1.

But for any two integrals in (0.66) and (0.67) it suffices, eliminating u/, to construct
the general solution of Eq. (0.65):

A0U2 = (A()JL' + Bo)2 + 1.

Invariance of Euler-Lagrange equations. There exists a relation between the in-
variance of the Lagrangian functional (0.60) and invariance of the corresponding
Euler-Lagrange equations (0.63).

THEOREM ( [73,107]). If the Lagrangian L is invariant with respect to the op-
erator (0.59), i.e., if condition (0.61) is satisfied, then the Euler—Lagrange equa-
tions (0.63) are also invariant.

Remark. If the Lagrangian L is divergence invariant, 1.e., satisfies condition (0.62),
then the Euler—Lagrange equations (0.63) are also invariant. This follows from the
fact that full divergences belong to the kernel of variational operators.

Thus, if X is a variational or divergence symmetry of the functional LL(u), it
is also a symmetry of the corresponding Euler—Lagrange equations (0.63). The
symmetry group of the Euler-Lagrange equations can, of course, be larger than the
group generated by the variational and divergence symmetries of the Lagrangian.

It is of interest to establish a necessary and sufficient condition for the invari-
ance of the Euler-Lagrange equations. We will need the following lemma [45]:

LEMMA. For any smooth function L(t,u,uy), it is true that

5 (6L on o¢ .\ oL
S (X(L)+LD() = X(ﬁ) + (% +0;;D(¢) — %Ul)w7

Jj =1,...,n, where d;; is the Kronecker delta.
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Proof. The result can be established by a straightforward computation. [

The above theorem and remark follow from this lemma. The lemma also pro-
vides a necessary and sufficient condition for the invariance of the Euler—Lagrange
equations.

THEOREM ( [45]). The Euler—Lagrange equations (0.63) are invariant with respect
to a symmetry (0.59) if and only if the following conditions are true (on the solutions
of Egs. (0.63)):

)
—(X(L) + LD(¢)) =0, j=1,...,n. (0.68)
oul 5L —..=SL g
Sul u
Proof. The assertion follows from the identities in the preceding lemma. [

EXAMPLE. The equation

1
v = — (0.69)
U
is the Euler-Lagrange equation for the Lagrangian function

u? 1
L(t N=— -~
(t, ) ;
The equation admits the symmetries
0 0 0
X == Xo =3t— +2u—.
o T T e

The operator X; is a symmetry of the Lagrangian L and hence a symmetry of
Eq. (0.69). The symmetry X5 is not a symmetry of the Lagrangian,

Xo(L) + LD(&) = L.

However, it is a symmetry of the equation, as follows from the theorem:

S (xa) + LD(@))} -

ou sL_g
u

L
{5_} B 0.
ou %:0

0.1.16. Symmetries and first integrals of canonical
Hamiltonian equations

In this section, we consider the relationship between the symmetries of canonical
Hamiltonian equations and the first integrals. We do not follow the traditional way
accepted in the literature but develop a method based on an operator identity [44,45]
that is a Hamiltonian analog of the Noether identity for Lagrangian structures. This
allows us to draw a complete analogy between the Hamiltonian and the Lagrangian
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formalism for obtaining the first integrals of ordinary differential equations with
symmetries. This approach is illustrated by several examples.

In the present section, we are interested in the canonical Hamiltonian equations

_OH . 0OH
O b g’

3

q

. i=1,...,n. (0.70)

These equations can be obtained by the variational principle from the action func-
tional .
2
5 / (pid' — H(t,q,p)) dt =0 (0.71)
t

1

in the phase space (q, p), where q = (¢',¢%...,¢"), P = (p1,p2, .., Pn) (€2,
see [60,98]). The variations d¢* and dp; are arbitrary and satisfy 0¢"(t1) = dq*(t2) =
0,7=1,...,n. Then we have

t2 .i t2 .7; ‘i 8H Z' aH
5/ (pid' — H(t,q,p)) dt:/ (5pz-q + pidd" — 5-50q" — _(sz) dt
t ¢ dq Op;

1

t2 J OH . oH i i1 t2
[ G (e G o s o

The last term vanishes, because d¢° = 0 at the endpoints. Since the variations d¢’
and Jp; are arbitrary, it follows that the variational principle (0.71) is equivalent to
the canonical Hamiltonian equations (0.70).

Note that the canonical Hamiltonian equations (0.70) can be obtained by apply-
ing the variational operators

o 0 D8

5= o~ Do i=1,...,n, (0.72)
and
%:aii_pa%, i=1,....n, 0.73)
where
D:%+q-iaii+pi%+... (0.74)

is the operator of total differentiation with respect to time, to the function
pid' — H(t.q,p).
The Legendre transformation relates the Hamiltonian and Lagrange functions,

L(tv q, CI) - quZ - H(t’ q, p)7
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where

This permits one to establish the equivalence of the Euler—Lagrange and Hamilto-
nian equations [6]. Indeed, from the Euler—Lagrange equations in the form (m = 1)

oL oL oL
_— — = D _— = k — 1 e
5ql~c aqk; (aqk) 07 ) , I,

we can obtain the canonical Hamiltonian equations (0.70) by using the Legendre
transformation. It should be noted that the Legendre transformation is not a point
transformation. Hence, there is no conservation of Lie group properties of the cor-
responding Euler-Lagrange equations and Hamiltonian equations within the class
of point transformations.

The Lie group symmetries in the space (t,q, p) are generated by operators of
the form

(0.75)

0 0 0
ng(t7q7 )at 77(7q7 )aZ+CZ<7q7 )ap

The standard approach to the symmetry properties of Hamiltonian equations is to
consider so-called Hamiltonian symmetries [107]. In the case of canonical Hamil-
tonian equations, these are the evolution (£ = 0) symmetries (0.75)

, 0 0
X =n'(t — + ((t, q, 0.76
n(,q,p)aqﬁC( qp)api (0.76)
with o7 o7

77 8pl Y C aql 7 [/ 7 ) n ( )

for some function (¢, q, p), namely, symmetries of the form

ol 0 ol 0

X; = (0.78)

Opi 0¢  dqi Op;’

These symmetries are restricted to the phase space (q, p) and are generated by the
function I = I(¢,q,p). For the symmetry (0.78), the independent variable ¢ is
invariant and plays the role of a parameter.

Noether’s theorem [107, Theorem 6.33] relates Hamiltonian symmetries of the
Hamiltonian equations to their first integrals. Being restricted to the case of the
canonical Hamiltonian equations, it can be stated as follows.

PROPOSITION. An evolution vector field X of the form (0.76) generates a Hamil-
tonian symmetry group of the canonical Hamiltonian system (0.70) if and only if
there exists a first integral I (t, q, p) such that X = X is the corresponding Hamil-
tonian vector field. Another function I (t,q,p) determines the same Hamiltonian
symmetry if and only if I=I+F (t) for some time-dependent function F(t).
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Indeed, the invariance of the canonical Hamiltonian equations (0.70) with re-
spect to the symmetry (0.78) implies that

O OH 91 OH 91 _ 01 OH 91 O'H
Otdp; ~ Op; 0¢idp;  0¢? Op;0p;  Op; 0¢?dp;  O¢ Op;Op;”
O*1 OH 1 OH I _ 0l *H 0 ®*H T
otdqt  Op; 0¢P0q'  Iqi Op;0q°  O¢’ Op;O0qt  Opj O 0"’

These equations can be rewritten as

0 (o1 omor omory_
Opi \Ot ~ Opjdg)  0¢0p;) .
0 (o1 omor omory . T
o¢ \ ot ~ dp;d¢8 0¢i Op; )
Therefore, we obtain
ol O0H 0l 0H 01
= f(t).

ot " opop g op;

The left-hand side is the total time derivative of I on the solutions of the canonical
Hamiltonian equations,

g+8_Hﬂ_ 8_Hg _D(D‘
ot dp;0¢8  Ogi Op; ©0.70)°

Thus, we conclude that a Hamiltonian symmetry determines a first integral of the
canonical Hamiltonian equations up to some time-dependent function that can be
found with the help of these equations. As a disadvantage of such approach, one
can note the loss of the geometrical meaning of transformations in the evolution
form (0.78) and the necessity of integration to find first integrals with the help
of (0.77). In this approach, it is also not clear why some point symmetries of
Hamiltonian equations yield first integrals while others do not.

In the present section, we consider symmetries of the general form (0.75) which
are not restricted to the phase space and can also transform the time variable ¢. In
contrast to Hamiltonian symmetries in the form (0.78), the underlying symmetries
have a clear geometric meaning in finite space and do not require integration for the
calculation of first integrals. We shall provide a Hamiltonian version of Noether’s
theorem (in the strong statement) based on a newly established Hamiltonian iden-
tity, which is an analog of the Noether identity in the Lagrangian approach. The
Hamiltonian identity directly links an invariant Hamiltonian function to the first
integrals of the canonical Hamiltonian equations. This approach provides a simple
and clear way to construct first integrals by means of purely algebraic manipula-
tions with symmetries of the action functional. The approach will be illustrated in a
number of examples, including the equations of three-dimensional Kepler motion.
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Invariance of elementary Hamiltonian action

As an analog of the elementary Lagrangian action [73], consider the elementary
Hamiltonian action
p; dq' — H dt, (0.79)

which can be invariant or not with respect to the group generated by an operator of
the form (0.75).

DEFINITION. We say that a Hamiltonian function is invariant with respect to a sym-
metry (0.75) if the elementary action (0.79) is an invariant of the group generated
by the operator (0.75).

THEOREM 0.1. A Hamiltonian is invariant with respect to a group with opera-
tor (0.75) if and only if

Gi' + piD(n') — X(H) — HD(£) = 0. (0.80)

Proof. The invariance condition follows directly from the action of X prolonged
to the differentials dt and d¢’, i = 1,...,n:

X =¢(t,q, p)%ﬂi(t q, p)a%%(t, q, p)aii +D(£)dt%+l)(ni)dta£qi)-
An application of this equation gives
X(p;idg' — Hdt) = (G¢' + piD(n') — X(H) — HD(€)) dt = 0.
]
COROLLARY. It follows from the relation
L(t,q,q)dt = p;dq' — H(t,q, p) dt (0.81)

that if the Lagrangian is invariant, then the Hamiltonian is also invariant with
respect to the same group. Conversely, invariant Hamiltonians provide invariant
Lagrangians by means of (0.81).
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Proof. This follows from the action of the operator (0.75) on relation (0.81). ]

Remark 0.2. The total differentiation operator (0.74) applied to the Hamiltonian 7
on the solutions of Hamiltonian equations (0.70) coincides with the partial differ-
entiation with respect to time,

OH . OH 0H]  OH

D R Wi =2
Opl (0.70) 815

(H)|(o.70) ot +q g

Remark 0.3. Condition (0.80) means that p; dg — H dt is an invariant in the space
(p, q, dq, dt). Meanwhile, this condition can be obtained as an invariance condition
for the manifold

h=pd —H (0.82)

under the action of the operator (0.75), which is specially prolonged to the new
variable A in the following way:

0 : 0 0 0
X = —_— v —_— i\, q, - — D - .
§(t,a,p)5, +11 (t,q,p)aqz +G(ta p)api hD(&) 5 (0.83)
Indeed, an application of the operator (0.83) to (0.82) yields
—hD(€) = Gd' + pi(D(n') — 4:D(&)) — X (H). (0.84)

Then the substitution of A from (0.82) gives condition (0.80).

Hamiltonian identity and Noether-type theorem

Now we can relate the conservation properties of the canonical Hamiltonian equa-
tions to the invariance of the Hamiltonian function.

LEMMA 0.4. The identity

G+ Do) — X8~ 1D(©) = ¢ (D011) - 51 ) o (i + )

+ G (C]Z - 8]9') + D [pm’ - SH} (0.85)

is true for any smooth function H = H(t,q, p).
Proof. The identity can be established by a straightforward computation. [

We call this identity the Hamiltonian identity. This identity permits one to prove
the following result.
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THEOREM 0.5. The canonical Hamiltonian equations (0.70) possess a first integral
of the form

I=pmn' —EH

if and only if the Hamiltonian function is invariant with respect to the opera-
tor (0.75) on the solutions of the canonical equations (0.70).

Proof. The result follows from identity (0.85) in view of Remark 0.2. []

Theorem 0.5 corresponds to the strong version of Noether’s theorem (i.e., a
necessary and sufficient condition) for invariant Lagrangians and Euler—Lagrange
equations [73].

COROLLARY. Theorem 0.5 can be generalized to the case of divergence invariance
of the Hamiltonian action,

Giq' +piD(n') — X(H) — HD(§) = D(V), (0.86)

where V.= V(t,q,p). If this condition holds on the solutions of the canonical
Hamiltonian equations (0.70), then one has the first integral

I=pn' —¢H -V

Invariance of the canonical Hamiltonian equations

In the Lagrangian framework, the variational principle gives the Euler—Lagrange
equations. It is known that the invariance of the Euler—Lagrange equations follows
from the invariance of the action integral. The following Lemma 0.6 and Theo-
rem 0.7 establish a sufficient condition for the canonical Hamiltonian equations to
be invariant.

LEMMA 0.6. The application of the variational operators (0.72) to (0.85) gives
0 i i
@(Qq +piD(n') — X(H) — HD(f))
: P 0H 0H
— o) - D) - X (50 ) + 6, (Dt - 5
(

J
. (.  OH y
— My, (Pz‘ + 8_qz + ((Gi)p, + 5sz(§)) (q 3pi) ;
j=1,....n (0.87)
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Likewise, the application of the variational operators (0.73) to identity (0.85) gives

%(gqi +pDOf) — X(H) — HD(€))

: OH OH
— D)+ 5,00 - X (55 ) + & (D0 - 5 )
, 0H . OH
= a+ 850060 (3+ 5ot ) + @ (- 50 )
i=1....n (0.88)

Here 0;; is the Kronecker delta.
The above identities are true for any smooth function H = H(t,q, p).

THEOREM 0.7. If the Hamiltonian is invariant with respect to the symmetry (0.75),
then Egs. (0.70) are also invariant.

Proof. We start from the invariance of the canonical Hamiltonian equations (0.70).
An application of the symmetry operator to these equations yields

J
OH
D(¢;) —p;D(E) + X (8_qﬂ> =0, J=1...,n (0.90)

Both conditions obtained should be true on the solutions of Egs. (0.70).

Let the Hamiltonian be invariant; then all left-hand sides of identities (0.87)
and (0.88) are zero on the solutions of Egs. (0.70). All right-hand sides of (0.87)
and (0.88) are also zero. By substituting (0.70) into the right-hand sides of (0.87)
and (0.88), we obtain the invariance conditions (0.89) and (0.90). [

Remark 0.8. Theorem 0.7 remains valid if we consider divergence symmetries of
the Hamiltonian, i.e., condition (0.86), because the term D(V") on the right-hand
side belongs to the kernel of the variational operators (0.72) and (0.73).

The invariance of the Hamiltonian on Eqgs. (0.70) is a sufficient condition for
the canonical Hamiltonian equations to be invariant. The symmetry group of the
canonical Hamiltonian equations can of course be larger than that of the Hamilto-
nian. The following Theorem 0.9 establishes a necessary and sufficient condition
for the canonical Hamiltonian equations to be invariant.

THEOREM 0.9. The canonical Hamiltonian equations (0.70) are invariant with
respect to a symmetry (0.75) if and only if the following conditions are true (on the
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solutions of the canonical Hamiltonian equations):

) y .
{g(@q +piD(n') — X(H) —HD(f))] =0,
6] @7 i,j=1,...,n.  (0.91)
[W(Ciqz+pi1)(n’) - X(H) —HD(f))] = 0.
g (0.70)
Proof. The proof follows from identities (0.87) and (0.88). 0

We point out that conditions (0.91) are true for all symmetries of canonical
Hamiltonian equations. But not all of these symmetries yield the “variational inte-
gral” of these conditions, i.e.,

(Cz‘qi +piD(n') — X (H) - HD(f)) 070 = 0,

which gives first integrals by Theorem 0.5. That is why not all symmetries of the
canonical Hamiltonian equations provide first integrals.

Symplecticity of the canonical Hamiltonian equations

The solutions of the canonical Hamiltonian equations

_OH . 0H
_8pl7 pl_ aqu

3

q

i=1,...,n. (0.92)

possess the important property called symplecticity.

For the solution (q(t), p(t)) of system (0.92) with the initial data q(to) = qo,
p(to) = po, we introduce the solution operator (¢, ty) by means of the transfor-
mation

(p,a) = ¥(t, to)(Po, qQo)- (0.93)

For autonomous Hamiltonians, the mapping (0.93) depends on the difference
t — tp and possesses the group property

U(ta = to) = ¢(t2 — t1)Y(t1 — to).
We denote the Jacobi matrix of the transformation v on the phase space R?" by

,  0pq)
V= 0(po,q0)'

Such a transformation 1) is said to be symplectic if

YT Iy =, (0.94)

=(40)

where
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and [ is the n X n identity matrix.
Consider the special case in which n = 1. The transformation

(p*7 q*> = w(t7 tO)(p7 q)7
defined in some domain {2 and possessing property (0.94) gives

op* Oq* B op* 0q* 1
p 0¢  0q Op

(0.95)

This means that the Jacobian is identically 1; i.e., 1(t, to) is volume preserving.
Alternatively, the symplectic property of the Hamiltonian equations can be

expressed as a conservation of a certain differential form. The differentials dp*

and dq* of the components of the transformation 1) give the so-called one-forms

_op”
-5

op*
dq

a *
dq, dg* = 839 dp +

aq*

dp aq

dp +

dq.
Two one-forms by means of the exterior, or wedge, product N give rise to the so-
called differential two-form

op* 0q* op* 0q* op* 0q* op* 0q*
dpNd dpNd dgNd
pAdp+ dp 0q pAadq+ dq Op gNap+ dq g

dp* Ndq* =

= dqNdq.

We can simplify this expression using the fact that the exterior product is skew-
symmetric,
dp Ndq=—dgNdp, dpANdp=dqAdqg=D0.

Consequently, the two-form becomes

op* 0q* B op* 0q*
dp dq  dq Op

dp* Ndq* = ( ) dp N dgq. (0.96)

From (0.95) and (0.96), we conclude that
dp* AN dq" = dp A dq.

The geometric interpretation of symplecticity of the transformation (¢, ty) is that
the oriented area of the projection of a parallelogram onto the (p, ¢)-plane is pre-
served by ¥(t,tg).

In the multidimensional case, we have the conservation of the two-form

n

W= (dp); A (dg') =) dpi Add';
i=1

i=1

i.e., the two-form w? is invariant.
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The geometric interpretation of the symplecticity of the mapping (t, ;) in
the multidimensional case is that the sum of oriented areas of its projections onto
the (p;, ¢*)-planes is conserved throughout the evolution (see [6, 98, 128, 132] for
details). This property is significant for long-time behavior of solutions of Hamil-
tonian systems. Moreover, all properties of Hamiltonian equations can be derived
from the area preservation property.

The key theorem for Hamiltonian equations is the following.

THEOREM (Poincaré, 1899). The flow 1(t,ty) generated by Egs. (0.92) with the
Hamiltonian function H is symplectic.

EXAMPLE (harmonic oscillator). We rewrite the ordinary differential equation
w4+ u=0

as the Hamiltonian system
q=p, P=-q

with Hamiltonian
1

H(t,q,p) = 5(192 +¢°).

The corresponding Hamiltonian equations have the general solution
p = Asint + Bcost, g = Bsint — Acost.
From the initial data
po = Asintg + B costy, go = Bsinty — Acost
at t = ¢, we obtain the representation of the solution operator as
p = —qosin(t —to) + po cos(t — to), q = posin(t —to) + go cos(t — o),

which demonstrates the local group property.
The corresponding one-forms are as follows:

dp = cos(t — tg) dpy — sin(t — to) dq, dq = sin(t — to) dp + cos(t — to)dg.
The two-form demonstrates its invariance
dp A dg = (sin®(t — to) + cos®(t — to)) dpo A dao

along the solution of the harmonic oscillator.



0.1. BRIEF INTRODUCTION TO LIE GROUP ANALYSIS OF DIFFERENTIAL EQUATIONS Ixvii

Examples

Here we provide examples showing how to find first integrals by using symmetries.

EXAMPLE 0.10 (a scalar ODE). As the first example, we consider the following
second-order ordinary differential equation

|
u = E,
which admits the Lie algebra L3 with basis operators

9 9 0 9 9
— Xo=2t—4u—, X3=t— —.
gy T G tug, As=tg dlug

Hamiltonian framework. Let us transfer this example to the Hamiltonian frame-
work. We change the variables by setting

Xy =

oL .
= U = — = U.
q ’ p o0

The corresponding Hamiltonian is

oL 1 1
H(t =i —L=—(p*+— ).
(t,q,p) = tim- 2(19 +q2>

The Hamiltonian equations

) . 1
q=np, p=¥ (0.97)
admit the symmetries
0 0 0 0 0 0 0
Xi=—, Xo=2%—+4qg— —p—, X3=1>—+tqg— —tp)—. (0.98
1= 50 X 8t+q8q Poy X 5 T q8q+(q p)ap (0.98)

We check the invariance of H in accordance with Theorem 0.1 and find that
condition (0.80) is satisfied for the operators X; and X5. Then, using Theorem 0.5,
we calculate the corresponding first integrals

1 1 1
L=—H=—(p"+ ), L=pg—t(p*+= ). (0.99)
2 q q
For the third symmetry operator, the Hamiltonian is divergence invariant with V5 =
q?/2. In accordance with the Corollary of Theorem 0.5, this gives the conserved
variable

1/

Note that no integration is needed. As we indicated before, only two first integrals
of a second-order ordinary differential equation can be functionally independent.
Putting /; = A/2 and I, = B, we find the solution as

A+ (At—B)*+1=0, p=
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Evolution vector field approach. Consider the same example for evolution vec-
tor fields in the Hamiltonian form (0.78). We rewrite the operators (0.98) in the
evolution form

— e, .0 — L0 L0

Xy =—4=— —p=, Xo=(q—2t4) = — (p+2tp) -,
dq dp dq dp 0.101)
— L0 L0 '
X3 = (tq—t*¢) 5 + (¢ — tp — t*°p)

Jq ap’

The transformations corresponding to the symmetries (0.101) are not point trans-
formations. Therefore, the Hamiltonian equations (0.97) are invariant with respect
to (0.101) if they are considered together with their differential consequences. On
the solutions of the canonical equations (0.97), these operators are equivalent to the

set
~ 0 10 ~ 0 2t\ 0
X =—p— — —— Xo = (q—2tp)— — =)=
' T o 2= (g 2tp) q <p+q3><9p’

= %) 2\ 0
Xs=(tq—t°p) = —tp— — | =.
o= (o) (o)
One should integrate Eqs. (0.77) for each operator to find the first integrals. Inte-

gration provides the three first integrals given in (0.99) and (0.100).

EXAMPLE 0.11 (Repulsive one-dimensional motion). As another example of an
ordinary differential equation, we consider one-dimensional motion in the Coulomb
field (the case of a repulsive force):

U= —, (0.102)

which admits the Lie algebra L, with basis operators

0 0

We change the variables by the formula

oL

= U = — =U

and find the Hamiltonian function
oL 1
Hit =U——L ==+ -.
The Hamiltonian equations have the form
. . 1
q=np, pP=— (0.103)

q*
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We rewrite the symmetries in the canonical variables as the following algebra L:

0 0 0 0

The invariance of the Hamiltonian condition (0.80) holds only for the operator X;.
By applying Theorem 0.5, we calculate the corresponding first integral

An application of the operator X5 to the Hamiltonian action gives
2

Ci+ pD(n) — X(H) — HD(€) = pi — (% + é) £0.

Meanwhile, by Theorem 0.9 we have

£ (@D - X(1) - D) - (- (5+3))] =0

We shall show that there exists a second integral of nonlocal character.

It was shown in [40] that Eq. (0.102) can be linearized by a contact transforma-
tion. For Egs. (0.103), this transformation is as follows:

4
p(t) = P(s), Q*(s) = —, dt = ——ds. (0.104)
0 =P, Q)= o
The new Hamiltonian !
H(s.QP) = 5(P*+ Q)
corresponds to the linear equations
dQ dP
2 _p bl
ds ’ ds @
which describe the one-dimensional harmonic oscillator. These equations have two

first integrals
. P2 2
ol

which let us write down the general solution

~ P
I5, = arctan — + s,

(Q = Asins + Bcoss, P = Acoss— Bsins, A, B = const.

By applying the transformation (0.104) to the integral /5, one obtains the nonlocal

integral
dt

\ pv/g 1 / !
I; = arctan —— — — —
? V2 V2 iy 3P
of Egs. (0.103).
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EXAMPLE 0.12 (Three-dimensional Kepler motion). The three-dimensional Kepler
motion of a body in Newton’s gravitational field is described by the equations

dq dp K?
— = — = = 0.105
il S 59 r=ld] (0.105)

where q = (q1, ¢2,q3), p = (p1, P2, p3), and K = const, with the initial data
a(0) =ap,  p(0) = po.
These equations are Hamiltonian. They are defined by the Hamiltonian function

K2
H(q,p) = —\p\2—— (0.106)

r

Among symmetries admitted by the equations (0.105) there are

0 0 0 0
Xo= <. X, =312 42 .
0= o S T T L
0 0 0 0
X + 7 i _I' (AR 2 ja
"o T Taq;  Piop, T Pap, 7
0
Y, = Capr — axpr — (a, P)(Sm)a—
qk
2 0
+ (pzpk — (p,P)dw — F(Ql@k —(q, Q)5Zk)> e [=1,2,3,

where (f, g) = f7g is the inner product of vectors.
The Hamiltonian function (0.106) is invariant with respect to the symmetries X
and X;;. Theorem 0.5 permits one to find the first integral for the symmetry X,

I, =—H,

which represents the conservation of energy in Kepler motion. For the symmetries
Xij, we obtain the first integrals

which are components of the angular momentum
L(q,p) =qxp.

Conservation of the angular momentum shows that the orbit of motion of a body
lies in a fixed plane perpendicular to the constant vector L. It also follows that in
this plane the position vector q sweeps out equal areas in equal time intervals, so
that the sectorial velocity is constant [6]. Therefore, Kepler’s second law can be
considered as a geometric restatement of the conservation of angular momentum.
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The scaling symmetry X is not a Noether symmetry (neither variational, nor
divergence symmetry) and does not lead to a conserved variable.
For each of the symmetries Y}, the Hamiltonian is divergence invariant with the

functions )

‘/ZZQl <(p7p)+7) _pl(q7p>7 l:17273
Hence the operators Y; yield the first integrals
K2
Il =q ((pap)_T) _pl(q7p)a l= 172737
which are the components of the Runge-Lenz vector

K2 1
A(q,p) =p xL - —4=4a (H(q, p) + §Ipl2) -p(a,p). (0.107)

Physically, the vector A points along the major axis of the conic section determined
by the body orbit. Its magnitude determines the eccentricity [134].

Note that not all first integrals are independent. There are two relations between
them given by the equations

A2 —2HL? = K*  (A,L)=0.

The two-dimensional Kepler motion can be treated in a similar way. Note that
the symmetries and first integrals of the two-dimensional Kepler motion can be
obtained by restricting the symmetries and first integrals of the three-dimensional
Kepler motion to the space (t,qi, g2, p1,p2). As the conserved quantities of the
two-dimensional Kepler motion, one obtains the energy

1
H<q7p):§’p’2_77 T:|q’7 q:<q17q2)7 p:(p17p2)7

one component
L3 = qips — @21

of the angular momentum, and two components

1
Al =q <H(q, p) + §\p|2> —p1(g, p).

1
Ay = qo (H(q7 p) + §|pl2) — p2(q, P)

of the Runge—-Lenz vector. There is one relation between these conserved variables,

namely,
A2+ A3 203 = K*.

Further restriction to the one-dimensional Kepler motion leaves only one first
integral, which is the Hamiltonian function.
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0.2. Preliminaries: Heuristic Approach in Examples

Let us at once try to study the invariance of some difference equations using only
basic knowledge about Lie groups of point transformations acting on a space of
continuous variables.

EXAMPLE 0.13. As a first example, consider the ordinary differential equation

1
u' = —. (0.108)
u
Let us try to preserve its symmetries
0 0 0 0
X, =— Xo=2r—+u— Xy =a"— —
LT o 2 x8x+u8u’ 3= 8x+xu8u

in a difference model of this equation.
We introduce the one-dimensional difference mesh

o =2t 4+ R i=0,+1,42, ..., (0.109)

where the mesh steps h’ are assumed to be given constants. To approximate a
second-order equation at some point z, we need at least three mesh points. For
the simplest finite-difference approximation to Eq. (0.108) we take the difference

equation
Uip1 — U;  Uj — Ui 2 1
( Bitl hi >hi + Rt u_f (0.110)

on the mesh (0.109). If all steps are equal (a uniform mesh), then the difference
scheme has the extremely simple form

Uipr — 2u; +uimyp 1

h? u?’

The integer index ¢ in Eq. (0.110) ranges over a finite or infinite interval; however,
we shall consider this equation locally, in a neighborhood of some point (z,u),
assuming that Eq. (0.110) has precisely the same form at all other points. (Such
schemes are said to be homogeneous [122].) Accordingly, we rewrite Eq. (0.110)
in the index-free form

ut —u  u—u" 2 1
( ke )h++h—:$’ ©.111)

where u = u(x), ™ =u(z+h"),u” =u(x—h"),h" =at—x,andh™ = zx—2".

Now consider how group transformations act on the scheme (0.111), (0.109).
The translations corresponding to X; act on each mesh point (because there is an
orbit of the group through each point (z, u)) by the formulas

™ =x+a, (") =2" +aq, ()" =2 +a, ...
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without affecting the mesh steps and Eq. (0.111). Thus, the scheme (0.111), (0.109)
admits translations regardless of whether the mesh is uniform or not.
The dilations

r* = xe?, (xT)* = ate (z7) =z e,
u”e

u* = ue?, (uh)* =ute?, (u™)" =
corresponding to X, change the mesh according to the formulas
(RT)* = hte®, (h™)* = h™e™,

and so a mesh with fixed steps is not dilation invariant.

Now let us specify the mesh differently; we no longer try to fix the mesh steps
(this is usually not important in computations) but preserve the mesh geometric
structure. For example, let us force the mesh to be uniform by imposing the equa-
tion

ht =h". (0.112)

It is easily seen that such a mesh is necessarily dilation invariant, for Eq. (0.112)
remains the same, (h*)* = (h™)*, after the transformation.
For the mesh equation we could also take the difference equation

ht =kh™, k = const, (0.113)

specifying a nonuniform mesh whose steps correspond to a geometric progression.
Let us verify the invariance of this mesh using the operator X, prolonged to all
variables of the difference stencil. We obtain additional coordinates for h* and h~
by applying the operator to the relations h* = 2" —zand h™ =z — x™:
X, = 2x§+u§u+u a%Jru ai+2h+a%+2h‘ah

The operator (0.114) leaves invariant the mesh (0.112) (or (0.113). One can read-
ily verify that Eq. (0.111) is invariant under the operator (0.114) as well. Thus,
dilations are admitted by the difference model (0.111), (0.113).

Now consider how the transformations corresponding to X3 act on the scheme
(0.111), (0.113). We verify its invariance using the operator X3 prolonged to the
variables of the difference stencil,

(0.114)

~ 0 0 0 0 0
X, = 2 7 + _ . +,,t+_7
3 xax+($)8++( )0a:*+$u8u+$u6u+
0 o 9

An application of the operator X3 to Eq. (0.113) gives the relation A (2z + h*) =
kh~(2z — h™), and the subsequent substitution of (0.113) into this relation yields
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h* + h~ = 0. The application of finite transformations corresponding to )~(3~c0n—
firms the noninvariance of the mesh (0.113) for any £ as well. The action of X3 on
Eq. (0.111) yields the relation

uU—u

= (2x — h™)

ht(x +h*)+h (x—h")
N 2u? ’

ztut —zu xu—z"uT ut —u
+
" - - - (2x+h")+

which cannot hold on the mesh (0.113) for any £.

Thus, only two out of the three symmetries present in the original differential
model can be preserved on the uniform mesh and on its generalization (0.113).
The conclusion suggests itself that, to preserve the symmetry corresponding to the
operator X3, one needs some special mesh, but it is not clear how one can guess
it. Later on in the book, we construct a completely invariant difference model of
Eq. (0.108) by using a regular algorithm.

EXAMPLE 0.14. As another example, we consider a partial differential equation,
namely, the linear heat equation

Up = Ugy- (0.115)

This equation is known to admit a six-parameter point transformation group and, in
addition, an infinite-parameter group equivalent to the linearity of Eq. (0.115) (e.g.,
see [111]). This transformation group is completely described by the following Lie
algebra of infinitesimal operators:

9 %) ) ) )
Xi a’ XQ—%; XB—QtE“r‘IE%, X4—u%,
0 0 , 0 ) ) o
Bk T =4l o7 = — — 0.116
Xs Qt&E x“au’ X = 4t 8t+4max (x +2t)8u’ ( )
0
X, = ) —,
az )8u

where « is an arbitrary solution of (0.115).

Let us consider some simplest difference model approximating Eq. (0.115) and
see how the transformations determined by the operators (0.116) act on this model.
For this simplest difference equation we take the explicit difference scheme (at the
point z = z°, t = t7)

‘gH —u _ Uiy — 2u Uy 0.117)
T h?

u

on an orthogonal difference mesh uniform in the ¢- and z-directions with mesh
steps 7 and h, respectively.
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ta
D4
(t+7) *
¢ A B C
— ® >
U u U
h- Wt .
T x xt

Figure 0.1: The difference stencil for Eq. (0.118)

Note an important difference between the discrete version (0.117) and the con-
tinuous version (0.115). It is meaningless to specify any function u! = ¢/ (7, ")
without describing the discrete set {(¢/, %)} on which u/ is defined. The same is
true of the difference equation (0.117). Thus, we should supplement Eq. (0.117)
by something completely characterizing the difference mesh. Take an orthogonal
mesh (we simply write down the words

Orthogonal Difference Mesh
for now) uniform in x and ¢,
ht=h", 7t =1".

The integer indices ¢ and 7 in Eq. (0.117) range over finite or infinite intervals,
but we shall consider this equation in a neighborhood of some point (¢, z, u) and
rewrite Eq. (0.117) in the index-free form

t—u ut—2u+4u"

= 2 , (0.118)
where the symbol 4 stands for passage to the “upper” layer with respect to ¢, while
u' and u~ stand for the shifts to the right and left, respectively, with respect to .

The difference stencil, i.e., the set of points of the (¢, z)-plane used to describe
Eq. (0.118), is shown in Fig. 0.1.

The set (z, x+h,x—h,t,t+7) of points of the difference stencil is a “point” of
the difference space on the (¢, x)-plane where we consider Eq. (0.118). In contrast
to the continuous case, a “point” of the difference space has quite a determined
geometric structure. To describe this structure, let us denote the points of the dif-
ference stencil by A, B, C, and D. Then the mesh structure can be represented as
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follows:
(AB)(BD) = (BC)(BD) =0,

0.119
ht =h™ =h, TN =17 ( )

Now we can consider the action of the group GG with infinitesimal operators (0.116)
on Eq. (0.118) and relations (0.119). Note that the transformations (0.116) are
continuous; i.e., the coordinates of all points of the (¢, x,u)-space (in particular,
of the points corresponding to the difference stencil in Fig. 0.1) are varied in a
continuous manner (rather than discretely, where, say, some mesh points would be
taken to other mesh points). By analogy with the case of differential equations,
we say that Egs. (0.119), (0.118) are invariant with respect to the corresponding
transformations if these equations have the same form in the transformed variables.
Consider the action of X7, ..., X4 on system (0.119), (0.118).

The translations X; = 9/0t and X, = J/Jz mean the corresponding shifts of
the independent variables,

i) t'=t+a, z"=u, ut = u;

(i) t*=t, r*=x+4+a, u" =u,

where « is the group parameter.

It is fully obvious that the structure of the mesh (0.119), as well as Eq. (0.118),
remains unchanged; i.e., Egs. (0.119), (0.118) are invariant with respect to X;
and Xs.

The dilation group with infinitesimal generator X3 = 2t0/0t + x0/0x is deter-
mined by the transformations

t* = e%¢, rt =e'r, ut = u.

To find how the mesh steps are transformed, consider the orbits passing through the
points of the difference stencil. Obviously, the operator X5 can be prolonged to the
coordinates of the points A, C, and D,

0 9, 0 0 0 _ 0

Xg=2t— 40— +2— +2{—+ 2" ,
s Ay T e T T e T o T o

where t =t + 7+ and f = t — 7~. This means that the “additional” coordinates ¢,
t, z+, and =~ are transformed in the same way as the “main” coordinates ¢ and z,

N

t=e?t, = e, (xF)* =e%2t, (27) =€z,
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and the operation —‘ gives the additional coordinates of the operator X3 ex-
tended to h™, h™, and T,
0 0 0 0 0 0
X3 =2t— — 27t — 4+ 27T — + h T ——+ h ——
ST T e T T T e T o T e T ane

From this, we see that the operator X3, which dilates the (¢, z)-plane, obviously
dilates the difference mesh. The relations h™ = h™ and 77 = 7~ are clearly
invariant with respect to the prolonged operator X3,

(Ka(h" =)y =00 [T =) =0

The mesh orthogonality conditions are also preserved,

\

(A" BB DY) = (B*CH)(BD") = 0.

Thus, the dilation group changes the mesh steps but does not affect the mesh or-
thogonality and uniformity.

It is easily seen that the action of X3 on the difference equation (0.118) does
not change this equation as well,

[XS (ut - ’%zi)}m:u = 07
T W =les

where we have introduced the shorthand notation

U —u ut —2u+u~

for the difference derivatives. Thus, Egs. (0.119), (0.118) admit the dilations deter-
mined by the operator Xs.

The operator X; = ud/0u, which does not affect the independent variable ¢
and z and dilates u (namely, u* = e“u), leaves unchanged relations (0.119) and is
obviously admitted by Eq. (0.118),

[X4 (Ut - %xa‘c)}mzu - =0.
T s hacx

Now consider the subgroup generated by the operator X5. The corresponding
finite transformations have the form
t"=t, " =z + 2ta, w = ue e
Let us see what happens to the difference mesh under these transformations. They
do not change ¢ and hence do not affect the step 7. For each value of the parame-

ter a, the mesh is shifted along x on each time layer ¢, the shift being proportional
to . The mesh structure after the transformations is shown in Fig. 0.2.
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ti
/ / /
.
(t+7)
h~ ht
. T
T~ r T xT

Figure 0.2: The mesh structure after the transformations generated by X5

Clearly, the mesh uniformity in the z-direction is also preserved, (h*)* =
(x*)* — 2* = h™. However, the mesh is no longer orthogonal. Let us study the
consequences. Equation (0.118) is changed by the transformations into the equa-
tion

,&ef:(:af(tJr‘r)za2 _ uefxa7t2a2 u+€f(:r:+h)a — Que—xa + ufef(:rth)a g
= 5 (& s
T h
or
" 2 _ —
tie T(2t+71)a® _ u ute ha __ U+ u 6—&-ha

- - = . (0.120)

Thus, the transformations generated by X5 violate the mesh orthogonality and
change Eq. (0.118). What does Eq. (0.120) on the transformed mesh approximate?
First of all, note that the operator X5, which violates the mesh orthogonality, does
not change the meaning of the spatial difference derivatives (in particular, %m) but

distorts the geometric meaning of the time derivative u; = f%, because the trans-
T

0 —u*

formed expression u;* = *“ for the time derivative has a component not only
T

T

in ¢ but also in . Now assume that Eq. (0.120) has a sufficiently smooth solu-
tion u = wu(z,t). By substituting the expansions u™ = u + hu, + %QUM + O(h?),
um =u— huy + %um + O(h?), and @ = u + w7 + u,27a + O(7) (here we have
taken into account the spatial component) into Eq. (0.120), we obtain

Up = Ugy — dau, + 2tau

modulo O(7 + h?).

Thus, the difference equation (0.117) approximating Eq. (0.115) on the or-
thogonal mesh with accuracy O(7 + h?) is transformed into the difference equa-
tion (0.120) on a “skew” mesh; Eq. (0.120) approximates a completely different
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differential equation, which, in addition, explicitly depends on the group parame-
ter.

Thus, the operator X is not admitted by the difference model (0.119), (0.118).
A similar argument shows that the action of Xg destroys the mesh orthogonality as
well and also violates the mesh uniformity in the ¢-direction.

The operator X, = «d/0u does not affect the variables (¢,z) and adds an
arbitrary solution of Eq. (0.115) to u,

u =u+ a(z,t)a.

This symmetry is equivalent to the fact that Eq. (0.115) is linear.
The difference equation (0.118) is linear as well, and so the substitution of the
last transformation gives

alz,t+7)—alx,t)  alx+ht)—2a(x,t) + oz — h,t)

T h? ’

where « is an arbitrary solution of the equation o; = ai,.

So far, it is not clear whether a solution of the differential equation (0.115) is
an exact solution of the difference equation (0.118). However, we have clearly
preserved linearity when passing to the difference model (0.119), (0.118), which is
equivalent to the symmetry with the operator

0
)h( * A(t7 T ) %7
where A(x,t) is an arbitrary solution of Eq. (0.118) on the mesh (0.119).

Thus, the difference model that we have considered — Eq. (0.118) on the uni-
form orthogonal mesh (0.119) —has preserved only four out of the six symmetries
of the original equation (0.115) and also the linearity property. Note that the pre-
served symmetries form a Lie algebra that is a subalgebra of the original algebra.

We have chosen the simplest difference model, namely, an explicit scheme on
an orthogonal mesh. However, it is clear that using an implicit scheme or combin-
ing it with an explicit one would not rectify the situation, for the transformations
determined by X5 and Xj violate the mesh orthogonality, and this also irrepara-
bly destroys the structure of the difference equation. In the next chapter, we con-
struct a difference model of Eq. (0.115) preserving all symmetries but defined on a
nonorthogonal mesh depending on the solution.

Thus, the geometric structure of the mesh (and, naturally, the structure of the
difference stencil, which is part of the mesh) exerts substantial influence on the
invariance of the difference model. In the next chapter, we obtain necessary and
sufficient conditions for the preservation of geometric characteristics of the differ-
ence mesh (stencil). Using these conditions, one can readily establish mesh classes
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suitable for a given symmetry without carrying out detailed constructions like those
given above.

The preceding examples show that it is convenient to introduce new variables
and notation. For example, the difference derivatives

U ut—u
W T+ 7 W h*
(right time and space derivatives),
uU—1u
U =
h' h-
(a left space derivative),
ux_%i u+_2u+u—
Uz — =

(the second space derivative), etc.
It is convenient to introduce the right shift operators f and Sh and the left shift
T +
operators S and b;l . These operators act on (¢, z) and translate these points to the

—T
right or left neighboring mesh points. The action of these shift operators on any
functions of (¢, z) is determined by their action on the arguments,

SF()=F(S(:),  SF(:)=F(S(2)),
SF()=F(S(),  SF()=F(5().
The operators
S —1 1-S S -1 1-S
_ +h 7 D— 7h7 D= 7 D — -
+h h —h h +7 T —T T

define right and left difference derivation, respectively; by using these operators,
one can readily introduce the difference derivatives

h +h —h
= =DD =DD
U = Uge = D D(u) = D D(u),

etc. Note that the operators l% and l% on the uniform mesh commute.
+ —

In subsequent chapters, we show how one can naturally introduce difference
derivatives starting from the “continuous” space and continuous differentiation.



Chapter 1

Finite Differences and Transformation
Groups in Space of Discrete Variables

In this chapter, we find out how a local Lie transformation group acts on nonlocal
objects such as discrete variables, finite-difference derivatives, lattice spacings, etc.

In contrast to differential operators, finite-difference operators are specified on
a finite subset (a difference stencil) of the countable set of lattice points where
the solution of the problem in question is to be sought. This nonlocality of oper-
ators (from the physical viewpoint, the presence of typical dimensional scales in
the problem) results in specific properties of finite-difference operators, properties
which are absent in the local differential model. In particular, we can mention right
and left differentiations with the corresponding shifts, uniform and nonuniform lat-
tices, and specific features of the difference Leibniz rule. As a result, there arises a
specific calculus of infinitesimal transformations of difference variables.

The nonlocality of difference operators has the consequence that the transfor-
mation group can distort the proportions, orthogonality, and other geometric char-
acteristics of the difference stencil. In turn, the violation of the lattice structural
properties under transformations can distort the difference equations (say, by af-
fecting the approximation order and the commutativity of difference derivatives);
the lattice orthogonality distortion may result in a loss of geometric meaning of
difference derivatives, etc. Hence a criterion for the invariance of difference mod-
els should necessarily include the invariance of the lattice (or the difference stencil
viewed as an element of the lattice) on which the difference equations are written
out. This gives rise to a peculiar lattice geometry related to transformation groups.

The next step is to find requirements that should be imposed on the transforma-
tion groups so as to preserve the meaning of finite-difference derivatives (i.e., ensure
that the definition and geometric meaning of the finite-difference derivatives in the
transformed variables will be the same). It turns out that this condition is equiva-
lent to the preservation of infinite-order tangency. In the “continuous” space, such
groups satisfy the prolongation formulas for point transformations, tangent trans-
formations, and higher symmetries (or Lie-Bécklund groups).

In this chapter, we also consider some structural properties of transformation
groups in lattice spaces as well as difference integration and change-of-variables
formulas needed for studying the group properties of finite-difference equations.
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1.1. The Taylor Group and Introduction
of Finite-Difference Derivatives

When trying to describe finite-difference objects (equations and lattices) in terms
of differential operators, the main, almost insurmountable difficulty is the nonlocal-
ity of these objects. The nonlocality of objects needed in the description of differ-
ence equations, lattices, and functionals necessitates the use of infinite-dimensional
spaces or spaces of sequences of functions and their derivatives.

1. In the space Z of formal series, consider the formal transformation group whose
infinitesimal operator is the total derivative operator

0 0 0
D:—+U1—U+U2—+"'+us+1—+"'. (11)

For simplicity, we restrict ourselves to the case of one independent variable x and
one dependent variable u for now.
According to the exponential representation, the transformations in this group

are determined by the action of the operator 7, = e,

7= e () = 3 LD (2. (1.2)

The point z* € Z has the coordinates

2 =T,(z) =z +a,

o0 s

. a
ut =T,(u) = Z o e
s=0
>4
U = Ta(ul) = _'us—‘rl;
. (1.3)

The transformations (1.3) considered on a smooth curve u = wu(z) are none other
than the formal Taylor series expansions of the function © = u(x) and its deriva-
tives at the point  + a, and that is why the transformation group (1.3) with in-
finitesimal operator (1.1) was named the Taylor shift group, or simply the Taylor
group [29].

In the theory of higher symmetries, or Lie-Bécklund groups [73], of all the
transformations comprising the group one distinguishes those which preserve the
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definition and geometric meaning of the derivatives (uq, us,...) in Z, ie., leave
invariant the following infinite sequence (we still restrict ourselves to the one-
dimensional case):

du = uy dzx,

......... (1.4)

One can readily verify that the Taylor group leaves system (1.4) invariant and
is a higher symmetry group.

Moreover, the Taylor group is a nontrivial higher symmetry group; i.e., it is not
the prolongation to Z of a point or tangent transformation group. This follows from
the fact that the sequence

&
da
du* B
da

of Lie equations determining the finite transformations in the Taylor group for a
given group operator DD has no solutions in the finite-dimensional part of Z. In
other words, the formal Taylor series expansions (1.3) form a one-parameter group
only in the infinite-dimensional space Z.

The Taylor group is a convenient tool in the study of properties of finite-differ-
ence objects.

2. Let us fix an arbitrary parameter value a = h > 0 and use the tangent field (1.1)
of the Taylor group to form a pair of operators, which will be called the right and
left discrete shift operators, respectively:

o0

s
Sh — €hD = —'DS7 Sh — eth
+ “—0 S: -

S:

> (_ff) D?, (1.5)
s=0

where D is a derivation in Z. The operators S and S commute with each other

+h —h
and with the operator T, = e, and moreover, S S = S S = 1. Furthermore,
+h—h  —h+h
()" =Ta|,_y s n=0,1,2,.... (1.6)

+h
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Using S}’l and 5;1 , we form a pair of right and left discrete (finite-difference) differ-
_l’_ —

entiation operators by setting

D—QS—UziﬁHDS
Yh h +h sl

1 So_o ( h)sfl (1.7)
p-lin-g=3 "

s=1
The operators S, S, D, D, and T, pairwise commute, and
+h =K ¥h =h

D=DS, D=DS.
+h—

th  —h+h ~h h
Thus, the shift operators fh and the discrete differentiation operators BL , which

were introduced phenomenologically in the introduction, can be defined in Z as the
power series (1.5) and (1.7) of the Taylor group operator (1.1).
The shift operators ;ES; and the differentiation operators ﬁ permit one to “dis-

cretize” the space 7 , 1.e., introduce new variables (the difference derivatives and
the lattice).
We denote the countable set {z, = %"‘(x)}, a =0,4+1,42,..., of values of
+

the independent variable = by w and call it a uniform difference lattice (or mesh).

Let us introduce formal power series of the following special form:

Tflbll = 3(“)7

us = D D(u),

h —h+h (18)
ug = DD D(u),

h +h—h+h

The variable u, will be called the finite-difference (or discrete, or lattice) derivative

h
of order s. In the odd case, the formal series Usk-+1 will be called the right difference
derivative. Using %gk and %gkﬂ, one can introduce the odd-order left difference

derivatives

UsprT = U2k+1 — NU2k12
2R+l 42kt tok+

or the difference derivatives

(o)

Uspjyy = OUszk1 +(1— U)%m = Ukl +h(1 - U)%2k+27 0 = const,

with weight o, which are often used in the theory of finite-difference schemes.
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We denote sequences (%1, Uz, Us, - .) of formal series by % and the product of

the spaces % and Z by % ,

%: ($,U7U1,U2,---;%1,%2,---)‘

If the series %s converges (in some norm), then it will be called a continuous repre-
sentation of the difference derivative Us-
Note that the formal series Us cannot be represented in exponential form, and

so they do not form a group with parameter h and cannot be described in terms of
a tangent field.
By definition, we extend the action of the discrete shift E‘l to functions in A as

follows:
S (F(2) = F(5(2))-
This permits finding the difference derivatives of F' € A,
F(S(2) - F(2)

D(F(:) = +——

3. Consider how the Taylor group is prolonged into % . First, note that the Taylor

group does not change the spacing / of the lattice w. Indeed, h* =z}, | — ), = h,

(0%
because z, = z, + a.
Having in mind the preservation of the lattice spacing, we define a transforma-
tion of the variables Us in % by setting

*— D(u*) = uF h * h2 *

%1f+h(u)ful+§u2+§u3+“-,
h2

pe= DR =t gt

where the v} are formal series of the form (1.3) whose transformations are deter-
mined by the tangent field of the Taylor group according to the formula

ou*
S S
C:aa = Ugt1, s=1,2,....
a=0

Starting from this, one can readily compute the additional coordinates of the
operator for the variables %s,

*
ou]

h h
1_ _h” — oty T2y il e —
g = a:O_C +2!C + —U2+2!U3+ —D(%1)7 19
,_ o "
= Xa_ =D 5 ) *=D s)s
g da |,_, (%2) g (1)
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Thus, the tangent field of the Taylor group prolonged into % can be identified with

the operator

D= Dz - 1.10

; ()5 (1.10)

where the 2 are the coordinates of the vector (x,u, U1, Us, - .., Uy, Us, . ..). Note
hoh

that the coordinates (1.9) are formal power series in h, and hence the series %s* =
z}fs*(h, a) are formal power series in two symbols, “group” series in a and “non-
group” series in h.

4. Now consider the result of the action of the discrete shift operator fh in the

lattice space Z = (z,u, uy, us, . . .),
h hh

S(x) =x+h,
+h
hs—l
Jé;l(u) :u+h§>1 o D?(u) :u+h%1.

In a similar way, we obtain

S(u)=u—hS(u)=u— hu + h*us.
h “h'h h h

By just the same procedure, we single out the formal series Us in the result of the
action of EL on %k k =1,2,.... As aresult, we obtain a table showing how the
discrete shift operator acts in the lattice space % (see Table 1.1).

From Table 1.1, we readily obtain a table showing how the discrete differentia-
tion operator D = +h~!(.S — 1) acts on the point (x, u, u, us, . . .) (Table 1.2).

+h +h o h

Remark 1.1. Under the action of the Taylor group in % , as a increases, the point
z = (z,u,uy, us, ..., Un, Us, - .) draws a one-parameter curve (namely, the orbit of
ueinpe We see that the orbit of the Taylor group is a
“continuous shift” drawn through the “discrete shift” ( fh ). If the formal series in

the point 2). Since (El)” =T,|

question converge, then one can speak of the geometric meaning of the lattice vari-
ables Us. In particular, Ui is the slope of the chord joining the points u and Sh (u) in
+

the (x, u)-plane, onto which the orbit of the point z of the Taylor group is projected.
Note that the action of the operators Ez does not form a group with parameter h in

the space % of difference variables.

Indeed, consider, say, the following transformation of the variable u:

S (u) =u+ hu;.
+h h
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Table 1.1: Action of the discrete shift operator on the point z = (x, u, U, Us, - .

S 1is the finite-difference left shift S is the finite-difference right shift

" operator " operator

S(x)=z—h S(z)=z+h

S (u) = u — huy + h*us S (u) =u+ huy

—h h +h

S (u1) = uy — hugy S (u1) = uy + hug + h*ug

—h'h h h +h h h

5 =g = o ) = e by

S (%2k+1) ?}f k+1 — hu2k+2 4§L<u2k+1) T}f k+1+hqu+2+h U2k+3
§ (%214:4—2) Unk+2 = hu2k+3+h Usk+-4 Jé;z(u%H) Usnk-+2 + hqu+3

Table 1.2: Action of the discrete differentiation operator on the coordinates of the

oint 2z = (x,u, Uy, Ua, Us, . . .
p S (77h7h7h37 )

D is the finite-difference left
" differentiation operator
BL (x)=1

D(u) = uy — hugy

—h h h

Bl =1

D(U,Q = Uz — hU4

“h'h h h

QL(%%—H) = %214—4—2
P(%2k+2) %2k+3 - hu2k+4

D is the finite-difference right
" differentiation operator

BL () =1

B =4

) =t s

Al =

Bl(%%—l-l) = %2k+2

D(%2k+2) = ?}fzms

The composition of such transformations has the form

S*(u)

+h

S(u + huy) = u + 2huy + huy + h*us # u + 2hu,.
+h h h h h 5

However, the point 6; %(u) can be reached with the help of the Taylor group with
+

value a = 2h of the group parameter,

S%(u) =

2 Ta(u)‘

a=2h

thD( )
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5. Remarks on the multidimensional case. Let Z be the space of sequences
(x,u,uy, Uy, ...), where z = {2%i = 1,2,...,n}, u = {u¥k = 1,2,...,m},
u; = {u¥} is the set of mn first partial derlvatlves uy = {uf} is the set of second
partial derivatives, etc.

The prolongation formulas obtained earlier can readily be generalized to the
case of several dependent variables u”: to this end, it suffices to treat the latter as
the components of a vector u. However, one encounters essential changes when
passing to the case of several variables z°.

To avoid awkward formulas, we restrict ourselves to the case n = 2; i.e., x =
(21, 2?). The superscript k£ on u* will be omitted.

We consider two types of differentiations,

D 0 +u 0 +u 0 +u i—l—
1= Ol 50 11a 218u2 G
D —i 0 +u 0 +u i+ |
2= 5 0 128 2281@
where
ou 0%u 0%u
Uy =

7 U1l = 5y U= A aaT
oxt’ O(z1)?’ 0x20x"’

and summation over the omitted superscript k£ in (1.11) is assumed.
The operators D, and D, generate two commuting Taylor groups, whose finite
transformations are determined by the action of the operators 7! = e*”* and T? =
e?P2 . Let us fix two arbitrary parameter values h;, hy > 0 and form two kinds of
discrete shift operators,

£hy)° £hy)°
SlzeithlzZ< ) : ngeﬂ”mzz( 2) 5. (L12)

+h s! +h sl
s>0 s>0

Accordingly, we have two pairs of discrete differentiation operators,

1
D;=+—(S; - 1), i=1,2.
h hi +n
The set
B -
{ELl E’Lz( )}7 a?/B 071727"'7

of points in the (2!, 2?)-plane will be called a uniform orthogonal difference mesh
and denoted by w. The operators EL ; and ﬂ’ in any combination commute on the

uniform mesh w.
By analogy with the one-dimensional case, we introduce the difference deriva-

tives %1 = +Dhl(u)’ %11 = glﬂl(u), %12 = 3231(“), 7};02 = BLQ(U), %12 =



1.2. DIFFERENCE ANALOG OF THE LEIBNIZ RULE 9

Bl 2 l% 1(u), etc. The analogs of Tables 1.1 and 1.2 of discrete shifts and differentia-
+

tions can be formed accordingly.
Thus, the Taylor group permits naturally introducing the discrete shift opera-
tors Ez and the discrete differentiation operators il% . In turn, these operators allow

one to consider new variables—difference derivatives, introduced as formal power
series of a special form. Needless to say, there are various ways to introduce differ-
ence derivatives. For example, independently from the continuous variables, one
can introduce difference derivatives %s and define the action of fh and ﬂ on these

derivatives by using Tables 1.1 and 1.2.

Another approach is to introduce the difference derivatives on the manifold v =
¢(z). In this case, Tables 1.1 and 1.2 and the difference Leibniz rule can be obtained
by a method usual in the theory of difference schemes (e.g., see [122]). Note that
the method that we used in this section to introduce the variables Us is independent

of a specific manifold.

The Taylor group considered above is unique in a sense. It is the simplest higher
symmetry group, and the Taylor group is completely sufficient to extend the action
of the point transformation group to the case of finite-difference variables. The
algebra of operators corresponding to the Taylor group forms an ideal in the higher
symmetry algebra.

A more general remark is also possible. As is known, the idea that the Lie
transformation group is local consists in that the transformation superposition (and
inversion) is possible only for elements sufficiently close to the unit element, i.e.,
for sufficiently small values of the group parameter a. Actually, the same idea
also underlies the theory of functions when constructing analytic continuations.
These typical ideas of two different fields in mathematics have a quite specific
intersection: the Taylor group. The Taylor group considered on a manifold is the
Taylor series used to construct the analytic continuation.

In what follows, we show that the Taylor group can be represented directly in
the space of discrete variables; in this case, the transformation group isomorphic to
it operates with the so-called Newton series.

1.2. Difference Analog of the Leibniz Rule
and Discrete Differentiation Formulas

In the preceding section, the action of the discrete shift operator iS;L was extended
(by definition) to functions in A as follows: jESh (F(z)) = F( 5:5;1 (z)). This permits
finding the difference derivatives of F' € A in the form

(1.13)
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Starting from this definition, it is easy to introduce the discrete (difference)
Leibniz rule for the operators of right and left discrete differentiation:

D(FG) = D(F)G + FD(G) + hD(F)D(G),
+h +h +h +h' ¥h (1.14)
D(FG) = D(F)G + FD(G) = hD(F)D(G),

where I, G € A. Indeed, let us prove the first formula:

S(FG)—FG S(F)G—FG FS(G)—FG
h _ +h +h

_+
DFG) = I = I + I

(S(F) = F)(S(6) - 6)
+h

12 ZBI(F)G+FBZ(G)+h£L(F)BL(G)_

The second equation is also obvious.
The Leibniz rule for the discrete differentiation can be written in the different
equivalent form

D(FG) = D(F)G + §(F)D(G) = D(F)S(G) + FD(G),|  (115)

which readily follows from the above definitions.
Let us present several useful formulas of discrete differentiation, which can be

proved by straightforward computations:

D (uv™) = uzv + uvg, D(uvt) = ugv + uv,,
+h h h “h h h
where zT = S(z)and 2z~ = S (2);
+h —h
ny __ - n n—m m—1 ny __ - n n—m, ( 3 \m—1
BL(U )= 7; (m)u %xh ’ Bl(u )= — <m)u %x( DR
p(D) ot ()l
“h\ T x(x —h) +h\ z(x + h)
1 0 1 e
D(-)=-2 D(-)=-2
“h <u) u~u’ Yh <u) utu’
x x a”’ z xa+h -1
D(a*) =a*———,  D(a") = a"———,
1 Uz Uy
P(lnu)zﬁln(l—h%) Bl(lnu):—ln(l%—h%),
2 h h
D(sinazx) = Esin(%) Cos (a (x — 5)),
: 2 . h h
Bl(sm ar) = ESHI(?) cos (cz (x + 5)),
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1
Q(arctan x) = arctan TTo@—h) J]r)h(arctan x) = arctan TTo@ih)
The powers of the operators l% and S;L are related as
+ +
" /n
=h" snom St = hm D™,
Z ( ) ’ +h Z (m) Fh

m=0
The difference Lelbnlz rule significantly affects all constructions of the group
analysis of difference equations. The distinction of the space of discrete variables
from the space of continuous variables can be described in various languages. From
the physical viewpoint, the space of discrete variables has a new scale, the mesh
spacing, which is absent in the continuous model. From the functional-analytic
viewpoint, the main distinction is that the objects are nonlocal (i.e., the space %

is in principle infinite-dimensional). From the algebraic viewpoint, this is a new
Leibniz rule, which means that the action of the discrete differentiation on analytic
functions (and on formal power series) is quite different from the “usual” Leibniz
rule.

1.3. Invariant Difference Meshes

In this section, we study the relations between one-parameter groups and difference
meshes preserving their geometric structure under group transformations. Consid-
ering several typical examples of difference meshes, we obtain criteria for their
invariance.

1.3.1. Invariant uniform meshes and invariance criterion

The uniform difference mesh w is the most widely used discretization method for

spaces of independent variables. The formal one-parameter group transformations
that change the independent variable x can distort the mesh by violating its uni-
formness, which affects finite-difference equations written on w. In particular, the

operators l% and l% do not commute any more, and the approximation order can
+ —

also be changed. Therefore, we need to single out the class of admissible trans-
formations preserving the mesh uniformness. First, consider the case of a single
independent variable. B

We assume that there is a formal transformation group (G; given in % ,

¥ = f(z,a), u* =(z,a),

h
ut = Z,a), uy" = Z,a),
¢(z,a) 2 V(2 a) (1.16)
uy = e1(z,a), o :
uy = o(z,a), .ol :
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which is associated with an infinitesimal operator

(1.17)

It is clear that if the independent variable is an invariant (i.e., f(z,a) = x and
¢ = 0), then such a class of transformations does not change the difference mesh;
the same is true for uniform meshes. But this condition is not necessary.

Let us supplement the space % with new variables, the right spacing h, and the

left spacing h_ at a point z%: (z, u, U, g, hy,h_).
It is natural to define the mesh spacing transformations as follows:
+* ) ok .
h __‘i_S};(‘/E ) T f(f;l(z),a) f(Z,CL),
h" =a2" — S(2*) = f(z,a) — f(S(2),a);

—h —h

then h+*}a:0 =h_"

= h. The additional coordinates of the operator (1.17) are

8;5 _0:(4:5;—1)5(2)=€(J§h(z))—£(z):hgl(g),
aah;_ - (1= 8)E(z) = &(2) = £(S.(2)) = hD(¢).

If the tangent field for ~, and h_ is known, then we can readily obtain the invari-
ance criterion for the equality i, = h_ viewed as a manifold in the extended space
% = (z,u,uq,... JUL hy,h_). Indeed, by applying the infinitesimal criterion
and by using the operator (1.17), we obtain the following second-order difference
equation for the coordinate &(z) of the operator (1.17):

(S = 1&(z) = (1= 5)E(2),

+h “h
or l% l% (&(2)) = 0. Thus, we arrive at the following assertion.
+ —

PROPOSITION 1.2. For the mesh w to remain uniform (h.* = h_") under the action

of the transformation group G\, it is necessary and sufficient that the following
condition be satisfied at each point z € % :

DD(&(2) =0. (1.18)

The meshes satisfying criterion (1.18) are said to be invariantly uniform.
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Remark. Condition (1.18) means that an arbitrary uniform mesh preserves its uni-
formness in the entire space % . For a specific difference equation F'(z) = 0 con-

sidered on a uniform mesh c;L) condition (1.18) can be weakened to the condition

DD(&(2)) | pyp= 0. (1.19)

+h—h

In what follows, we consider an example of this weakening.

Consider examples of groups satisfying condition (1.18).

1. In particular, condition (1.18) is satisfied by the group G; with £ = const, i.e.,
the group of shifts along the coordinate x. The simplest example is the translation
along the independent variable, X = 0/0z. But such a condition may be satisfied
not only by a point transformation group. For example, for the Taylor group we
have ¢ = 1,2* =z + a, and h* = h = const.

2. In particular, condition (1.18) is also satisfied for the relations ¢ = Az, A =
const, i.e., for the transformations under which the z-axis is extended. In this case,
h** = h=" = ¢?4(h), where a is the group parameter.

3. Condition (1.18) is satisfied by the group G for which {(z + h) = £(z) is a
periodic function with period h.

4. In the more general case, f(ﬁl(z)) = &(z); i.e., {(z) is invariant under the

discrete shift operator El .

5. Equation (1.18) is satisfied by the function £(2) = A(z)z + B(z), where A(2)
and B(z) are arbitrary invariants of the discrete shift operator EZ .

It is of interest to note that criterion (1.18) is satisfied by the groups most widely
considered in mathematical models of physics. We mean translations along inde-
pendent variables and dilations, i.e., “self-similar” transformations; in the multi-
dimensional case, as we shall see, they are supplemented with rotations and other
well-known groups.

But, as the simple example given in the Introduction shows, it is impossible to
restrict oneself only to the case of uniform meshes.

An example of a group (projective transformations) that does not satisfy condi-
tion (1.18) is as follows: X = x28/8x + ---; in this case, criterion (1.18) is not
satisfied: D D (2?) = 2.

+h=h

Proposition 1.2 can readily be generalized to the multidimensional case. In-

deed, let a group (G; be determined by the operator

x=g?

0
. —+ =1,2,...,n; 1.20
axl—i_n@u_‘_ ) ? ) < » 13 ( )
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the number of dependent variables is of no importance here. In % , the opera-

tor (1.20) determines the finite transformations

™ = f(z,a), ut =¢(z,a), ... ,

which transform the spacings h;” and h; of the orthogonal mesh w as follows:

hz—i—* - Sl(xl*) - xi* - fZ(SZ(ZLa) - fi(z7a)7
+h +h
h;" = e Sl(xl*) = f(z,a) — fi(f'i(z),a).

—h

Just as in the one-dimensional case, we say that the mesh w preserves its uni-
h

formness in the direction z° if the relation h;” = h; is invariant under the action
Of(;L
The use of an infinitesimal invariance criterion results in the following neces-
sary and sufficient conditions for the invariance of the mesh uniformness in the
direction z*:
Si(€7) — 26"+ 5,(¢) =0,
+h —h

where ¢ is fixed, or

D;D;(¢") = 0. (1.21)

+h —h

Note that in the one-dimensional case criterion (1.18) completely solves the
problem of invariance of the mesh geometric structure, while in the multidimen-
sional case condition (1.21) solves this problem only partly. In particular, condition
(1.21) does not guarantee that the mesh remains orthogonal under the action of the
transformation group Gj.

1.3.2. Preservation of mesh orthogonality

Assume that there is given an orthogonal mesh w, uniform or nonuniform. For
h

simplicity, consider the case of two independent variables x! and x2. Let us see
how an arbitrary cell of the mesh w is transformed under the action of G; with the

operator (1.20).
Points A, B, C, and D of an arbitrary mesh cell (see Fig. 1.1) have the following
coordinates:

A (2t 2?), B:(zh2*+h3), C:(a'+hni,2*+h3), D: (' +hi 2%).

The transformation group GG, takes points A, B, C, and D into points A*, B*, C*,
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Ty C*
B*
D*
z?+ hy B D
) A
Gl
: =
xt at + hi !
Figure 1.1
and D* with the following coordinates:
A*: (fl(z,a),fQ(z,a)), B*: <f1(4§12(z)7a)7fQ(_"_S}’ZQ(Z)va))a
O*: (fl(_'i_s;Ll_*gLQ(Z)?a)vf2(_§ll_‘§?<z)7a))v D*: (fl(ELI(Z>7a)7f2<_‘§;L1(Z)7a))'

Now we write out the orthogonality condition for the angle B*A*D*:

[F1(52(2),0) = (2, [ (8:1(2), @) = (2, 0)]
+[7(82(2),0) = [z )]l (S1(2), @) = f2(2,0)] = 0.

+h

To obtain an infinitesimal characteristic of the last condition, we apply the operation
d/0a ‘(z:O to it:

31@2) = —g2(£1>- (1.22)

For the mesh orthogonality condition to be satisfied for all angles at this point,

condition (1.22) must obviously hold for any combinations of the differentiation

operators Dy, Dy, Dy, and Ds:
~h +h —h +h

D1(&%) = = Da(&"). (1.23)

Now we obtain the following obvious statement.

PROPOSITION 1.3. For an orthogonal mesh w to preserve its orthogonality in the

plane (2%, 27) under any transformation of the group G, with the operator (1.20),
it is necessary and sufficient that the following condition be satisfied at each mesh
point:

D) =-Di(&),| i#] (1.24)
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A O

Y

x 2! + hi cosa x

Figure 1.2

Condition (1.24) is a partial difference equation for the coordinate £ of the
generator of the group G;. The meshes for which condition (1.24) is satisfied are
said to be invariantly orthogonal under the action of GG;.

One can readily verify that condition (1.24) is satisfied for the translation, di-
lation, rotation and many other groups. But there exist transformations for which
conditions (1.24) are not satisfied (i.e., orthogonal meshes do not preserve their
structure). For example, for the Lorentz transformations

we have

We note that we have obtained criterion (1.24) for an orthogonal mesh originally
oriented along the coordinate axes. Therefore, if condition (1.24) for a given group
(71 is not satisfied, then this does not mean that there does not exist an orthogonal
differently oriented mesh that preserves its orthogonality under the action of 5.

Consider this situation.

We assume that there is given an orthogonal mesh w, uniform or nonuniform,

titled with respect to the coordinate z'- and z2-axes (see Fig. 1.2).

In the plane (z', x?), there is a pair of shift operators EL 1 and iS;L o acting so that
the coordinates 2’ of a vector in % (or a finite set z of such vectors) move along the
mesh edges w but not along the coordinate axes.

Under the action of the transformation group (G; with the operator (1.20), the
nodes of an arbitrary cell of the mesh c;lj are taken to points A*, B*, C*, and D*
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with the following coordinates:

AT (fl(z,a),fQ(z7a)), B*: (fl(fng(Z),a),f2(_§12(z),a)),
€7 (£(S152(2),0), (81820, @), D' (F(Sa(2),), P(5(2), ),

Let us write out the orthogonality condition for the angle B*A* D*:

[F1(52(2),0) = (2, [ (8:1(2), @) = (2, 0)]
+[17(82(2),0) = (2 0)]lf*(S1(2), @) = f2(2,0)] = 0.
By applying the operation 9/0a ‘a:O to the last equation, we obtain
(82(¢") = )R cosa = (S:1(¢1) = )hg sina
+ (§h2(€2) — &)hi sina + (§h1<€2) — &*)h3 cosa =0,

or, by dividing by A} hJ,

32(51) cos o — 31(51) sin o + 32(52) sin o + 31(52) cosa =0, (1.25)

where the l%l are the differentiations along the mesh edges.
+

Thus, we obtain the following assertion.

PROPOSITION 1.4. For an orthogonal mesh w oriented at an angle o with the co-

ordinate axes (according to Fig. 1.2) to preserve its orthogonality under any trans-
formation of the group G with the operator (1.20), it is necessary and sufficient
that conditions (1.25) be satisfied.

Note that conditions (1.25) for & = 0 imply conditions (1.24).

EXAMPLE 1.5. We return to our example of an orthogonal mesh subjected to the
Lorentz transformations: 9

0
_ 2 1
X=rgito s

In this case, it follows from conditions (1.25) that

2 _ 2 1y o 1 _
32@ ) cos a BLl(x )smoz+3lg(x )sma—i—BLl(:L‘ )cosa = 0,

which, with the “inclined” differentiation Z%Z (see Fig. 1.2) taken into account,
+

implies that sin? @ = cos? a and hence a = 7/4 + kn/2; i.e., the mesh must be
oriented at an angle of 45° with respect to the coordinate axes: it is only in this case
that it preserves its orthogonality under the Lorentz transformations.
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Consider the one-parameter dilation group with the operator

8 5 O

where A = const.

EXAMPLE 1.6. Consider a mesh located as in Fig. 1.2. In this case, it follows from
conditions (1.25) for the operator (1.26) that

Do(Az') cosa — Dy (Az')sina + Dy(x?)sina + D4 (2?) cosa = 0,
h Yh Yh Yh
which implies that

(A—1)sinacosa = 0.

In particular, the latter condition means that the orthogonal mesh preserves its or-
thogonality under the dilation transformations (1.26) with any A if it is parallel to
the coordinate axes. Under the condition o # 0, we obtain A = 1; i.e., the di-
lation group does not change the orthogonality of an “inclined” orthogonal mesh
(Fig. 1.2) only if the dilations are uniform.

1.3.3. Invariant nonuniform meshes and invariance criterion

Now we assume that a nonuniform mesh w is given in Z At each point 2" € Z

there is a pair of given quantities, the right spacing h and the left spacing h_. (We

first consider the case of a single independent variable x.) The operators D and l%

are no longer commutative and become “local,” i.e., depend on the pomts T.

Let the right spacing h be given as a sufficiently smooth function of z, hy =
©(x). The left spacing is the right spacing at the point shifted by h_ to the left,
h_ = ¢(x — h_). Therefore, we can consider only /. Conversely, if the function
©(x) and the point zy at which the discretization of the x-axis begins are given,
then the points of the mesh w can be reconstructed uniquely.

Under the action of the group (1, the quantity = and hence the variables h
and h_ vary. After the transformations of (51, the new spacing h7 is, in general,
some other function of z*, h7 = ¢(z*).

DEFINITION. We say that a given nonuniform mesh w is invariant under transfor-

h

mations of (71 in the space % if the manifold

hy = o(x) (1.27)
is invariant, i.e., if the relation A% = ©(z*) remains valid in the new variables.

The invariance criterion for the manifold (1.27) leads to the following assertion.
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PROPOSITION 1.7. For the difference mesh w given by Eq. (1.27) to be invariant

under the transformations of G with the operator (1.17), it is necessary and suffi-
cient that the following condition be satisfied:

= 0. (1.28)

(1.27)

Proof. Indeed, let us act by the operator (1.17) on the relation i, = (z):
X(he — (a)) = €(8(2)) ~ £(2) ~ €)% = 0
+ TP =S oxr

Obtaining the manifold (1.27), we complete the proof. 0

Note that condition (1.28) can be written in the equivalent form

DE

§ v
EXAMPLE. Consider the transformations determined by the operator

0
X =22
o ox

The criterion for preserving the uniformness is not satisfied, l% l% (xQ) = 2, and
+ —

therefore, we must consider the nonuniform mesh h, = ¢(z). Let us continue the
operator to hy and h_:

5, o o
X:x2%+h+(2x+h+)—ah +h_(2x—h_)—ah . (1.29)
+

An invariant mesh can readily be constructed starting from the invariants of the
group Gy:

For example, let us construct an invariant nonuniform mesh on an arbitrary interval
(0, Lo). By setting .JJ; = Lo, we obtain the relation

2

xXr
h, = 1.30
and the left spacing is determined by the equation h_ = p(z — h_):
2
xr
h_ = . 1.31
Lo +x ( )

One can readily verify that relations (1.30) and (1.31) define an invariant manifold
with respect to the operator (1.29).
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We can see that the quantity

h+_L0—|—$
h_ _LO—IE

is also an invariant; i.e., the transformations of G| preserving the mesh invariance
preserve the difference stencil proportions. This situation also takes place in the
general case.

Indeed, let a nonuniform difference mesh be given,

hy =o(z),  ho=p(e—h). (1.32)
If the mesh is invariant, then on (1.32) we have

(£+ _g) 259017 (5_5)7 257901"7- (133)
The invariance of the manifold

hy — p(z)

Pl (1.34)

is determined by whether the following condition is satisfied on (1.34):

(=™ +E& = (E—E )+ h&p,,

which holds by virtue of (1.32) and (1.33).
Thus, we have the following assertion.

PROPOSITION 1.8. Let a nonuniform mesh (1.27) be given in % Then it follows

from its invariance under the one-parameter group G| with the operator (1.17)
that (1.34) is also invariant; i.e., the transformation group preserves the difference
stencil proportions.

EXAMPLE (exponential meshes). Consider the special case of a nonuniform one-
dimensional mesh in which the spacings h* exponentially increase as z — oo,

gh* = h~, (1.35)

where ¢ = const, 0 < ¢ < 1. For example, relation (1.35) is satisfied for the mesh

ht = 2g—! —
{ B (1.36)
h™ =z —qx.

Acting by the operator (1.17), we readily obtain necessary and sufficient conditions
for the invariance of the exponential mesh:

(g6 — (g +1)E+E7] 155 =0,
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where £ = EL (§)and & = 5}’1 (£). In the limit case ¢ — 1, the above conditions

imply a criterion for the invariant uniformness of the mesh (1.18). One can readily
verify that, in particular, this criterion is satisfied by the translation group ({ =
const) and the dilation group (§ = Apz).

In the special case (1.36), where the mesh depends only on the independent
variable z, the action of the differentiation operators on F'(z) € 1;1 can be written
as

DF

|(136) (— _ )

DF

|(1 36) z(1 q)

where the Eh are the shift operators along the mesh (1.36).

The discrete differentiation operators D™ and D~ on the mesh (1.36) are used
to write out the so-called “q-deformed” difference equations (e.g., see [55-57]).

1.3.4. Invariant meshes depending on the solution

Proposition 1.7 can be generalized to the case of a time-dependent mesh w.

h

PROPOSITION 1.9. Let a mesh be given by the equation hy = ¢(z), where p(z) €
1;1. Then the invariance criterion for this mesh acquires the form

£(5(2) =€) = X(p(2)],,, ) = 0 (1.37)

where X is an operator of the form (1.17).
In particular, if hy = p(z,u), then the criterion (1.37) becomes

(50 -6 (14 5) -5

+h

= 0.
hy=p(e.)

This proposition can be proved by a straightforward application of the opera-
tor (1.17).

If the coordinate £(z, u) of the operator of the group GGy explicitly depends on
the solution (&, # 0),' then the invariance criterion for the mesh can be explicitly
related to the solution of the corresponding invariant equation.

IThe transformation groups with &, = 0 were called the “z-autonomous” groups by Ovsyan-
nikov [116].
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EXAMPLE. Later on, we shall consider an example in which the invariance criteria
for the difference mesh and the difference equation are related to each other, i.e.,
do not hold separately.

In particular, the second-order linear equation

d*u
— =0 1.38
122 (1.38)
admits the operator
0
X =u— 1.39
u@x (1.39)

In % , consider the finite-difference equation
Vyz =0 (1.40)

providing the second-order approximation to Eq. (1.38) on the uniform mesh. The
operator

0 0 0
X =2 2
w o ox U 8% +Um( h her 3'%9”)8%1@

(1.41)

corresponding to (1.39) isomorphically represents the operator (1.39) in the mesh
space. (The prolongation formulas are given below.) The operator (1.41) does not
satisfy the criterion for preserving the mesh uniformness. But a uniform mesh can
still be used.

Indeed, we write our manifold as the two relations

Vg = 0, hy=h_ (1.42)
and prolong the operator (1.41) to h, and h_,
0 0 0
X =v— hyv, h_vz 1.43
A A T ST (143)

where %;i is the first-order left difference derivative,

Uz = U — h_gm-

We act by the operator (1.43) on the manifold (1.42):

(2h_%}m 3% Uzz =0,

|(1 42)

h#}ix h_ Uz = 0.

|(1 42)

The invariance of the first equation is obvious; the invariance of the second equation
follows from (1.42) and the relation

h_Vpz = Uy — Vz.
h h h
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Thus, the uniform mesh is not invariant in the entire space % but admits the opera-

tor (1.43) on the manifold (1.42).
In more detail, this situation can be considered together with the invariance
criterion for difference equations (see Chapter 2).

1.3.5. Straightening of an invariant nonuniform difference mesh

The invariance property
hy = p(x), (1.44)
of an arbitrary mesh w is independent of the choice of the coordinate system, be-

cause the invariance criterion for this mesh is a scalar expression. But an external
point transformation can change the mesh structure.

It is well known (see [111]) that each point one-parameter group (G; can be
transformed by a change of variables into the translation group along the indepen-
dent variable. In this case, the group operator in the new variables satisfies the
invariant uniformness condition (1.18).

The following theorem solves the problem of the possibility of “straightening”
an invariant nonuniform mesh (1.28), i.e., of making the mesh uniform.

PROPOSITION 1.10. Let a smooth and locally invertible change of variables be
given in %,

T = f(z,u), u=g(x,u). (1.45)
Then the mesh w (1.44) invariant under the one-parameter group GG, with the oper-

ator (1.17) becomes uniform after the change of variables (1.45) with the following
condition on the function f:

XA{f(a"u") = 2f(z,u) + flz™,u)} ‘(1.44) =0, (1.46)

where zt = S (z) and 2= = S (2).
+h —h
Indeed, according to the transformation formulas for the coordinates of the op-
erator of a point group (see [111]), the operator (1.17) in the new coordinate system
acquires the form

X = X/ ) -+ gl ) ot -

0 .. 0
Oh Oh_
where X is the operator (1.17) in the “old” variables (z,u) and h and h_ are the
right and left spacings in the “new” variables. By applying the mesh uniformness
condition to the operator (1.47), we obtain condition (1.46).
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In particular, by solving the equations

X(f(x,u)) =1, X(Q(I7u)):0

for f and g, we obtain the change of variables (1.45), which transforms the group

(71 into the translation group X = %.

A sufficient condition for “straightening” of the mesh (1.46) is simplified es-
sentially if the change of variables concerns only the independent variable,

z = f(x), U= u.
In this case, the condition reads

S(Ef) =2 + g(&falﬁ =0. (1.48)

The new spacing has the form h, = Sh(f(:c)) — f(z) = f(x + h) — f(2).
+
Thus, each invariant nonuniform mesh is uniform in some coordinate system.

Note that the difference equations written on this mesh are of course different.

EXAMPLE (of “straightening” of a mesh). We use the above condition for straight-
ening of a mesh, which is invariant under the one-parameter projective group:

0 0 0
X=ao*—4+h v +h)=—+h_(22 - h_)=—. 1.49
s (22 + +)ah++ (2x )ah, (1.49)
An invariant nonuniform mesh on the interval (0, Lj) was already obtained:
x? x?
h = h,f = .
T Lo—a’ Lo+=x
One can readily verify that the change of variables = = —1/z, u = wu satisfies

condition (1.48). The projective operator (1.49) in the new variables becomes the
translation operator 0/0z, which does not change the mesh spacings under the
transformations of the group (. Let us verify that the mesh is uniform in the new
variables:

- 1 +1_1
T N x? x Ly
X
LO—LU
- 1 1 1 -
h,:—— :—:h
.T+ £C2 Lo *
T
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1.3.6. Invariant orthogonal nonuniform meshes on the plane

The above-obtained invariance conditions for the geometric characteristics of dif-
ference meshes permit constructing their combinations. For example, consider the
case of a two-dimensional orthogonal mesh that has an irregular structure along the
x'- and z%-axes.

PROPOSITION 1.11. Let there be given an orthogonal nonuniform rectangular
mesh w,
h

hl = ¢1(at, 2?), h2 = ¢o(at, 2?). (1.50)

For the mesh (1.50) to be invariant under the group G with the operator (1.20),
it is necessary and sufficient that the following conditions be satisfied:

Di(EE) + Do) =0,

+h ozl

(560 -0 (1450) ~ €@ =0

(1.50)

Proof. The proof is by a straightforward application of the operator (1.20) with the
above conditions for invariant orthogonality taken into account. [

1.3.7. Moving meshes preserving the flatness of time layers

Consider the situation in which the orthogonal mesh is not invariant for a given
group (5. In this case, it is sometimes important to preserve the plane structure of
the mesh layers in any direction. This especially makes sense if evolution equations
are considered. If we use a mesh whose time layers are straight lines parallel to
the z-axis (see Fig. 1.3), then it is also important to preserve this property under
the transformation group ;. Otherwise, we meet the situation shown in Fig. 1.3,
where, after the transformations of G, part of the space is in the “future,” and
another part is in the “past.”
Let a mesh in the plane (¢, =) be given by the relations

T = (1), hy =¢(t, x). (1.51)

Then the mesh has flat time layers (the spacing 7" is independent of ).
We assume that the group G is defined by its operator

X =€) + ()5 + ) g + o+ E(SE) ~ €5 (15D
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t“ tﬂ
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5

Figure 1.3

where
TS
SinU
+7 s! ¢
s>0

is the operator of shift to the subsequent time layer.
The new spacing 77 is the same at each mesh node at a time layer if it is inde-
pendent of the spatial variable z,

Dt¥ =0.
+hT+ 0

Accordingly, the infinitesimal characteristic of this is

t _
DD(¢'(2)) =0, (1.53)
where
S —1
D=2
+7 7__;,_

PROPOSITION 1.12. For a mesh with plane time layers to preserve this property
under the transformations of the group G with the operator (1.52), it is necessary
and sufficient that condition (1.53) be satisfied at each mesh point.

Note that Proposition 1.12 solves the problem of invariance of the time layer
flatness (or the layer flatness with respect to any other coordinate) but does not
solve the problem of invariance of the mesh (1.51). The application of the operator
(1.52) to Egs. (1.51) supplements conditions (1.53) with the following ones:

€(5(2) ~ €)1+ @1)] 51y = 0.
E(5(2) — €)1+ 62) — €l 5 = 0
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Note that the meshes thus constructed are moving in the originally chosen co-
ordinate system. Several examples of meshes preserving the flatness of the time
layers under the transformation group are considered in the next chapter.

Of course, we cannot consider all types of difference meshes and obtain con-
ditions for their invariance. The above examples only show how closely the mesh
geometric structure is related to transformation groups. In what follows, we pro-
pose a general method for constructing invariant meshes, which is based on the
complete set of difference invariants.

1.4. Transformations Preserving the Geometric Meaning
of Finite-Difference Derivatives;
Prolongation Formulas

1. Consider a formal one-parameter transformation group G in % :

z* :f(z,a), 7{{ :901(Z,a)
U*:g(Z,CL), %;:@2(2760
ui =g1(z,a), ...l , (1.54)
uy = go(z,a), ..., ,

where f, g, and g; are formal power series of the form (1.3).
The discrete shift operator El acts on all coordinates of the vector (z,u, uy,...)

€ Z, and therefore, it is natural to define the transformation of the spacing h, as
the difference of two formal series,

h+* = f(_*gl(z)’a) - f(z,a),

where
aS
F(8(2),0) = > 5 A(S (=)
s>0
is a formal power series with “shifted” coefficients.
Likewise, h_* = f(z,a) — f(S;l(z), a).

The finite-difference derivatives were introduced in Z as formal power series of
special form

B!
7}{,1 = Q(U) = ; TUS, ?}fg = 3(%1), e (155)
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Transformations of an arbitrary formal group (1.54) may have the effect that
the series %*1‘, %3, ..., h ", h_" cannot be represented in the form (1.55) in the new

variables.

We demand that the formal series (1.54) preserve the definitions of difference
derivatives, i.e., that the representation (1.55) be invariant under (1.54). If the se-
ries (1.55) converge, then we can say that the geometric meaning of the difference
derivatives is also preserved.

Thus, we define the transformations of %k as follows:

L) W
UIZZ J;! gs(zaa):u1+2_;ru2+"'7

h s>1
* (_h’*—)lil (h* )871 * hY — h*— * (156)
%QZZZ T Z, gsH(z,a):uZ—i-JrTu;g—i—‘--,
1>1 s>1 ) ’

From the definition of fh and %k, we have obtained the table of actions of EL on

the difference derivatives; in particular,

El(u) —u:%1h+. (1.57)

If the representation of Uk in the form (1.56) is preserved, then so are naturally

the relations in Table 1.1. In particular, relation (1.57) is preserved:
g<—§L(Z>7 CL) - g(’Zv CL) - %1h+-

By analogy with the tangent transformation groups [73, 107], we refer to rela-
tion (1.57) as the discrete first-order tangency condition.

If the transformations of Gy preserve (1.57), then we say that they preserve
the meaning of the first difference derivative, i.e., preserve the definition and the
geometric meaning of the difference derivative.

Along with the preservation of the meaning of the first difference derivative,
we can also say that the meaning (i.e., the definitions and the geometric meaning)

of the continuous derivatives uq,us, ... in Z is preserved, i.e., that the following
relations are invariant:
du =uydr, du; =wugdx, ..., dus=usdx, .... (1.58)

(For simplicity, we consider only the case of a single independent variable z.)

It is well known [73, 107] that system (1.58) is invariant under local Lie point
and contact transformation groups, and for higher symmetries as well; i.e., sys-
tem (1.58) preserves all continuous symmetries. The invariance of (1.58) implies
the following chain of relations:

(s = D*(n— &uq) + Eugyr, s=1,2,..., (1.59)
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for the coordinates of the operator (1.54):

) ) )
_ga_x+”a_u+;gsaT (1.60)

S

of the group G, where (; = Ju’/ 8a‘a:0

There is a natural question as to whether the preservation of the meaning of the
difference derivatives can be combined with the preservation of the meaning of the
“usual” derivatives, i.e., with the invariance of system (1.58).

The following statement answers this question.

THEOREM 1.13. Let Gy be a formal one-parameter group with the operator (1.60).
Suppose that Eq. (1.57) is an invariant manifold of G at each point of Z. Then
the coordinates of the operator (1.60) satisfy the chain of relations (1.59); i.e., sys-
tem (1.58) is invariant. Conversely, it follows from the invariance of system (1.58)
that the discrete first-order tangency is preserved, i.e., that relation (1.57) is invari-
ant.

Proof. In Z, we calculate the coordinates of the operator (1.60) in the difference
differential contained in (1.57):

0 hs
%[Q(EL(Z%CL) - g('%“)} }a:O - ; S_J'FDSO]) -1
+ s
= ; —D*(n) = h D (). (1.61)

Now from formulas (1.56) we obtain the coordinate of the operator (1.60), which
determines the transformation %1:

UT hs—l (8 . 1)hs—2 h
_ _h _ + + + Nl
G = :O—E — G+ — > —rDE), .62
a s>1 s>2 >1

where the functions (, are not defined, because we do not assume the invariance
of system (1.58). The invariance criterion (1.57) with formulas (1.61) and (1.62)
taken into account has the form

h—I— s hj— s hl—‘:l
> p) - Z;D@ZTW

s>1 s>1 >1

s—1
—h+zh; (S—Z( ug Y l*Dl =0. (1.63)

s>1 ) 5>2 >1
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Equation (1.63) means that the formal power series in A" is equal to zero. By
equating the coefficients of powers of 4™ with zero, we obtain the chains of formu-
las (1.59).

Thus, the preservation of the meaning (definition) of the first difference deriva-
tive under the transformations of G automatically implies that the definition of all
continuous derivatives ui, us, . .. is preserved, i.e., that the infinite system (1.58)
is invariant. Note that when writing out the invariance criterion (1.57) for the first-
order tangency we have not considered any specific difference mesh; i.e., the mesh
invariance has not been assumed.

Conversely, assume that the chain of formulas (1.59) is given; then, by substitut-
ing them into criterion (1.63), we see that it is satisfied identically, which confirms
the invariance of (1.57). The proof of the theorem is complete. [

The invariance of (1.57) ensures that the meaning of the first difference deriva-
tive is preserved under the transformations of Gy (1.54) and not only formulas
(1.58) obtained in Theorem 1.13 but also the meaning of all “usual” derivatives
U1, Us, ... are preserved. Does such a group preserve the meaning of the second,
third, and higher difference derivatives? The answer is given by the following as-
sertion.

THEOREM 1.14. Let a formal one-parameter group G, (1.54) with the operator
(1.60) be given, and let relation (1.57) be invariant at each point of % (at each

node of the mesh wy,). Then G preserves the discrete tangency of any finite order.

Proof. The discrete second-order tangency is defined to be the second relation in
Table 1.1:
Uy — S(Ul) = hUQ, (164)

h —h h h

and the invariance of this relation is called the preservation of the meaning of the
second difference derivative. We show that the invariance of (1.64) is a conse-
quence of the invariance of discrete first-order tangency. Indeed, along with the
preservation of condition (1.57),

J:S;L(u)—u:h%l,

the invariance of the tangency at the neighboring point is also satisfied (by the
assumtions of the theorem):

u— S (u) :hS(%l). (1.65)

By subtracting (1.65) from the preceding relation, we obtain

EL(U) —2u+ i(u) = h(%l - i(%l)) = h2%2; (1.66)
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i.e., we obtain relation (1.61). Thus, the invariance of (1.61) is a consequence of
the invariance of the terms in (1.57) and (1.65). Quite obviously, the proof of the
theorem (for tangency of any order) can be completed by induction. [

Thus, the formal group G, (1.54) preserving the meaning of the first difference
derivative is a group in Z preserving the meaning of all continuous derivatives and
can be prolonged to % with preserving the meaning of all difference derivatives of

any finite order.

Note the nonlocality of this interpretation of symmetry groups: two points on a
smooth curve lying at a small but finite distance from each other are taken to two
points on the image of this curve. (In the multidimensional case, the transformation
take a neighborhood of a point z of a locally analytic manifold ¢ to a neighborhood
of a point z* of the manifold ®*.)

We present the prolongation formulas for the finite-difference derivatives ob-
tained by successive actions of the operator X (1.57) on the rows in Table 1.2:

gl = 3(77) —u D(§),

h+h
%2 = 3(%1) —uz D(§),
.................. , (1.67)
g% = 3(%%—1) - %%9}(5)7
%Qk-&-l = BL(E%) — %2k+13(§), k=1,2,....

Note that the recursive chain of formulas (1.67) as h — 0 is formally taken to
the formulas of Lie transformation group in the continuous case.

2. Consider how the operator of the group (¢ is extended in the two-dimensional
case. We recall the notation of spaces in this case:

7 = (z', 2% u, uy, us, ugs, ..., A W2
h ( ’ 77h7h7h7 ) +> )7

> 1.2
Z = (.CC y L 7u7u17u27u127-")7

1,2 1 2
Z:(I',ZB7U,U17U2,...,U17U2,U12,...,h+,h_)7
h R R
where
0%*u
Uiy = ——— u;; = D Dj(u W= wi X Ws
Y Oxioxd’ ' +h]+h’( ) ’ o oh R

and c;ljz is the difference mesh in the ¢th direction.

By % we denote the space of sequences of formal power series with analytic

coefficients, ' 4 _ '
2 = ZAg(z)as, Al =2, (1.68)

s>0
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where 27 is a coordinate of the vector (x, u, uy, us, . . ., %1, %2, %12, c ).

We treat the sequence of series (1.68) as transformations in %V . Among the

series of the form (1.68), we are interested only in the series that produce formal
one-parameter groups and are described by infinitesimal operators

X =g +52 +Z<u g+ G Z,a - (1.69)

11 ZS l>1 21 Zl
Supplementing ;lZV with the variables Al and h?, we prolong the operator (1.69):

0

)
1 —
X = 4l D) g SR

5T (1.70)

+ h? +1,32(52)

We need to calculate the coordinates of the operator (1.69) for the difference deriva-
tives. B
To this end, in % we consider the two-dimensional surface (the index k in u* is

still omitted)
u=V(z' 2?). (1.71)

We assume that in % there acts a formal transformation group G,

xlzfl(zaa)v a:ngz(z7a), u:g(z,a),... )

whose tangent field is determined by the operator (1.69). Under the action of the
group (i1, the manifold (1.71) is taken to u* = U*(z'* 2%*), or

g(z,a) = U*(f(z,a), f*(z,a)). (1.72)
Let us apply the operator 5}: — 1 to relation (1.72) (see Fig. 1.4):
+h1

(8 =1Dg(z,a) =0( S (f1), & () =¥ (", )

+h1 +h1
(S (f ) > (f9) = (5 (1), f*)
: (5 -f
(;5,; -1/ +ha
FUCS (L) = V(L P,
By applying the operation %‘a:o to the above relation, we obtain
(5 =)= § ) = DE)+Ch+m(§ —1E)

which implies the expression for the desired coordinate:

1= D(n)—u D (&) — S (u) D (€%, (1.73)
h +h1

h +h1 +hy +h1
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:UA
1 2
+b}:2(f )’+b}:2< ) S § (2
S 8 ()
2?4+ hy |----
1 g2
I ¢
! '+ hi Tt
Figure 1.4

where Sh' (us) is the “continuous” derivative u, = 2% at the point shifted to the
+h1

right by the spacing h', along the axis x'. (About the discrete representation of
“continuous” derivatives in % , see below.)

In a similar way, we obtain the following prolongation formulas:

Ca= D (n)— S (u1) D (') —uy D (€?),

h +ho +ho +ho h +hsa

o Cous D (e - & 2y, 1 2
%11 = _113151(77) 2%11}21(5 ) Bl 3:1(“2)51(5 ) + AL _5}:1(“2)_121(5 ),

- — 5 3 — i ' l 1
o= B R =2 B = s 5l R+ L0 RO

1
G = D20 = BE)+ DN+ 5 5 ) D e

1 2
+ ﬁJré; <UZ)+121 (f )’

In formulas (1.73)—(1.74), it is not assumed that the corresponding mesh is
invariantly uniform or invariantly orthogonal. If precisely such meshes are consid-
ered, then the prolongation formulas (1.73)—(1.74) must be supplemented with the
corresponding formulas for invariant meshes.

Note that the prolongation formulas (1.73)—(1.74) can be obtained using the
formulas of Lie transformation groups in the continuous space, just as in the one-
dimensional case.
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1.5. Newton’s Group and Lagrange’s Formula

The Taylor group determined in ;ZZV by the operator D allowed us to prolong the
action of a formal group to the mesh variables (%1, Us, - ). In the theory of higher

symmetry groups [73, 107], the Taylor group also plays a significant role. Its gen-
eralization, i.e., the group determined in Z by the operators £'D; with arbitrary
functions £°(z) € A, which is admitted by any differential equations, is used to
pass to the quotient operators algebra. The representatives of this quotient algebra
have independent variables as invariants, and the prolongation formulas for them
have a simple convenient form.

In this and subsequent sections, in the simplest case of a single independent
variable x and a uniform mesh w, we consider the difference analog of this con-

struction. We construct the transformatlon group in the mesh space, i.e., the New-
ton group, which is isomorphic to the Taylor group. In the next section, we use the
Newton group to construct an ideal of the Lie algebra of the set of all operators in
the mesh space. The ideal thus constructed is used to factorize the set of operators
of a formal group. N

A Taylor group orbit, i.e., a one-parameter curve in Z, obtained as the trajectory
of an arbitrary point (x,u,u1, us, . ..) under the action of the operator T, = e*"
coincides at the points a = +nh, n = 0,1,2, ..., with the points obtained by the
action of the discrete shift operator EL . In other words, the Taylor group orbit is

the “continuous shift” performed via the “discrete shift.” This leads to the question
as to whether this procedure is invertible, i.e., whether a continuous shift can be
obtained via a discrete shift, or, in other words, to the problem of the Taylor group
representation in the mesh space % .

The following heuristic considerations permits finding which power series must
be used to obtain such a representation.
If the shift of the Taylor group orbit for a = h gives the discrete shift ﬁl ,

then, to obtain the shift by a certain quantity a # nh, we act by the operator S;L
+
a “noninteger number of times” at a point in % ; 1.e., we introduce the fractional

power of the operator S;L . For the definition of the fractional power S;L a/h of the
+ +

shift operator we take the following operator series:

h2
s/h = (1 hD“/h_l hD S pnEpry..
+h 1+ ) +h +h(h )2'+h +
- - —2
vup s fa=h) y ala=ma=2m)
+h 21 +n 3! +h

o] s—1
_ 1+Z(H(a—kh)> S0 (1.75)
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The quantity al* = [[;_{ (a — kh) contained in (1.75) is called a generalized power

of the quantity a [61]. Under the action of the operator series (1.75), the coordinate
x becomes z* = x + a, and the coordinate u© becomes the series
a(a —h)

(—(gz+h%3)+'--,

U :u—l—a%l—l— 5]

i.e., is the expansion into the Newton series of the function u = u(x) at the point
(x + a) on the uniform mesh x, (x + h), (x + 2h), . . ..

In a similar way, we obtain the expansion into fractional power series of the left
discrete shift operator (a > 0),

[e.e] 1
a/h J— a/h — s
S =(1-hD) 1+§ <|| (kh a)s!g. (1.76)

The action of the series (1.76) on the coordinate u gives the expansion in the New-
ton series of the function u = w(z) at the point (z — a) on the uniform mesh
(x,x — h,x —2h,...).

The action of the operator series (1.75)—(1.76) on the point (x, u, uy, us, . . .)
coincides with the action of the Taylor group at the points @ = £nh. In addition,
note that the series (1.75)—(1.76) terminate at these points; i.e., they have finitely
many terms (s = 1,2,...,n):

s—1

(kh —a)

00 o0 H
|: Z S:| a=nh N in, |:1+; = s! 127'8:| a=nh B in

We regroup the formal operator power series in the parameter a,

]:[(a—k:h,)

_ - a’ = (_h)n—l n ’ - _ = (_a)s = hr! n ’
N(j_;g(;—n 3),]\@ _; . (nzl - 3). (1.77)

Thus, the operators (1.77) are defined in % = (z,u, U, U, ... ) and can be repre-

sented in exponential form,

aD —aD

N, =e¢e *h, N,=e -, (1.78)
where
~ ° —h)1 - o 1
D = QD", D= D" (1.79)
+h n  +h ~h A= n —h

The exponential representation (1.78)—(1.79) means that the action of the opera-
tors N~ and N, at the point (z,u, U, Us, - .- ) forms the following pair of formal
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transformation groups in % :

r*=x+ta,

“—ytaD 0 5200 +

W= aih(u)—i-aih(u) e

* — oy +aD @ 520 + (1.80)

w=mdaD(m)+ 5D )+ -
(l~2

= e D)+ 5D )+

The second row of these transformations is a formal (right and left) Newton series
expansion of the function u = u(x) at the point (x £ a) (e.g., see [61]). The other
rows can be obtained by the termwise discrete differentiation, because the operators

l% l% and D D commute. The group (1.80) is called the Newton group [29].
+ —

The actlon of N} and N, for a > 0 can be treated as a formal (resp., right and
left) interpolation in the sense of Newton on infinitely many equidistance nodes;
for a < 0, N7 and N, provide the respective left and right extrapolations.

We calculate the tangent field of a pair of formal groups (1.80), i.e., the Newton
groups:

ox*
+
= =41
¢ da |,_, ’
ou* ~
+
n = = iD(“)?
da |, *h (1.81)
ouy
+ h
=l =4D
gl da |,_, ih(%l)

Instead of the pair of tangent fields (1.81), consider the infinitesimal operators of
the Newton group:

0 0 0
DY = — + D(u)=— + D(u
h 8x+ (u )8u++h(h )8u1+
0 ~ .0 =~ 0
D™ =———D(u)— - D — =
h or (u) ou 7h<1ff1> 8%1
In the operator lh)_, we preserve the sign “—”, because lh)_ determines the left shift

for a positive value of the parameter a.
Thus, using heuristic considerations, we have constructed a formal group in % ,

i.e., the Newton group. Its orbit coincides with the Taylor group orbit at the points
a = nh.
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Now let us show that the Newton group (1.80) with the tangent field (1.81) is
indeed a “discrete” representation of the Taylor group in % .

It is well known that finite transformations of a continuous group are bijectively
related to infinitesimal transformations. In the case of point groups, this relation is
expressed by a finite system of Lie equations. In the case of a higher symmetry
group, the corresponding relation is expressed by an infinite chain of Lie equa-
tions, whose solution is given by a unique recursive sequence of coefficients of
formal series [73]. In both cases, the solution of this system can be represented as
the exponential mapping. In the case of % , the finite transformation of any coordi-

nate 2* is given by the formula
i __ i — aX (. i\ a’ s
2 =951 =e" () = E>0 S!X (). (1.82)

The series (1.82) can be inverted; i.e., the infinitesimal transformation a.X (ZZ)
can be reconstructed from the finite transformation S(z%) as the logarithmic series
a

(e.g.,see [111])

aX (") =In[l+ (S — 1)](z")

[l
g
sy
|
=
|
N |
<
|
—
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+
+
3
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We apply the process of reconstruction of the tangent field X from the finite
transformations to the Taylor group, taking the parameter value a = h:

e’ |, =8=1+hD,
a=h  4p +h

1 -1 n—1
hD:hD——(hD)2+---+¢(hD)n+... :
+h 20 +h n Yh
which implies that
D= i EW pn, (1.83)
~ n +h ’ :

i.e., we obtain an expression coinciding with the operator 12 . In formulas (1.83),
_l’_

we omit the argument 2’ under the action of the corresponding operator. If 2* € % ,

then we assume that the difference derivatives on the left-hand side of (1.83) are
given by series; if 2 € Z, then the operator l% must be expressed in terms of e'7.
+

Formula (1.83) gives the action of the tangent field of the Taylor group on the
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coordinate z°. The infinitesimal operator of the Taylor group in % can be written as

(note that BL () =1)

o ~ 0 = ) _ o
+ - 5 — —_— .« ..
DT =+ D(u) -+ 3(%1)8%1 +oe BL(%S)@% +... (1.84)
In a similar way, for a = —h we obtain
o ~ 0 = o _ P
D™= - D a- D = s D R 1.
h O + —h<u>8u + _h(%l)agl +- _h<%8)a%s + (1.85)

Thus, the Taylor group with tangent field

in Z can be represented in % by the Newton group with pair of tangent fields (1.84)—

(1.85); i.e., the Taylor and Newton groups are isomorphic. If a transformation of Z
into % is given, then the coordinates of the infinitesimal operator of the Taylor

group are changed by using the operator series iﬁh , which can be written as

o0 (7]1,)77'_1 n
n=1 " +h ’
D= 4% s (1.86)
S G pn
n=1 " —h

The upper part of the formula uses the right Newton series; and the lower part, the
left Newton series. Note that these representations are taken to each other by a
discrete reflection group, which obviously admits a uniform mesh.

Formula (1.86) has been known for a long time (e.g., see [61]). Apparently, it
was first obtained by Lagrange [81, 82]. Of course, the fact that (1.86) is a rela-
tion between the coordinates of infinitesimal operators of the corresponding groups
was not known, because, at these times, the notion of the group had not yet been
formulated. This is just the novelty of formula (1.86).

Remark. 1. The discrete representation of the Taylor group was constructed by us-
ing the formal Newton series. This representation is also possible for a nonuniform
mesh, but the tangent field of the Newton group for an arbitrary nonuniform mesh
is very cumbersome. Considering only a specific case of such a representation (on
an invariant nonuniform mesh), we can reduce the problem to the preceding one
by using the theorem about the “straightening” of an invariant nonuniform mesh.
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2. Here we do not consider the problems of convergence of the Newton se-
ries, because we are interested only in the algebraic aspects of the above construc-
tions. Nevertheless, it is of interest to note that the Newton group, although it is
an isomorphic representation of the Taylor group, has analytic properties that are
significantly different from those of the Taylor group. For example, the domain of
convergence of the Newton series is a half-plane in a complex domain to the right
of the vertical line passing through the real number )\, which is called the conver-
gence asymptote. Apparently, the first estimates of the asymptote Ay were obtained
by Abel. The further history of such estimates and the study of problems of the
Newton series convergence can be found in [61,71, 105].

In the next section, we consider some structure properties of the Lie algebra of
operators of a formal group in the simplest one-dimensional case and on uniform
difference meshes.

1.6. Commutation Properties and Factorization of Group
Operators on Uniform Difference Meshes

As was already noted, in the theory of group properties of differential equations
there are two equivalent approaches to describing point symmetries, the classical
approach based on operators of the form

0
ox
and the approach based on the use of the factorized form of operators or the evo-
lution vector fields. Under the second approach, the independent variables are in-
variants, which, at first sight, is very attractive from the standpoint of difference
models, because the problem of invariance of meshes has already been solved. But,
as follows from the detailed considerations of this approach to difference models,
the evolution vectors fields thus obtained have an extremely complicated form and
use infinitely many mesh nodes rather then only the difference stencil nodes.

In this section, we consider the structure of the set of operators of a formal
group in the simplest case of a single independent variable and a uniform mesh
(see [29]). The Newton group is used to construct an ideal of the Lie algebra of the
set of all operators in the mesh space. The ideal thus constructed is used to factorize
the set of operators of the formal group. A difference mesh whose description is
obtained only by using the independent variable is invariant under such an ideal.

We assume that, on the same uniform mesh Cﬁ)’ a set of operators of a formal

0
)t

X =¢&(x,u) 50

group (G preserving the discrete first-order tangency is given:

i 00 ; N .
£—+ 5. T1D0) - h+h(5)] s FokhDE)G, =12
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For any two operators X; and X5, we introduce the multiplication (commutation)
operation by the usual formula

(X1, Xo] = XiXo — Xo X

The commutator [ X7, X5| contains differentiation of at most first order and hence
is an operator of the formal group:

X1, X = (X(E) — Xal€) o+ (X,17) — Xaln')) o
(D) — 1 B(E) ~ X D) - 1 DEN) 5
h

ot (D (E) - Xa(hDE )] (18T

Is the commutator [X7, X5 an operator preserving the meaning of the difference
derivatives? To answer this question, it suffices to verify whether it preserves the
“discrete tangency” of first order (i.e., whether it preserves the meaning of the first
difference derivative at each point of (,;LJ)Z

du = uph, where d= S5 — 1. (1.88)
h h h  +h

We extend the operator (1.87) to the variable %lu by the formula (see [21])

[%(gu*)} = hg(xl(nz) - Xs(n'));

acting by this operator on (1.88), we hence obtain the condition

DX (n*) — ng(nl) _XIBL(U2) +X23L(771) — 3(51)3(772) +g(§2)g(n1) =0.
(1.89)

To prove relation (1.89), we need to compute the commutator [X l%} =X l% —

+ +
I%X . The expression X (n) is a function in 1;1, i.e., an analytic function of finitely
_l’_

many variables in % ifn € /]/;1 By the definition of discrete differentiation of a

function in A, we have
h

DX() = (X(5() — X ()

and hence

X, D] = -D(&)D. (1.90)
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The substitution of formula (1.90) into (1.89) takes the latter into an identity. Thus,
the commutator (1.87) preserves discrete first-order tangency. Since any operator
of a formal group preserving discrete first-order tangency at each point of w also

preserves tangency of any finite order, it follows that the commutator [ X, X5] pre-
serves any finite discrete tangency.
Thus, we have the following assertion.

THEOREM 1.15. The set of all operators of a formal group given on the same
uniform mesh w forms a Lie algebra with multiplication

[Xl, XQ] = X1X2 - XQXl.
Now consider the tangent field of the Newton group, i.e., the pair of operators

0 0

+ - -
lh) N 0x+D( )8u+g(h )8u1 +
(1.91)
0 0 0
D =—+D(u)=—+D(uy)— ...
h 0$+—h( )0u+—h(h )8%1 ’

where

~:§:(:th 1£

n=1
Note that one tangent field of the Taylor group in Z,

D= g%—uﬁ—l— tu 0
—ax 18 S+1as )

is associated with the pair of fields (1.91) in the mesh space % . This doubling of

objects, 1.e., the appearance of the “right” and “left” objects, is a typical feature of
mesh spaces and concerns not only the operators of the Newton group (1.91) but
also the discrete shift E} = e*"P the discrete differentiation il% , etc. In the case

of a uniform difference mesh, this doubling is related to the existence of a specific
discrete group, namely, the reflection group: * — —x, which changes the sign of
the mesh spacing h, h — —h. Therefore, instead of the pair of Newton groups
with operators (1.91), we can consider one group, which means factorization with
respect to the reflection roup. Thus, in the one-dimensional case with a uniform
mesh w, the transition from the Taylor group in Z to the Newton group in % is the

transition to an isomorphic continuous group with addition of a discrete reflection

group.
Consider the following formal group operator:
0 0 0
X =(— -+ hD(€)=—
§ +n8 +C18u1 g u2 * +h(§)8h’

+h
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where
gl = D) —wu D(E), %2 = 3(%1) —u D(E), . (1.92)
Formulas (1.92) for (3, (s, . . . ensure the preservation of the meaning of the finite-
h o h

difference derivatives under the formal group transformations.

One can readily see that the operators (1.91) satisfy relations (1.92); i.e., the
Newton group preserves the meaning of finite-difference derivatives of any finite
order. B

Multiplying the operator (1.92) by a certain function £(z) € 1;1 on the left, we

generally take it out of the set of operators preserving discrete tangency. Let us
introduce a special operation of left multiplication of an operator of a formal group
by an arbitrary analytic function £(z) € z;l: ¢ x X. In the operator £ * X, the first

coordinates are multiplied by E
~ ~ 0 ~ 0
X — ce—— ...

and the other coordinates are constructed so that the operator determines a group
preserving the finite-difference derivative of first order (and hence any difference
derivative of finite order). Thus, £ * X must satisfy formulas (1.92),

~ ~ 0 ~ 0 ~ ~ 0 ~ 0
Ex X = 55% ‘1‘577% + [g(ﬁn) - ?2131(55)]6—%“ +oeee hﬂ(&)ﬁ; (1.93)

and does not coincide with the operator gX -
The same operation of left multiplication by £(z) can be introduced in the “con-
tinuous” space Z with the requirement to preserve the infinite-order tangency.
Suppose that the following formal group operator is given in Z = (x, u, uy, . . .):

0 0 0
X—f%—i-??%-i-;csa—usa

where ¢, = D*(n — §u1) + §uss1 = D(Cs-1) — us D(E).
Then the multiplication operation () implies

- -9 -~ 0 - -9
Ex X =&+ &5+ [D(En) —mDE 5 -+

One can readily see that

- ~ 5 ~ 0
ExX =X+ ) Crpm)DE M (n — )

ouy’
s>0 n=1
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i.e., for a formal group operator to be multiplied on the left by an arbitrary function
¢ € A so that it remains an operator preserving the infinite-order tangency condi-
tion, it is necessary and sufficient that n» = &u;. This condition is satisfied by the
coordinates of the operator {D of the Taylor group. Thus, the operator D is the
only operator that can be multiplied on the left by £(z) € A “without penalty.”
This situation does not hold in the mesh space % ; namely, the tangent field of

the Newton group lh)i cannot be multiplied on the left by E (z) € 121 which is related

to the specific features of the difference Leibniz rule. Therefore, it is necessary to
use formula (1.93), i.e., construct an operator of the form

~ -0 e P 9 P
§x D* = £8- £ ED(u) 5 £ [D(ED () — i D@+ hDE)
(1.94)

Note that the coordinate hBL (E ) appears in the operator (1.94); this coordinate
determines the deformation of the spacing of the mesh w and is zero for the operator
lh)i of the Newton group.

Consider the commutation properties of the Lie—Béacklund operators X, lh)i,

and & x lh)i in the mesh space % .

LEMMA 1.16. For the formal group operators X and Zh?i defined on the same

uniform mesh w, the following relation holds:

[X, D¥] = =(D*(g)) » D*. (1.95)

Proof. To prove relation (1.95), consider only the “right” operator lhT“ of the New-
ton group. Let us write out the left- and right-hand sides of (1.95):

DM~ DHOD() A+ -+ hD(D*(E)) jh
= DO+ [X(D) — D))o+ hDH (D)

ox +h h ou oh’

The coordinates of 0/0x and 9/0h coincide, because lh)+ and l;) commute. The

simplest way to prove that the coordinates of J/du coincide in relation (1.95) is to
use the continuous representation of the coefficients, i.e., reflect them from % into

7, and then vice versa:

X(D(w) = D™ (1) «— X(w) = D(n) = D(n) —u D) = D(n)

= =D(©u <= =D (D (w)
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The coincidence of the other coordinates, i.e., of 0/ 8%5, s =1,2,...,1s ensured

by Theorem 1.15 and the multiplication () introduced above, because the left- and
right-hand sides in relation (1.95) contain formal group operators whose coordi-
nates of 0/0z and 9/0u coincide, while the other coordinates are obtained by the
same prolongation formulas. The proof of the lemma is complete. [

LEMMA 1.17. The following commutation relation holds for the formal group op-
erators X, 5 * DjE and & ( ) € ﬁl defined on the same uniform mesh w:

£+ D* X] = (£+ D*(©) - X(©)) = D*.

Proof. The proof of Lemma 1.17 is quite similar to that of the preceding lemma;
namely, one should establish the coincidences of the coordinates of the operators

for 9/0x and 0/0u (see [29]). N

The multiplication (x) introduced above and Lemma 1.17 imply the following
assertion.

THEOREM 1.18. The set of operators of the form

EaD* = & D)ot (1.96)

ou

with arbitrary analytic functions E (z) € 121 is an ideal in the Lie algebra of all

formal group operators on the same uniform mesh w.

Therefore, instead of the Lie algebra of the operators

0 0 9, 9,
~ G+ 1RO~ RO+ DO,

we can consider the quotient algebra by the ideal (1.96).
For representatives of the above quotient algebra we take the operators with
coordinate £ = 0,

- _0 0 0
X = %‘l—%la—%l—f—%Qa—uQ—f—”', (197)

where 7 =1 — fg(u)
The operators (1.97) are called canonical operators, just as in the continuous

case (see [73]). For these operators, the prolongation formulas have the simple
form

%123(77)7 CQ D(n),....

chrh
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Note that the independent variable for the canonical operator X is an invariant,
and hence so is the mesh spacing. (The coordinate of J/0h in the operator X is
zero.) In Lemma 1.16, the canonical operators X commute with the operators lh?+

and l];)_.
Another approach to the factorization of formal group operators is as follows.
Consider the space (..., x~,u™,x,u, ", u",...) of discrete variables without in-

troducing the finite- dlfference derlvatlves, 1e., the space of sequences obtained by
successive actions of the shift operators on the coordinates (z, u).
Consider the tangent field of the Newton group in such a space:

o 9 0 9
L 9
li? 8x+8m++D(u)6u+D( >8u++
B B 0 9
n _a_x+37+D( >%+3( RETE (1.98)
=~ = (FR)

n=1

We introduce the usual left multiplication of an operator of the Newton group by a
function &,

- 0 0
fh f—+f—+5D( )%JrfD( )%‘F
~ 0 0 0
e =6 & ED(w 4 ED()

Note that the action of the operator E lh)i on the mesh spacing h* = 2™ — z is zero.

LEMMA 1.19. Any formal group operators X, Ezhﬁ and g(z) € 1;1 given on the

same uniform mesh w satisfy the commutation relation
h

€D*, X = (£D%(9) - X(9)) D*. (1.99)

Lemma 1.19 can be proved by straightforward computations. [

In fact, relation (1.99) is completely similar to the corresponding relation for
the Lie-Bicklund groups [73], which is extended to the “shifted” points 2~, v,
%, ut,.... Note that the difference derivatives and the mesh spacings are not
contained in this relation.

In the space (..., 2 ,u",z,u,x*, ut,...), consider the point group operator
0 L 0 0 0 0 0

=&— — Tt — — 1.100

o T T g T g T g T gy e (1100)

Suppose that the operators of the form (1.100) on a uniform mesh form a Lie
algebra. Then Lemma 1.19 implies the following assertion.
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THEOREM 1.20. The set of operators of the form

~ ~0 ~ 0 ~~ 0  ~~ 0
:t p—t —_— — —
with arbitrary analytic functions E (z) € z}il is an ideal in the Lie algebra of all

formal group operators on the same uniform mesh w.

Therefore, instead of the Lie algebra of operators (1.100), we can consider the
quotient algebra by the ideal (1.101). For the representatives of this quotient algebra
we can take the operators

K= (€ =)ot (€~ ot (g~ ED(u)
+ =0ty 90 + 0 0
O = DY) g e+ (€= g+ (€ )+

Note that, in contrast to the preceding version of factorization, the operator X trans-
forms the mesh spacings.

Here we have considered only the simplest case of a Lie algebra of operators on
a uniform mesh. The transition to a nonuniform mesh changes the tangent vector
field of the group but does not vary the structure properties of the set of operators,
which are scalar quantities and are independent of coordinate system. In particular,
if the nonuniform mesh is invariant, then the theorem about the “straightening” of
such a mesh reduces the problem to the already studied problem.

Thus, both versions of factorization in the difference case have the consequence
that the coefficients of the operators become formal series defined on infinitely
many points of the difference mesh. This fact significantly complicates their prac-
tical use. An example of application of factorized symmetry operators will be con-
sidered in a subsequent chapter.

1.7. Finite-Difference Integration and Prolongation
of the Mesh Space to Nonlocal Variables

The above-introduced discrete (finite-difference) variables were obtained by using
a pair of discrete shift operators 31 and the differentiation operator il% . Since the

operator EZ is an operator of finite transformations of the group for a fixed value of
the parameter a = =h, it is invertible, just as any action of the Taylor group. The
inverse of the shift operator is the operator of finite transformations of the Taylor
group with opposite sign of the group parameter; i.e.,

(S)y'=8, (8)"=¢,

+h ~h —h +h
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or, otherwise, S S =S5 S =1.
+h—h  —h+h

It is of interest to find the operator of discrete integration as the inverse of the

palrg, BI

We consider only the simplest case of a single independent variable and a uni-
form mesh with spacing h.
The operator of discrete integration on a uniform mesh w is defined to be a pair

of linear operators l%_l, l%_l commuting with the pair l% , l% and satisfying
+ - +h' —

D'D=DD' =1, D'D=DD' =1, (1.102)
+h +h +h-+h —h —h —h—h

Starting from this definition, one can readily obtain the “mixed” actions of the

operators D and D'
+h +h

DD '=D'D=S5, ﬂD_l =D 'D=25.

—h+h +h  —h  —h ~h ~h  +h  +h
Definition (1.102) readily permits obtaining the table of action of the opera-
tor BL ~1 on the finite-difference derivatives Us (see Table 1.3). Here we use the
following notation for difference derivatives: ’%1 = %x, %2 = %M, etc.
Starting from the definition of the operators il% ~!, one can readily obtain the

discrete rule of integration by parts on a uniform mesh w:

D (uw) = uwv — D Huvy) — hD Huyv1) = uww — D (utvy),
PR T R D o T (1.103)
D (I;LIU) = uv — D™ (uvy) — hD™ (ug01) = wv — D= (u"v1),

where ft = S(f), f~ = §L (f), and ui and vy are the left difference derivatives

of first order.
Formulas (1.103), which are called the “Abel transformations” in the old liter-
ature (e.g., see [61]), can readily be verified by the action of the operators BL with

the use of the difference Leibniz rule.
Note that the above-introduced discrete integration does not permit closing its
action in % = (x,u, Ur, Up, U, - .). It is not difficult to extend the action of gl_l

to x:

But the action of BL ~! on u takes it outside % . To make the action of BL “1in %

well defined, it is necessary to extend it to the nonlocal variables, which can be
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Table 1.3: Action of the discrete integration operators on the finite-difference
derivatives (%1, Un, Ug, .. ).

“left” D~ '-integration “right” D ~'-integration
—h +h
D~ uy) = u+ huy D uy) =u
- h h +h h
D (Ug) = Uy D ('LLQ) = Uy — hUQ
—h h h +h h h h
D (U3) = U + hU3 D (U3) = U2
—h h h h +h h h
D™ (ugp41) = ugp + hugp D_1U2k 1 = Uk
—h (u2k+1) h AR A h
DN ugpy2) = Uk D Nugky2) = Uapi1 — hgg o
D™ (Uz2) = Uaiy D™ (unkrz) = Uakrr — htigir

o= D), i = BT ),
U—zk = ﬂ_l(u—2k+l)> U_ok_1 = 2_1(%—%),

In the space % supplemented with the nonlocal variables Uos, the action of BL -1

is closed (see Table 1.4, which includes Table 1.3).
It is of interest to learn to express the operators ﬂ ~!in terms of the discrete

shift operators ;ES; , 1.e., to relate them to the Taylor group.

LEMMA 1.21. Equation g;l Bl = 1 is solvable in the class of formal operator

series of the form

-1 _ a _ 2 o) = +ahD
D™= hi§h M1+ S+ 5% +-) = hZe ,
! Lo (1.104)
_1— a 2 “ .. g —ahD
D _+h;sh =h(l+ 5+ 8%+ )_h;e .
Indeed,

1
D'D=DD"'==(S —1)[-h(1+ S+ S2+--)]
+h  +h  +hth +h +h  +h

=1+ S+ 8%+ =5 —-8%—...=1
+h  +h +h  +h
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Table 1.4: Discrete integration in the extended space
% - ( . 7%—27%—17 x,u, %17%27 . )

“left” l% ~Lintegration “right” l% ~Lintegration
— +
D™ (u_gk) = u_op—1 D™ (u_gk) = u_gr—1 — hu_g
~h  h h +h  h h
91_ (%72k+1) = U2k + h%72k+1 Bl_ (%72k+1) = U_ok
Bl_l(UQ) = Us Bl_ )%2 = ug — huy
D_l(ul) :u2—i—hu1 D_l(ul) = U2
iy h Th h h
gfl(u):ul Bf (u) =u; — hu
D1 = D1 =
! (%1) u+ huy i (%1) u
D_I(UQ) = U1 D_I(UQ) = Uy — h'LLQ
~h__h h th_ ok h h
91 (%3) = Uy + hus Bl (%3) = U
3_ (Ugkt1) = Usk + h%2k+1 BL (%2k+1) = Usk
91_ (Ugkt2) = Ugk+1 P_l(%%w) = Uzkt1 — h%2k+2

The representation (1.104) permits extending the action of ﬂ_l to analytic
functions F'(z) € 13 of finitely many variables:

D7F(z) = Fh{F(z) + F(S () + F(SX(2) + -]

The series on the right-hand side converges if F'(z) decreases sufficiently rapid-
ly at infinity. (It follows from the analysis that this series converges, for example,
simultaneously together with the corresponding improper integral.)

By using the operators il% ~!, one can introduce the inner product. For example,

the analog of the inner product in L, acquires the form

(u,v) = (3—1 — 9;1 — h)(uv). (1.105)

One can show that the discrete shift operator EL is unitary with respect to the

inner product (1.105):

S*=(8)"'=8.
+h +h Fh
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Indeed, it follows from (1.104) and (1.105) that
(S(u),v)=h(...+ S(uwv+uS )+ S(u):g}f(v) ),

(u, (8)7'(0)) = Al + S (v +uS (v) + 5 (u) S*(v) +---);

1.e.,

(5 (u),0) = (u, §(v)).

In conclusion, note that the problems of convergence of the above-considered
series in the shift operator are not the object of our attention and do not affect the
algebraic aspects of studying the difference forms and equations.

1.8. Change of Variables in the Mesh Space

In this section, we present some formulas of the change of variables in % , which

will be used in what follows to study group properties of difference equations. We
consider only the case of a single independent variable.

1. Suppose that a formal one-parameter group G acts in Z and % :

+h
ut = g(z,a), u) = 1(2,a),
9(z0), i =gi(z0) 106
Uy = gl(zva)> %; = 902<Z7a’)7
with the operator
X = 5 +778 +ZQ +Z<s +(E" - S)W (€- 5) - (1.107)

The scalar function F(z) € 121 at the transformed point z* € % is the formal

power series

F(2) =F(2) + (§i+ gi+ >+---:Z§X(S)}"(z). (1.108)
s=0 "'

In particular, if GG; (1.106) is the Taylor group with operator D, then for a = +h
formula (1.108) gives
S (F(2)) = F(5(2));

+h +h

i.e., the shift operators ib; commute with any function in 121
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Now consider an “external” point transformation (not necessarily comprising a
group!):
T =F(x,u), u=G(x,u). (1.109)

In the change of variables (1.109), the coordinates are changed in Z and % . The

changes of differential variables in 7 are well known (see [107,111,113]). There-
fore, we consider the change of the difference variables. The points (z*,u") and
(x~,u") pass respectively into

t=F(ztu"), at =Gt uh), T =Fx,u), u =G ,u);
i.e.,

ht = F(zT,u")—F(z,u) = h"D(F), h™ = F(z,u)—F(z",u”) =h"D(F).

+h —h

We introduce the shift operators EL in the new coordinate system:

= (h) = (=h")
5-3 5 EIEE

s=0 : s=0

>
lO)I

where D is the differentiation operator in the new coordinate system.
The discrete differentiation operator in the new coordinate system becomes

D=———D. (1.110)

In particular, it follows from (1.110) that

__B@  pORE-pERE -
W DE) hmDE)(DE) |

Let us find how the coefficients of the operator (1.107) vary in the change (1.109).
The well-known formulas of group analysis (see [107, 111, 113]) give the coeffi-
cients of the operator (1.107) in Z:

X X(F)(% +X(G)a(1 +X (%) aix +- (1.112)

Thus, the operator (1.107) is an operator of a formal group preserving “con-
tinuous” tangency of any order and “discrete” tangency of any finite order. This
property is independent of the coordinate system (the operator (1.107) is a scalar
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expression), and hence the other coordinates in (1.112) can be obtained by the pro-
longation formulas:

X =+ [DX(E) ~ L DX (F))] 5

0 0
+ o - -
Indeed, for example, h* = F(z*,u*) — F(x,u) under the action of G; becomes

the new spacing: B
(R = F(z*" u™™) — F(a*, u").

By differentiating the last relation with respect to a and by equating a with zero,
we obtain the desired coefficient of 52+ in (1.113).
In a similar way, we obtain the following expression from (1.111):
G, ut™) — G(a*, u*)
F(zt* ut") — F(a*,u*)’

— %
u. =
hﬂ?

by applying it to some 0/dal,—o, wWe obtain the coefficient of 0/ 8%3& in (1.113).
Thus, the group G, similar to the group G, is determined in % by an operator that
can be written in the unique form

X = X(:E)E_JFX(E)Q_JrZX(gs) J

s=1

XS X ()

0
—. (1.114
Oh~ ( )

Ot
h

2. In what follows, we need to apply the operator (1.107) to the functions F'(z) €
/g, which contain the neighboring points of a given point or some of their coordi-

nates. To obtain the desired extension of the coordinates in the operator (1.107),
note that the operator (1.107) is the inner product (in % ) of the vectors

o 0 o 0 )
(£,n,§1,gz,---,h+), ( —) (1.115)

9z’ Ou’ Ouy Qugs’ " Oh*
Rt h

To obtain the product of vectors at the points z* = Sh (z) and 2~ = 5;1 (2), we
+ —

write both vectors (1.115) at the points z* and z~ and take their inner product:

0 0 0
+_ ¢+ 9 4 9 + ++
X7 =< ox+ i out +<}l 6uh+x Ttk Ohtt’
5 5 (1.116)

N

9 9
X =2 Y
o=t g ta Ou, o=
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The desired coefficients in (1.116) can be obtained in a different way. Formula
(1.114) permits extending the action of G| to any new variables. For example, by
introducing the new variables

according to (1.114), we obtain

S 0 0 0 0
X=X =+ X Tup) 4= —
(x+h )8x++ (wth %x)8u++ ¢ Ox™t
i.e., formulas (1.116).
We use the formulas obtained above to prolong the group GG, to the neighboring
points of a given point, i.e., to the set of points of the difference mesh that comprise
the difference stencil. Their generalization to the multidimensional case is quite

obvious.






Chapter 2
Invariance of Finite-Difference Models

In this chapter, we use the mathematical technique developed in the preceding chap-
ter to study the symmetry properties of finite-difference models, i.e., difference
equations considered together with difference meshes. The main theorem proved in
this chapter deals with necessary and sufficient conditions for the invariance of dif-
ference equations and meshes. We develop a simple algorithm, called the method of
finite-difference invariants, for constructing invariant difference model from a given
differential equation and admitted transformation group. We also consider several
examples of constructing finite-difference models, where we completely preserve
the symmetry of the original differential equations. We show that symmetries of
difference models permits symmetry reduction by means of subgroups (just as in
the case of differential equations). In addition, we present an example where the
group admitted by a difference model is calculated.

We should mention the pioneering papers on the invariance of difference equa-
tions [95-97].

2.1. Anlnvariance Criterion for Finite-Difference Equations
on the Difference Mesh

1. For simplicity, we consider the case of a single independent variable. Let % be
the space of sequences of mesh variables (x, u, Uy h*), and let 121 be the space

of analytic functions of finitely many coordinates z* of a vector z € % . Then each

finite-difference equation on the mesh w can be written as

F(z) =0, 2.1)

where F' € é This equation is written on finitely many points of the difference
mesh w, which may be uniform or nonuniform. We assume that the mesh is deter-
mined by the equation

Q(z) =0, (2.2)
where {2 € é The function € is uniquely determined by the “discretization” of

the space of independent variables, which is obtained by the action of the operator

55
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EL % on the “starting point” point zy. Thus, we initially assume that Eq. (2.2) is
invariant under the discrete shift operator EL in % . A difference equation (2.1)
that admits fh is said to be homogeneous ( [122]). The function €2(z) depends on
finitely many variables in % and explicitly depends on the mesh spacing h*. In

the continuum limit, the mesh equation €2(z) = 0 degenerates into an identity (for
example, 0 = 0).

If a transformation group acts on % , then, in contrast to the continuous case,
one should also include Eq. (2.2) in the invariance condition, because an arbitrary
mesh w does not necessarily admit this group.

PROPOSITION 2.1. Let GG be a one-parameter group in % with operator

0 0 0
X =£(— — 4+ hTD(E)=——.
5(91: - Tou Tt +h<€)8h+
For the difference equation (2.1) to admit the group G with operator (2.3) on the
mesh (2.2), it is necessary and sufficient that the following condition be satisfied:

XF(z 0, X0z 0. (2.4)

(2.3)

) |(2.1),(2.2) - ) ‘(2.1),(2.2) =

Proof. In the proof, we restrict ourselves to the one-dimensional case,

— +
%_ (xauvulau%"'7%1a%27"'7h )

We assume that the finite-difference equation (2.1) and Eq. (2.2) are invariant in % ;
1.e.,

F(z") =0, Q(z*)=0
for each point z of the manifold (2.1), (2.2). By expanding the functions F’ {2 € 121

in power series in a, we obtain

F) = FE) b |6 5 40 T 4| + e,
(2.5)
0() = 90:) + o [0 50 0 G 4o + @hrte.a)

where N(z,a) and M (z, a) are formal power series in the parameter a as well. In
particular, the fact that the formal series (2.5) are zero for the points of the mani-
fold (2.1), (2.2) implies that the first coefficients are zero; i.e., (2.4) is satisfied.
Now let us assume that the manifold (2.1), (2.2) satisfies conditions (2.4). The
group (G; with operator (2.3) takes each point z = (x, u, uq, ug, . . . JUL, Uy ht)

to the point z* with coordinates given by the formal power series

2% = fi(z,a) = ZAZ(z,a)ak. (2.6)
k=0
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Since the series (2.6) form a group, it follows that they can be represented in expo-
nential form (see Chapter 1),

2= e (2) = Z a—X(S)(zi). (2.7)

Consider F'(z*) and 2(z*), i.e., a superposition of series of the form (2.6) and (2.7).
Let us find the derivative of F'(z*) and €2(z*) with respect to the parameter a:

dF(z* L OF (27 LOF (2 =~ a*! s
T
S;l (2.8)
(2" 002" o 00U @ s
) e B e T o3 xone)

s=1

Equations (2.8) are the Lie equations for the formal series F'(z*) and Q(z*) with
the initial data F'(z) = 0 and €2(z) = 0. By assumption, the manifold F'(z*) = 0,
Q(z*) = 0 satisfies Lie equations (2.8) and the initial conditions. Since Egs. (2.8)
determine the solutions as unique recursion relations for the coefficients of the for-
mal series F'(z*) and §2(z*), it follows that the solution of the system F'(z*) = 0,
Q(z*) = 0 is unique. Hence the manifold (2.1), (2.2) is invariant under the formal
group (G; with operator (2.3). 0

Note that the only essentially new fact in considering the invariance of finite-
difference equations for the formal one-parameter group (7; is the appearance of
Eq. (2.2) for the difference mesh, which is not contained in the differential setting.

Remark. 1f the equation Q(x, h™) = 0 is independent of the variables u, U, Us, - .

(i.e., of the solution), then the mesh invariance condition

o0} o0} o0} 1

oG eG4 (50 -9

ou +h Oh+ =0

(2.1),2.2)

is not related to the invariance criterion for the difference equation F'(z) = 0 for
groups with £, = 0 (so-called z-autonomous groups):
o002
Oh+

(2.2)

€y + (€ 1) - €0

These groups include shifts and dilations of independent variables, rotations, the
Lorentz group, and some other widely used symmetries of mathematical models in
physics. This fact significantly simplifies the construction of invariant difference
equations for specific mathematical models of physics. Indeed, in this case the
mesh invariance criterion can be separated from the invariance criterion for the
difference equations, and the difference mesh can be constructed independently.
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2. We see that criterion (2.4) implies necessary and sufficient conditions for the
invariance of finite-difference equations. Conditions (2.4) are linear partial differ-
ence equations for the coefficients £ (z,u) and n¥(x, u) of the infinitesimal opera-
tor (2.3). If the problem is to find all operators of the form (2.3) admitted by a given
finite-difference equation (system), then it always reduces to the solution of the lin-
ear system (2.4) regardless of whether the original system (2.1), (2.2) is linear.
Thus, the problem of finding the group admitted by given finite-difference equa-
tions is always linear. But even such a linear problem is intractable, because the
problem of exact integration of partial finite-difference equations is in fact open.
It is significantly simpler to solve the inverse problem, i.e., construct difference
equations and meshes admitting a given transformation group. For example, if
one needs to preserve the symmetry group of the original model in finite-difference
modeling, then one can use the fact that conditions (2.4) are sufficient for difference
equations and meshes to be invariant.

Consider several examples of difference equations and meshes that preserve the
symmetry group of the original model.

EXAMPLE 2.2. The ordinary differential equation

d*u

admits the two-parameter point transformation group generated by the operators

Xy = oo — 22 (2.10)

%m—: =e (2.11)

in % . Let us represent the operators (2.10) in % by extending X, to h* and h~ as
follows (the corresponding coordinates in X are zero):

0 0 0 0 0 L 0 _ 0

Both operators satisfy the criterion for the preservation of the mesh uniformity (see
Chapter 1); therefore, the uniform mesh (h* = h™) is invariant.
We check the invariance criterion (2.4) for Eq. (2.11) and the operators (2.12):

Xl(%’fﬂf - 6u>‘(2'11) - O’ XQ(%:E:E - eu)}(z'n) - _2(%%% - 6u)|(2'11) =0.

Note that we have first constructed a difference equation and then verified
whether the invariance criterion (2.4) is satisfied.
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Is Eq. (2.11) unique in the sense that it is the only equation that admits the
group (2.12) and approximates (2.9) modulo O(h?)? The following example gives
another difference equation with the same properties:

Upz = €% + h2e?™.
h

By way of example, consider the following equation, which approximates (2.9) to
the second order but does not admit the same group as the original equation:

Uy = € + he". (2.13)
It is obvious that Eq. (2.13) admits X; but does not admit X,
Xg(z}fm—c —e'(1+ hQ))‘(Z.IS) # 0.
EXAMPLE 2.3. The nonlinear heat equation
up = (uuy),, oc>0 (2.14)

admits (see [112]) the four-parameter group with the operators

0 0 0 0 0 0
Xl:a’ nga, X3:2t§+$%, X4:O'ta—U%

The operators in % in extended form become

0 0
Xl - Ea X2 - %a
0 0 0 0 0 0 0
Xq = 2t— —_— = Uy— — 2Up— — 2Upr—— + 27— + h—
S TR TR T T s T 2as)
0 0 0 0 0 0
Xy=ot2 —ud 0, oL - b er S
! Utat You T h" 8%1 (o + )Qtaut e 8%15 +UT@T

Note that all four operators generate z-autonomous subgroups and preserve the
orthogonality and uniformity of the mesh W X W. (The operators X; and X, do

not change the mesh spacings i and 7, and the operators X3 and X, dilate them
uniformly.) Therefore, we choose just such an invariant mesh.
Consider a difference mesh approximating Eq. (2.14) in % to the order of 7+ h?:

T +h h +h

where Z = § (2) is the value of z at the “upper layer” in ¢ and k(u) is the dif-

ference approximation to the thermal conductivity coefficient u°. The implicit
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scheme (2.16) is based on a six-point stencil and is divergence free; i.e., it can
be written in the form of a difference conservation law. We choose the following
approximation to the coefficient k = u:

() = 50" + S "))

_ 1 o\ __ o
then BL(k(u)) = 2h<ji(u ) i(u )), and the scheme (2.16) becomes

1 o o ~ 1 [ea = >
w = (U + 8 ()il + 5 (S (%) = S ()i (2.17)

We extend the operators (2.15) to the variables %i, vicm, 5;1 (u?), S (u”) as follows:
+

9 .0
X3 = T, _Q%Iiaﬁm’
h h
B 9 0,2 g 0
X, = — EL(U>W - i(u)a(s(u)) o %xaﬂz - %maﬁ%‘
+h —h " "

(The operators X; and X, are “nonextensible”; i.e., the coordinates of any addi-
tional variables are zero.)

Obviously, the difference equation (2.17) admits X; and X,. Let us verify
whether it is invariant under X5 and X,:

Xalu = 10+ 80— 518,0) - 5]

(2.17)

1 - o\~ 1 o g\, =
1., e 1 o A
X {?t A H A G )]%4 @17)
1 1
= — D=l MNitw — — 7) — 7 -

Here we have used the fact that the operators EL commute with any function in 121

Thus, the scheme (2.17) is invariant on a uniform orthogonal mesh.

3. The most famous applications of the theory of group properties of differential
equations are methods for obtaining group-invariant solutions [111], of which self-
similar solutions are used most widely. The method for constructing such solutions
is based on the so-called “m-theorem.”

If an equation (a system) admits an r-parameter transformation group G, then
the solutions invariant under a subgroup of G, can be obtained by integrating
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an equation (a system) of smaller dimension. If the necessary conditions [111] are
satisfied, then invariant solutions can be constructed on subgroups of various di-
mensions; they are classified according to their rank, invariance defects, and other
properties.

Just as in the differential case, the invariance of a finite-difference equation (sys-
tem) together with the difference mesh permits constructing invariant solutions. But
discrete equations are nonlocal, and so this procedure has several specific features.
A difference equation is defined on a difference stencil, which is a finite set of dif-
ference mesh points, and hence the mapping into the space of the group invariants
should match the difference mesh and the stencil in the original space with those in
the space of invariants. In other words, the projection onto the space of invariants
should take all points of the original difference stencil to the points of the stencil of
the reduced model. Let us illustrate this by examples.

Symmetry reduction by means of subgroups of the admissible group

Consider several typical invariant solutions of the difference nonlinear heat equa-
tion (2.17),
1

1 o o\ 5, a CANYY
Uy = 5(“ + igh(“ ))%m + ﬁ(ﬁz(u ) — i(u ))%m o >0, (2.18)

which admits the group G4 with operators (2.15) on a uniform orthogonal mesh.

Translation groups

Consider the stationary solution of Eq. (2.18). In the space (¢, x, u), the operator X
has two invariants, z and w. The invariant solution u(z,t) = @(x) is the stationary
solution determined by the ordinary difference equation obtained by substituting
u(z,t) = u(z) into the difference equation:
~\ 5 ~\\ ~ 1 ~0 ~0
B(@)fee + D@ =0, k(@) = (@ + S (@),
and the mesh spacing /» must remain the same as in the original space.
A homogeneous solution on the operator X5 can be obtained in a similar way.
A solution invariant under the operator
0 0
Xit+aXo=—+a—, « = const,
' YTt on
with invariants
leu, JQIZE—Oét,

is a difference traveling wave,

u(z,t) = a(N), A=z —ot, (2.19)
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t
A
T _
. 3 A = const
-
. T
—» >
Figure 2.1

propagating for o > 0 to the right with respect to = at velocity . The conditions
necessary for the existence of a traveling wave type solution are satisfied,

o\ Ou
. (Hm—u

):1, R(1,a,0) =1 < N=m+n=3.

But this is insufficient for the desired solution of Eq. (2.18) on the difference stencil
in the subspace (x, t) to be taken to the difference stencil of the mesh in the invariant
subspace ().

Additional specific difference conditions for the existence of an invariant solu-
tion relate the original stencil to the stencil in the space of invariants (the “multi-
point” mapping conditions).

The difference mesh spacing A\ along the \-axis should be matched with the
original mesh spacings h and 7 and the wave velocity «,

a=h/T, AN = h. (2.20)

These relations mean that the lines A = const pass through the nodes of the original
mesh in the plane (z, ) (see Fig 2.1).

The difference stencils can be matched if &« = kh/7, where k is any rational
number, i.e., if the traveling wave velocity « is a multiple of the “difference veloc-
ity” h/t. Difference traveling waves of the heat equation were originally obtained
in [126].

Under conditions (2.20), we can substitute the invariant representation (2.19) of
a solution into the invariant difference equation (2.18), thus obtaining the following
ordinary difference equation for the function @(\):

1 .
Ozﬂ,\ + 5[&0 + ﬂaﬂj\])\ = O, (221)

S
<

where (A= AN).



2.1. AN INVARIANCE CRITERION FOR FINITE-DIFFERENCE EQUATIONS 63

Just as in the differential case, the difference equation (2.21) has a first integral.
By applying the right integration operator to (2.21), we obtain

O
au~|—§(u + u”) Uy = const.

The dilation group

Consider a self-similar solution of Eq. (2.18) invariant under the one-parameter
dilation group and corresponding to X. The invariants are x and ut'/°.
We seek the invariant solution in the form

w(z,t) = a(z)t 7.

By substituting the invariant representation of u(z, t) into Eq. (2.18), we obtain the
following equation for @(z) at the (n 4 1)st ¢-layer:
(J;S;l(ﬂ") + ﬂ”)%x —(a” + S;L(ﬂ”))gx +2nh(vVn?+n—1)a = 0. (2.22)

In this equation, the mesh spacing /h coincides with the original one. Having solved
Eq. (2.22), we can find the solution of the original equation by the formula

M) =

n=0,1,2,....

Thus, finding an invariant solution of the scheme (2.18) is reduced to finding
a solution of an ordinary difference equation, i.e., solving the problem at each time
layer reduced to a one-time process.

4. Consider an example where the invariance criterion is applied to a difference
equation for factorized (canonical) symmetry operators.
Consider the ordinary differential equation

Upy = U (2.23)

Equation (2.23) admits the two-parameter point transformation group generated by
the operators

0 9, 0

Consider the finite-difference equation

X1:

ut —2u+u”
—— = u?, (2.25)
where u™ = El (u) and u~ = 5;1 (u), on the uniform difference mesh

ht=h". (2.26)
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Equations (2.25)—(2.26) use the three-point stencil (z, 27, 7 u,u™, u™). We
extend the operators (2.24) to the points of this stencil by setting

0 0 0
X = — o4 2 4 7
Y7o T ot T 0z
0 0 0 0 0 0
Xo=0— 4+ a0t —— 07— — 2u— — 2yt — 2
2 xaﬁx 8x++x oxr— “au Y out Y ou—
Jrfﬁiwfi
Oht Ooh~

One can readily verify the invariance of Egs. (2.25)—(2.26):

X, =0, Xy (h"—h") =0. (2.27)

‘ (2.25),(2.26)

ut —2u+u” 2]
—— —u
h2

(2.25),(2.26)

(The operator X; does not change Eqgs. (2.25)—(2.26).)

It follows that the difference model (2.25)—(2.26) admits the same transforma-
tion group as the original differential equation (2.23). Note that the invariance
conditions (2.27) split into two independent equations.

Now consider the invariance criterion for the difference model (2.25)-(2.26) in
the case of canonical operators. Without loss of generality, consider the represen-
tation of the operator D for the right half-line,

D+—3+i+i+u 2+u+ 0 +uy 0
- Ox  Oxt  Or— T ou ¥ out T ou’
where
— . (_h)nil n +: - (_h)nil n +
u—Ezj ——D"(u), “—Z: ~—D"(u"),
- _ - (_h)n—l n/ —
w =3 )

are the difference representations of continuous derivatives at different points of the
stencil.
The canonical operators acquire the form

_ 0 5, 0
X1=-X1+D" =up—+uf = +u; =—
! 1t ux8u+ux 8u++u’3 ou=’
Xoe Xyt aDt = b2 v ut a2 (2.28)
Th Oh+ Oh~ * Ou
0
+ + - -
+ (2u —|—xum)8u+—|—(2u +xux)8u_.

It is obvious that the mesh equation (2.26) admits the operators (2.28).
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The action of the operators (2.28) on Eq. (2.25), considered on the equation
itself, leads to

Uy + 2uf +u, = 2uu,h’.

The last equation is a differential corollary of Eq. (2.25) based on the use of all
points of the right half-line.

One can see that the use of factorized (canonical) operators in the difference
case leads to significant technical difficulties even on uniform meshes. If it is re-
quired to construct a difference model, then it is impossible to use canonical opera-
tors, because no methods for constructing invariants have been developed for such
operators.

2.2. Symmetry Preservation in Difference Modeling:
Method of Finite-Difference Invariants

In the preceding section, the invariance criterion (2.4) was used to verify the invari-
ance of finite-difference equations. In this section, we consider the problem of Zow
to construct difference models for a given differential equation if the symmetry
group of this equation is known.

One can readily construct an arbitrary invariant difference equation for a given
group GG,.. For simplicity, consider the case of a single independent variable and
first-order difference equations. We assume that there is given a point group G
that acts in the space of a single independent and m dependent variables. We extend
it to the first difference derivatives, i.e., to the space with m + 1 variables, which
is supplemented with the mesh spacing and m first difference derivatives; i.e., the
total number of variables is 2m + 2. Just as in the differential case, to find the
invariants, one has to solve the linear partial differential system

X, (I%) =0, a=1,2...,r

If there exists a nontrivial solution of this system, then, according to the classical
Lie theory, for a group with a set of operators of rank R we have A =2m +2 — R
independent invariants. The invariants that are not invariants in the original (m+1)-
dimensional space are naturally called first-order finite-difference invariants. By
repeating this process, we can construct finite-difference invariants of any order,
and the number of them increases together with the number of repetitions, just as
in the continuous case of extension to higher-order derivatives (cf. [111]).

Now it is clear how to construct an arbitrary invariant difference equation for
a given group G,. Any equations relating (in a sufficiently smooth way) these A
independent invariants,

Op(I(2), I(2),...,1M(2)) =0, k=1,2,...,s, (2.29)
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are first-order finite-difference equations admitting the given group. The number s
of equations must ensure the solvability of system (2.29) for the dependent vari-
ables; moreover, one of the equations in the system should determine the difference
mesh. As the group is extended to the second and higher difference derivatives, the
number of difference invariants increases, and the invariant difference equations of
the second-, third-, and higher-orders can be written in a completely similar way.

Note, however, that these equations have nothing in common with any differen-
tial model. Consider the following problem: of equations of the form (2.29), choose
equations that approximate a given equation (system) to a given order O(h¥). Let
us illustrate this by an example.

EXAMPLE. We return to the example of the equation

For this second-order equation, we should have at least a three-point difference
stencil, on which we should construct (to be definite) a second-order approximation
to the original equation. The group GG, with operators

O N R TP SURTEL IR

Xi=50 or  “ou 10w, nOus o+ oh-

extended to the space (z, u, ?}fa:, %m, h*,h~) has 6 — 2 = 4 independent invariants,

which can be obtained by solving the corresponding linear system (which we omit
here). The solution of this system has a functional ambiguity in the choice of the
solution. (Any function of invariants is again an invariant.) For example, we can
choose the following difference invariants:

—u/2 h*

. +\2 u . _ - u _
Jl - (h )6 ) JQ*%"EG ) J3*7;ll’xxe ) J4 h_-

We should write out two invariant difference equations of the form
Oy (I'(2), IP(2),.... I'(2)) =0, Do(I'(2),I*(2),...,I'(2)) =0,

one of which should determine the difference mesh. A differential equation con-
tains no “traces” of a difference mesh, and hence it is only the developer of the
difference scheme who can choose it. However, if the problem is to preserve the
symmetry of the original differential equation in the difference model, then the
choice is significantly narrower, because the equation generating the mesh should
be written in terms of difference invariants. Note that it is possible to choose a mesh
independent of the solution in our example:

h+

1.



2.2. SYMMETRY PRESERVATION AND METHOD OF FINITE-DIFFERENCE INVARIANTS 67

This choice of the simplest invariant mesh seems to be quite logical if there is no
special modeling problem. On such a uniform mesh, as is easily seen, the third
difference invariant gives a second-order approximation to the differential invari-
ant u”e~* modulo O(h?). Therefore, for the invariant difference equation we take

Jsz = %Lme_“ =1.

Thus, we have constructed a difference model completely preserving the two-
parameter symmetry group of the original differential equation:

Uy = €Y, ht =h".
h

Is the constructed invariant model unique? Of course, not. The equation for in-
variant mesh generation provides infinitely many possibilities. In addition, even
on any chosen invariant mesh, an infinite choice is still possible. For example, on
the above-chosen invariant uniform mesh, another invariant approximation can be
taken. The equation

%m — e+ (h+)262u,

can also be represented in the invariant form
Js =1+ Jq, (2.30)

and it provides a second-order approximation to the differential equation. But in
this case the equation

has the second order of approximation as well but cannot be written in invariant
form.
Now consider the general case. Let there be given a system of m differential
equations
Folz,u,ur,us) =0, a=1...,m, (2.31)

that admits a known transformation group G,.. Without loss of generality, we as-
sume that (2.31) is a second-order system in the highest-order derivatives.
We should construct a system of difference equations

Fo(z,ht,h™ u,ut,u™) =0, a=1,...,m,

where v and v~ are the values of the desired function at the neighbors of a given
point x in all n directions, and a system of equations for constructing the difference
mesh,

Qs(z,h* h™  u,ut u™) =0, B=1,...,n, (2.32)

which admit the same group G, in % and provide a second-order approximation to

the original system (2.31).
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Note that the order of Eq. (2.32) may be less than 2.
Since system (2.31) admits the group G, (which is assumed to have invariants),
it follows that, after the complete set of 7 functionally independent invariants

(JY2), J*(2),...,J7(2)), J* € A,

of order k is constructed, system (2.31) can be rewritten in the invariant represen-
tation
Do (J(2), J*(2),...,J7(2)) =0, a=1,...,m.

(It is assumed that system (2.31) is nondegenerate.)

The next step is to construct finite-difference invariants of the group G,.. The
set of difference invariants can be found by solving the following standard linear
problem of group analysis:

X,(I)=0, vy=1,2,...,T.

The group G, represented in % has 7 4+ nm functionally independent difference

invariants
I'2), I*(2),..., 17" (2), I%(z) 6121,

because in the difference space we have two sets (right and left) of first difference
derivatives. (This situation is preserved for any difference derivatives of odd order.)
Now one has to choose an invariant mesh from the general equation for invariant
mesh generation:
w(I'(2), I*(2), ..., I"T"(2)) = 0,

where the wg are arbitrary smooth functions. This choice can be made from dif-
ferent standpoints. In our examples, we usually take an invariant mesh that is, in
a sense, simplest. At this step of choice, a preliminary analysis of possible meshes,
which was developed in the preceding chapter, may be of great help.

The next step is to form a set of 7 invariants with the desired approximation
property; i.e., for each invariant /* representable in Z by the Taylor group, we have
the relation

I°(2) = J%(2) + O(h?), «

I
—_

T, i=1,....n, (2.33)

which holds on the mesh chosen above. In practice, as a rule, it suffices to have less
than 7 of such invariants.
Finally, we write out the difference equations

O, (I'(2), I%(2),...,17(2) =0, ws(I'(2),I*(2),..., 17" (2)) =0, (2.34)

where ws = 0 is the above-chosen invariant representation of the finite-difference
mesh.
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Thus, roughly speaking, the algorithm is that we substitute the difference in-
variants for the differential ones into the invariant representation of the original
system.

Since the functions @, (I, I%,...,I7) = 0 are assumed to be locally analytic in
their arguments, it follows from (2.33) that the difference equations ¢, = 0 model
the corresponding differential equations with second-order approximation.

Obviously, the system of difference equations (2.34) thus constructed admits
the complete group G,.

The above method for constructing invariant difference equations was called
the method of finite-difference invariants in [29].

Of course, this method is not unique. More possibilities can be obtained by in-
creasing the number of points in the difference stencil, i.e., by increasing the num-
ber of variables in the mesh space, by increasing the number of difference invari-
ants, and accordingly, by increasing the possibilities for obtaining relations (2.33).
Moreover, the finite-difference invariants can be used to approximate the original
differential equation itself rather than its invariant representation. But in all cases
the main tool is the set of finite-difference invariants. As we shall see later, when
constructing an invariant model of the linear heat equation, it may happen that
the differential equation is degenerate in the sense that there are no differential in-
variants, while simultaneously there exist difference invariants that can be used to
approximate the heat equation by a nondegenerate difference model. (Thus, the
degeneration occurs in the continuum limit.)

In the next section, we consider examples of applications of the above algo-
rithm.

2.3. Examples of Construction of Difference Models
Preserving the Symmetry of the Original
Continuous Models

2.3.1. Invariant difference model for the equation u,, = u™3

Consider a more complicated situation in which the invariance conditions for the
mesh and the difference equations are related to each other and do not hold sepa-
rately.

The ordinary differential equation

Upy = U > (2.35)

admits the three-parameter point group associated with the Lie algebra spanned by
the operators

0 B 0 0 50 )
Xl_%7 X2_2x(9x+u(9u’ Xs==x ax—i—xuau. (2.36)
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Equation (2.35) is a special case of the Ermakov—Pinney equation (see also [26,
27]). It can be treated as the equation of one-dimensional motion of a particle in
a field with potential U = u~2 (where u is the coordinate and z is time). Equa-
tion (2.35) (and its three-dimensional analog) are in a sense unique: it is only
for the quadratic potential that there exists an additional projection symmetry and
a variational symmetry corresponding to all symmetries of (2.36). This results in
additional conservation laws for the particle motion in such a field. In the case of
a quadratic potential, the Boltzmann equation and the hydrodynamic equations of
a polytropic gas for an appropriate value of the adiabatic constant have additional
symmetry and the corresponding conservation laws as well. (See the discussion of
this topic in [16].) Thus, the ordinary differential equation (2.35) is the simplest
model with additional symmetry in this hierarchy.

To approximate Eq. (2.35), we need a difference stencil with at least three
points, which is associated with the subspace (z, h™, A, u,u™, u™).

The operator X3 violates the uniformity invariance condition (see Chapter 1),
and hence the uniform mesh is not invariant. Although the group G3 correspond-
ing to the algebra (2.36) is autonomous in z, it has no invariants in the subspace
(x,h™,h™). This means that it is impossible to construct an invariant mesh inde-
pendent of the solution u. On the above-chosen stencil of the nonuniform mesh,
we have three difference invariants, for which we can take the following ones:

ht h— ) 7;161 - fl}f:f
Jl = ) J2 = — J3 =uu — 5
UL UL h
where
ut —u U —u"
Uu = — Uz =
th h+ 9 h:r h_

Note that there is only one invariant, I; = u3u,,, in the original space of differential
variables (z, u, Uy, Uyy)-

The general equation determining the family of difference meshes invariant un-
der (2.36) can be written as

+ - Uy — Uz
F(h h uPu h_h ):0, (2.37)

uut uu~

where F' is an arbitrary function of its arguments. We choose the simplest version

ht h~
— = (2.38)
uu uu
of Eq. (2.37). This mesh has the obvious integral
ht h~
— =, — =, e=const, O0<ek 1, (2.39)

uut uu~
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where the constant e characterizes the mesh spacing smallness. Using Taylor series
expansions, we can obtain the relation

ht =h" +O(h?) (2.40)

for the spacings of the invariant mesh (2.38). On the mesh (2.38), the third differ-
ence invariant can be rewritten as

Uy — Uz Uy — Uz
Jo=wlu oty (2.41)
h- h—ut + htu~’

and the differential invariant can be estimated as
Js = g, + O(h?).
Thus, for the difference equation approximating Eq. (2.35) we can take

Uy — Uz 1

o _ h heo_
J3 =1, or  Upy = = e (2.42)

Since our model (2.38)—(2.42) is constructed from difference invariants of the
group (2.36), it is completely invariant.

The difference mesh (2.38) depends on the solution u, u™, u~, which must be
found from Eq. (2.42) containing the mesh spacings as well. At first glance, the
scheme (2.38)—(2.42) is implicit, and it is not clear in general how to perform the
actual computations for a specific boundary-value problem on this mesh.

Let us make several transformations of (2.38)—(2.42). By substituting the mesh
spacings (2.39) into Eq. (2.35), we obtain the one-dimensional mapping

utu= (2 — %) = u(u® +u”), (2.43)

which uniquely determines the unknown value u™ from the two known values u
and v~. Thus, the scheme (2.38)—(2.42) is in fact an explicit scheme for solving
the boundary value problem: first, we calculate the sequence of values u from the
mapping (2.43), and then we use formulas (2.39) to calculate the mesh spacings h™*
and h~, i.e., the values of z at the corresponding mesh points.

As will be shown in Chapter 7, no numerical computations at all are required for
the scheme (2.38)—(2.42). It turns out that the scheme (2.38)—(2.42) is completely
integrable, which is related to the fact that it has three first integrals. (A method for
constructing these integrals is considered in detail in Chapter 7.)

2.3.2. Invariant difference model of the sine—Gordon equation.

It is well known (e.g., see [74]) that the equation

Ugy = SINU (2.44)
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admits the three-parameter point transformation group generated by the operators

0 0 0 0

— = — Xs=0— —y—. 2.45
Note that Eq. (2.44) also admits an infinite series of higher-order symmetries

and nonlocal symmetries (see [74]), which we do not consider here. Now Eq. (2.44)

can be rewritten in the different form
Vg — V,, = SIN 0. (2.46)

The symmetry of Eq. (2.46) is described by the operators

0 0 0 0
Xl = = X2 = &, X3 = Z& +ta_x (247)

Equations (2.44) and (2.46) are related to each other by the point transformation
t=x+y, z=x—1, u(z,y) = v(t, 2), (2.48)

which of course takes the symmetry (2.45) to (2.47).

Let us construct a finite-difference model of Eq. (2.44) preserving the symme-
try of (2.45). The first problem is the problem of choosing the mesh on which
an approximation to this equation is possible so that it is invariant under the op-
erators (2.45). Note that in this case the transformation (2.45) does not affect the
dependent variable (v is an invariant), and therefore, the invariance conditions for
the mesh can be considered independently of the invariance conditions for the dif-
ference equation approximating (2.44).

In this case, it is easily seen that one can use the simplest orthogonal mesh uni-
form in both directions. Indeed, all three operators (2.45) satisfy the mesh invariant
orthogonality conditions

iDhl(é- ) BLJ<£ )7 ? 1727 Z#];
developed in Chapter 1 and the mesh invariant uniformness conditions
—Bzz—th(§>:O’ 221,2.

These conditions are satisfied in the entire space % , in particular, on solutions of

the difference equation approximating Eq. (2.44). On the orthogonal difference
mesh, we should approximate the derivative u,,. We introduce the notation for the
variable wu at different points of the mesh according to Fig. 2.2.

All nine variables u, u™,u™, @, 4", 4", %, @ ,u" are invariants of the operators
(2.45); hence one can use any of these, say, sinu, to approximate the right-hand
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Figure 2.2

side of (2.44) at (x,y,u). The space (z,y, hy, hy, u,ut,u™, 0, 0", 0, 4,4, at)
contains one more invariant
JlO == hxhy

Thus the invariant approximation problem is very simple in this case, and it only
remains to construct second-order approximations to the mixed derivative .
For example, this can be realized as follows:

at—a-  at—a\ 1
oy — —— + O(h?
thry ( 2h, 2h, )2@'F (7).

which finally implies the equation

~

T —u —at+u
hoh,

= sinu. (2.49)

Equation (2.49) is based on the use of a five-point stencil. In particular, we can
set hy, = hy in (2.49). In this case, the z- and y-directions become equivalent, just
as in the original equation. The central point can be eliminated by using another
approximation to the right-hand side,

By using Taylor expansions, one can readily estimate the order of approximation
of the difference equation (2.49) on the uniform orthogonal mesh:
ut—a" —uat+a
4hzh,

— sinu = ugy — sinu + O(h2 + h2).

Thus, the difference equation (2.49) on an orthogonal mesh provides a second-
order approximation to the differential equation (2.44) and admits the entire sym-
metry (2.47) of the original equation.
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The simplest way to obtain an invariant scheme and a mesh for Eq. (2.46) is to
use the transformation (2.48). This transformation takes Eq. (2.49) to the equation
0F =07 — 0T + 07
4h,hy

= sinwv, (2.50)

where h, and h; are the spacings of the mesh shown in Fig. 2.3.

Under the action of the transformations (2.48), the orthogonal mesh shown in
Fig. 2.2 becomes the diagonal orthogonal mesh shown in Fig. 2.3. Of course, we
could obtain this invariantly orthogonal mesh directly, by using the result obtained
in Chapter 1: the Lorentz transformations (2.47) leave a mesh orthogonal only if
the mesh makes an angle of 45° with the coordinate axes.

Equation (2.50) on the mesh in Fig. 2.3 admits the complete group (2.47), be-
cause the point transformation (2.48) preserves the symmetry group of the original
equation by taking the operators (2.45) to the operators (2.47).

In the subsequent chapters, we present numerous examples of construction of
other finite-difference models preserving the symmetry of the original differential
equation.

2.3.3. An example of solving the determining equations for a difference
model

In this section, we use the invariance criterion for difference models to calculate
the symmetry group. For the difference model, we consider the following difference
equation and mesh:

ut —2u+u”

_ o +_ g
P =e", h™=h". (2.51)
Here, as usual, h* = 27 — z and h~ = z — z~. This model is known to give
a second-order approximation to the ordinary differential equation
d*u

— =€ (2.52)

dz?
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on the uniform mesh.
We seek the point symmetry admitted by system (2.51) in the operator form

0 0

X =¢&(z,u)— + n(m,u)%.

. (2.53)

The equation and the mesh (2.51) are written on the three-point difference sten-
cil (7,2, 27, u™,u,u"), to which we extend the operator (2.53) by setting

0 0 .0 .0
0 0
e )l ) . (254

Acting on the difference equation (2.51) by the operator (2.54), we obtain the
linear difference equations

Nt —=2n+n" =e'nh ht +e"hT(E—£7) +e"hT (£ =€),

e _ ot 4em—0 (2.55)

for the desired functions ¢ and 7, where the notation f* = f(x*,u") and f~ =
f(z=,u™) is used. The equation for the difference mesh has the obvious integral

h*t = h~ = const = h,

which we take into account in the subsequent calculations.

The determining equations (2.55) should be considered on the solutions of sys-
tem (2.51). In the case of differential equations, the standard method is to eliminate
the second derivative from the determining equation and use the splitting proce-
dure for the first derivative. In the case of the difference system (2.55), we can, say,
eliminate v by using the first equation in (2.51):

ut = h%e 4+ 2u—u".

Consider the equation for the mesh with the above elimination taken into ac-
count:
EF(at, (h?e" +2u —u7)) — 28(z,u) + & (2, u”) = 0. (2.56)

Now this equation should be satisfied identically at the remaining two values u, u ™.
We differentiate Eq. (2.56) with respect to the variable u~,

£+u+ = giufa

which implies that
&t =&, = A= const,
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and the constant cannot depend on x. Thus, we have specified the form of the
desired coordinate,

£(z,u) = Au+ B(z), A = const.
By substituting this expression into (2.56), we obtain
Ah*e" 4+ B(x") — 2B(x) + B(z~) = 0.
By splitting the last equation with respect to u, we obtain
A=0, B(z")-2B(z)+B(z")=0.

The last linear equation has the obvious solution B(z) = ax + (3, where «, f =
const. Thus, the desired coordinate has the form

E=ax+ 5. (2.57)

Taking into account this form of the desired function &(x), let us now consider the
second determining equation on the solution of the original equation,

nt(a™, (R +2u—u") —2n(x,u) +n (v~ ,u”) = h*e“(n(z,u) + 2a). (2.58)

In a similar way, we differentiate Eq. (2.58) with respect to the variable v,

N e =0 o,

which implies that

ntur =1n ., =7 = const;

namely,
N, u) = yu+ 3(z).
We substitute this specified form of the desired function into (2.58):
yh?e" +6(xt) — 20(x) + 8(z7) = h*e"(2a + yu + 6(x)).
The splitting of this equation with respect to u and e* yields

v=0, 0=—-2a, §(zT) —20(x) + d(x7) = 0. (2.59)

Since 6 = —2a = const, it follows that the last equation in (2.59) is satisfied
identically.
Thus, we have obtained the following solution of the determining system (2.55):

E=ax+ 0, n = —2a. (2.60)
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By choosing a basis in the two-parameter family, we obtain
X == Xo=0——2—; (2.61)

i.e., the difference equation admits the same transformation group as the differen-
tial equation (2.52). In the three-point stencil extended to all variables, the opera-
tors (2.61) can be written as

0 0 0 0 0 0 0 0 0
Xi=—+— X — — —2——2—-2—.
e i tar T e Y o o o
Some other examples of solving the determining equations for difference mod-
els can be found in [85, 89].
An alternative approach to symmetry preservation in difference equations can
be found in [108-110].






Chapter 3

Invariant Difference Models
of Ordinary Differential Equations

3.1. First-Order Invariant Difference Equations
and Lattices

It is well known that every ordinary differential equation (ODE) of first order ad-
mits an infinite point group (e.g., see [107, 111]), but it is precisely in the case of
first-order equations that a search for this group is ineffective. If the admissible
symmetry is known, then an integrating factor for the ODE can be found explicitly
(see the Introduction). Since the knowledge of the symmetry of a first-order ODE
permits finding its general solution, we see that the construction of an invariant
scheme does not make any practical sense. But it is of interest to find out what the
relation between the symmetry and integrability is in the case of ordinary difference
equations (see [120]).
Consider a first-order ODE

y' = f(z,y). (3.1

We assume that its symmetry is known, which permits rewriting this equation as a
total differential equation

A(z,y)dx + B(x,y)dy = 0, (3.2)

where A, = B,, A(z,y) = Vi(x,y), B(z,y) = V,(z,y), and V(z,y) is a function
implicitly determining the general solution of Eq. (3.1) by the formula

V(z,y) = ¢ = const. (3.3)

Equation (3.2) admits the one-parameter group generated by the operator

0 0

In the (x, y)-space, this operator has the only invariant
Jl = V(l’, y) .

79
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The situation is different in the case of difference equations. To approximate the
ODE (3.1), we need at least a two-point stencil on a difference mesh; i.e., we
should consider the subspace (x,y, .,y ) of difference variables, where the op-
erator (3.4) already has three difference invariants. To find the invariants of the
operator extended to the difference variables,

X = B(x,y)% N A(:C,y)a—y + B(»’Mﬁ%)a - A@%ZH)@;

one has to solve the characteristic system

de  dy dx . dy.

V,(z,y) Va(z,y) Vi, (24, y4) Ve (@4, y4)

This gives the following three invariants:

[1 :V(Zl?,y), IQZV(x-hy-i-)a

I _/ dx _/ dx
T Ve ey ) ) Vy(my(e L))

where the third invariant contains the expressions of y and y, via the first two
invariants /; and /5.
The two-point difference scheme can be written out using /; and I, as

V(.’L‘+, y+) - V(SL’, y) = 07 (35)

and this scheme is exact on any difference mesh, for example, on the uniform mesh
hy = h_. But the uniform mesh is not invariant under an arbitrary group. The
general equation for invariant meshes can be written out in terms of the difference
invariants,

F(I,I5,13) = 0. (3.6)

The difference scheme (3.5), (3.6) is invariant and exact. Its general solution is
implicitly given by formula (3.3), the same formula as for the original equation.

Consider an example of constructing an invariant difference model for a first-
order ODE.

EXAMPLE. Consider the ODE
y = —22
T
This equation can be rewritten as the total differential equation

22y dr + 2* dy = 0, (3.7)
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Equation (3.7) admits the operator

, 0 0
X = -2
xyay

(91: (3.8)

and has the first integral
V(z,y) = 2’y = Cy = const,

which is an invariant of the operator (3.8). In the space of the difference variables
(x,y,z4,ys ), the extended operator (3.8) given by

5 0 0 0 0
X = 81‘ 2$ya +$+ @ 2$+y+ﬂ

has the following three difference invariants:

1 1
I = 2y, I2:$+2?J+7 Iy=———.
Xz Ty
An exact difference equation can be constructed from the first two invariants as
follows:
L-1L=0 = %y, —2%y=0. (3.9)
An invariant mesh is determined by any equation of the form
F(L, I, 13) = 0.

By way of example, consider the mesh

1 1
Ii=———=ex1,
x Ty

which we rewrite explicitly for Ay = x, — x as

ex?

h+:

1
, O<z<-—. (3.10)
1—ex €

The invariant equation (3.9) can be rewritten as

yr—y _ (@t )y
h+ 1'2 .
Note that the exact invariant scheme (3.10), (3.11) is implicit. A series of examples
of invariant schemes for first-order ODE can be found in [120].

(3.11)

Thus, if the symmetry of the first-order ODE is known, then it is always pos-
sible to write out a family of exact difference schemes containing a family of in-
variant schemes. On the other hand, it is always possible (by using the difference
invariants) to write out an invariant scheme that is not exact. This fact is of general
character, because the order of approximation (the accuracy) and the invariance are
distinct properties of difference equations.
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3.2. Invariant Second-Order Difference Equations
and Lattices

In this section, we consider the more general problem of how to list all difference
models invariant under a given group, i.e., how to solve the group classification
problem for difference schemes by analogy with the same problem for the dif-
ferential equations. When solving this problem, it is of interest to compare the
group classifications of difference schemes and of differential equations. Is the list
of invariant schemes wider or narrower than the corresponding list of differential
equations?

In this section, by way of example, we solve the group classification prob-
lem for second-order ordinary difference equations on the corresponding difference
meshes [46].!

In the classical papers [90-93], S. Lie obtained the group classification of
second-order ordinary differential equations. In particular, he showed that the di-
mension n of the point transformation group under which the solution set of a
second-order ODE is invariant can be 0,1, 2, 3, or 8. Moreover, he showed that
each equation that admits the transformation group of maximum dimension n = 8
can be transformed into the simplest equation iy = 0. Lie’s classification is based
on the list of all finite-dimensional Lie algebras realizable by vector fields on the
two-dimensional space [92], i.e., by vector fields of the form

0 0

Lie used vector fields over the field of complex numbers, using the list of all finite-
dimensional subalgebras of infinite-dimensional Lie algebras. This classification
was obtained up to arbitrary locally invertible transformations of the complex plane
C2.

Much later, a classification over the field of real numbers was obtained [63],
and here we follow this classification.

In our classification of difference models, we restrict ourselves to the minimal
three-point difference stencil needed to approximate second-order difference equa-
tions. But we do not specify and restrict the types of meshes in advance.

Let x be an independent variable, and let y be a dependent variable. To consider
a second-order equation and a difference mesh in the x-direction, we need the three-
point stencil corresponding to the subspace (z,z_,x,y,y_,y,) (see Fig. 3.1).

The difference model under study consists of two difference equations

F(I7$—7$+7yay—ay+) = 07 Q($7$—a$+7y7y—>y+) =0. (312)

Here the first equation is a second-order difference equation and should become
a second-order ODE at the point (z,y,v’,y”) in the continuum limit. The second

I'This research was carried out jointly with P. Winternitz and R. Kozlov.
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Figure 3.1

equation provides a difference mesh on which the first equation will be considered.
The second equation need not be a second-order difference equation; for example,
we can treat a uniform mesh as the equation h, = h_, which “disappears” in the
continuum limit.

In some cases, we use the following notation for the difference models:

y+=f(x,$,,y,y,), x+:g(xuxfuyay7)7
or
yx:f(xvh—ayayi)a h+:g<x7h—7y7y§:)'
We use the following notation for the mesh spacings and difference derivatives:

Yy — Y Y-y 2(Yys — Yz)
h 9 yi_
Jr

hy=x,—x, h.=z—x_, y,= o Yoz = he i h
— Jr —

where y, and y; are the first right and left difference derivatives and v, is the
second difference derivative. The continuous derivatives are denoted by 3’ and y".

We must prolong the group operator of the continuous symmetry group to all
points of the difference stencil. The corresponding coefficients of the operator are
obtained by shifting the arguments to the difference stencil points adjacent to (z, y):

0

- 0
on - on + fa(l‘—»y—)— + goc(x-l-)y-l-)ax
+

Or_

0 0
+ N (2, y_)@ + N (24, y+)@- (3.13)

The difference invariants are obtained as the solutions of the system of first-
order partial differential equations:

XQ(P:O, a=1,....,n,

where the function ¢ depends on (z,z_,x,,y,y_,y+). We see that the group G
has £ = dim M — rank Z functionally independent invariants, where M is the
manifold (3.12) and Z is the coefficient matrix of the operator (3.13).
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Note that dim M = 4 in the differential case and dim M = 6 in the difference
case. Hence we can expect that there are two more invariants in the difference case
than in the continuous case.

In the continuous case, an invariant second-order ODE can be written as

ok
8y//

E(I,.... 1) =0, 40,

while in the difference case we need two equations,

or

F(L,...,Iy)=0, _3F #0, —aF%O, #0,
0y dy Y+ (3.14)
oG oG oG '
G(Iy,...,Ix) =0, 8:75__7&0’ %7&07 E%O.

The conditions on F' and G guarantee that Eqgs. (3.14) determine an ordinary dif-
ference equation and a mesh.

3.2.1. Difference models invariant under one- and two-dimensional
groups

We start from the simplest one-dimensional point transformation group, whose Lie
algebra can always be reduced to the form

0

X; = —
1 @y

by an appropriate change of variables. The most general second-order ordinary
differential equation invariant under the one-dimensional group has the form

y' = F(z,y), (3.15)

where F' is an arbitrary function of its arguments.

To write out the invariant difference model, we should compute the basis of
finite-difference invariants of the operator X in the space (x,x_, x4, y,y—, Y+ ).
Computations give the following five difference invariants:

{yxxa yx;_yja Zz, h,, h+}

Hence the general invariant difference model can be written as

Yoz = f(:c, bt y%h_), hy=h_g (x L yh) (3.16)

where f and g are arbitrary functions of their arguments. Throughout the following,
we assume that the functions occurring in the definition of difference models do not
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have any singularities as h, — 0 and h_ — 0. The form in which the equation for
the mesh is written assumes that the equation “disappears” in the continuum limit.

In the family of difference models (3.16), the simplest difference scheme ap-
proximating the ODE (3.15) can be distinguished by taking a function f indepen-
dent of h_ and the function g = 1,

We point out that the difference scheme (3.17) is only a special case of the differ-
ence model (3.16) containing two arbitrary functions. In other words, the family
of invariant difference models is much more ambiguous than the corresponding
invariant differential equation.

Now consider two-dimensional algebras.

1. In the continuous case, the Abelian Lie algebra with two unconnected elements

0 0

X, =2  x,=2
1 8567 2 ay

leaves invariant the solution set of the family of second-order ODE

y'=F(y), (3.18)

where F'is an arbitrary function. In the difference case, the standard computational
procedure gives the following set of functionally independent invariants:

{h+7 h*? yx+yf7 ym}

2

Accordingly, the general invariant difference model can be represented as

s = f (yx + yzjh_)j he = h_g (yx + yz,h_)' (3.19)

2 2

The simplest difference scheme approximating (3.18) can again be obtained by
restricting f and by choosing g = 1:

Yoz = F (y;y) ho=h,. (3.20)

2. The Abelian Lie algebra with two connected elements

0 0
X = 8_y7 Xy = xa—y (3.21)

gives the invariant equation
y" = F(x). (3.22)



86 INVARIANT MODELS OF ORDINARY DIFFERENTIAL EQUATIONS

This equation can be transformed into the simplest linear equation u” = 0 by the
change of variables
u=y— W),

where W (z) is an arbitrary solution of Eq. (3.22). The basis
{y:ciw x, h‘+7 h’—}

of finite-difference invariants of the algebra (3.21) permits writing out the following
family of invariant models:

Yzz = f('ra h—)a hy = h_g<l’, h—) (3.23)

By restricting f and by aking g = 1, we obtain the following simplest scheme on a
uniform mesh, which approximates Eq. (3.22):

Yoz = F(), ho=hy.

Just as in the continuous case, the difference model (3.23) can be reduced to the
form
Uzz = 0, h+ = h—g(Ia h—) (3.24)

by the change of variables
U:y—W(.I7h_,h+), Wwf:f(xvh—)7
where W is an arbitrary solution of the difference system (3.23).

3. The non-Abelian Lie algebra with two unconnected elements

0 0 0
X1 == Xo=0— —
YT oy 2= Yor + y@y
gives the invariant ODE
1
y' = ). (3.25)

For this algebra, computations give the following basis set of difference invariants:

Tz Yo + Yz h_+ h_—
Ty 2 ) h77 T *

The invariant model has the general form

1 T + T h, T + T h*
Yoz = _f Y Y PR h+ = h—g Y Y P I (326)
T 2 T 2 T

By restricting f and by taking g = 1, we obtain the invariant equation and mesh

1 T T
ym:—F(y +y)> h_ = hy,
T 2

for which Eq. (3.25) is the continuum limit.
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4. The non-Abelian Lie algebra with two linearly connected elements

0 0

X, = — X = )—

leads to the invariant ODE
y' = F(a)y. (3.27)
This equation can be reduced to the linear form v” = 0 as well by the change of

variables t = g(x), v(t) = y(z), where g(x) is an arbitrary solution of Eq. (3.27).

The complete set
Yzz
, x, h_, h
{ Yo + Yz +}

of finite-difference invariants permits writing out the invariant difference model as

y,:yIerf
xx 2

flz,h_), hy =h_g(x,h_). (3.28)

The special case of this family for f(z,h_) = F(x), g(x,h_) = 1 is the scheme

y_:yx“‘yj
T 2

F((E), h- = hy

approximating the corresponding ODE (3.27). The difference family (3.28) can be
transformed into the scheme (3.24) by using any solution ¢ () of system (3.28) and
the transformation

(z,y) — (t = ¢(z), u(t) = y(z)) (3.29)
of the independent variable.

The results obtained for two-dimensional Lie algebras can be summarized as
follows.

THEOREM 3.1. Two subalgebras with linearly unconnected elements give families
of invariant schemes (3.19) and (3.26) containing two arbitrary functions of two
variables. Two subalgebras with linearly connected elements permit writing out
the families of invariant models (3.23) and (3.28), which can be reduced to the
form (3.24) if at least one solution of the original family is known.

Remark. Theorem 3.1 is an analog of the well-known result obtained by S. Lie for
second-order ODE in the cases where the equations with the same two-dimensional
Lie symmetry algebras can be reduced to the linear equation y” = 0 [90,93].

3.2.2. Difference equations invariant under three-dimensional
transformation groups

First, let us study three-dimensional Lie algebras containing two-dimensional sub-
algebras with linearly connected elements.
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1. The three-dimensional algebra

0 0 0
= a—y, X3 l’a—y

contains commuting linearly connected operators X» and X3. The invariant differ-
ential equation ¢y’ = C'is equivalent to y” = 0. The set

{wacv h—a h-‘r}

of independent finite-difference invariants permits representing the family of in-
variant difference models as

Yoz = f(h-), hy =h_g(h_). (3.30)

The equation y” = C' is the continuum limit of (3.30) if f = C and g =
System (3.30) is equivalent to (3.24) if the function g is independent of .

2. The three-dimensional algebra

0 0 8 o0
X, = — Xy = 21— Xy =

contains two linearly connected operators X; and X5. The invariant ODE has the
form
/"
y" = Cexp(x). (3.31)

The basis of difference invariants can be represented as
{ymﬁ exp(—x), h—v h-i-} :

The general form

Yoz = f(h-)exp(z),  hy=h_g(h-) (3.32)

of the family of invariant models in particular contains the simplest scheme approx-
imating Eq. (3.31) for f = C' and ¢ = 1. The scheme (3.32) can be transformed
into (3.24) for g independent of z.

3. The operator algebra

y'=Cy. (3.33)
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The complete set of difference invariants can be chosen as

{@’ Ye Uz h_}‘
Ya Ya

The general invariant difference model can be written as

Yoz = Yo + Yz
T 2
By choosing f = C and g = 1, we transform system (3.34) into a scheme approxi-

mating Eq. (3.33). The transformation (3.29) with g independent of x takes (3.34)
to (3.24).

f(ho).,  he=h_g(h_). (3.34)

4. Consider the three-dimensional Lie algebra spanned by the pairwise linearly
connected operators

0 0 0
The only continuous invariant of this algebra is the function z, but y” = 0 is an

invariant manifold, and hence the equation y” = 0 is an invariant ODE. The only
difference invariants are {z_,x,z}, but the difference equation y,; = 0 is an
invariant manifold as well, and hence the difference scheme

Yoz = O, h+ = h,g(x, h,)

is invariant. If we set g = 1 in this scheme, then we obtain the simplest approxima-
tion to the equation y” = 0.

5. The operator algebra

0 0 0 0
—a—y, Xg—xg—y, Xg—(l—a)x——i-ya—y, CL#].,

has the invariant equation
Y =CaTe, al. (3.35)

Computations give the following set of difference invariants:

2a711 h_ h+
2zl *7F ) 9
Y xXr xr

according to which we obtain the invariant form

Yoz = x21a:a1f (h__)’ h-l— = h—g <h__> (336)
xXr xr

of the difference model. An approximation to Eq. (3.35) is obtained for f = C and
g = 1. The difference scheme (3.36) can also be transformed into (3.24).
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6. The operator algebra

0 0 0
X =— Xo=a— X;=(1+2%)— b)y——
! oy’ 2 xay’ 3= +w>89&+(x+ )yﬁy
1s associated with the invariant ODE
y" = C(1 + 2% 732 exp(barctan(x)), (3.37)

which can be transformed to y” = 0 by a change of variables. The complete set

{ hy h_ (y» — yz)V1 + 22 exp(—barctan(z)), }

l+axr, 1+axz’

of difference invariants permits writing out the invariant difference model as

exp(barctan(z)) ( hy N h_ )f( h_ )
Yaz (ho +h )V1+22 \1+ary  14+a2_ 14+axz_ )’

1+ZELL’+ h,
hy =h_ .
* 1—|—a:xg<1+xx)

By setting f = g = 1, we obtain a difference approximation to the ODE (3.37).
7. The operator algebra

0 0 0 0
o Xy = Xy =0—+y=
Ox

X, — <
! oy’ or "0y

has the only invariant 3/, but ¢ = 0 is an invariant manifold. By using the basis set

2 7 b

of difference invariants, we can readily write out the invariant difference model

h—ymzf(y 2y>, h+=h_g(y 29), (3.38)

which does not have a continuum limit in general. This limit only exists for f = 0.
The equation y” = 0 is approximated by system (3.38) for f = 0 and g = 1.

Thus, the difference models invariant under three-dimensional algebras consid-
ered so far are equivalent to special cases of the system

Yoz = 0, g(x, h—7 h+) =0. (3.39)

The difference models considered below cannot be reduced to the form (3.39).
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8. The operator algebra

0 0 0 0
X =— Xy = — X3 =ax— —
T 2 oy s x8x+(x+y>8y
gives the invariant ODE
y" = exp(—v/). (3.40)

Its general solution
y=—x+(x+B)ln(xr+ B)+ A

contains constants A and B of integration. The basis

h
{h—+ hyexp(—y.), h_exp (—yf)}

of finite-difference invariants permits writing out the general invariant difference
system

2 (exp (y2) — exp (Yz))
h_ + h,

=f(h-exp(~¥yz)),  hy=h_g(h_exp(—yz)).

An invariant approximation to the ODE (3.40) is obtained for f = g = 1.

9. The three-dimensional operator algebra

0 0 0 0
1 81'7 2 aya 3 max—i_ yayv 7& 5 L
gives the family of invariant ODE
k=2
y' =y'k1, (3.41)

where k£ = const. The general solution is

1\
y= (m) E(ﬂf — 0)" + yo

By using the basis set

h _ _
{h_+7 ya?h—i-(l k)’ yih—(l k)}7

of difference invariants, we can write out the invariant model as

k - 7 1 —_

The simplest approximation to the ODE (3.41) is obtained for f = g = 1.
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10. The Lie algebra of linearly unconnected operators

9 9 9 9
-2 X, = 2 X, = <9 _nZ
oz 27 By 3= (ke ty)g +(ky - )5

Y
gives the invariant ODE
y" = (1+ (y)?)*? exp(k arctan(y')) (3.42)
with the general solution
—(:v—ﬂfo)+k‘(y—yo))> ) ) 1
exp | 2k arctan T —x0)" + (Y — = .
p< (k(x—wo)ﬂy—yo) (2 =20+ =w0)) = 777
Computations give the basis

{h+\/ 14 y2exp (karctany,), h_\/1+ yZexp (karctany;z), M}

I+ yoYz

Xy

of finite-difference invariants. This implies the general form

1 TIT
Yoz = h—'—% (hyv/1+ y2exp(karctany,) + h—_+/1 + y2 exp(k arctan y; )
-t hy

x f(h-+/1+ y?exp(karctanys)),
hiv/1+y2exp(karctany,) = h_+/1 + y2 exp(k arctan yz)
+ g(h_\/1+ y2exp(k arctan y;))

of the invariant difference model, which has the ODE (3.42) as the continuum limit
provided that f = 1 and g = 0.

11. The operator algebra

0 0 0 0 0
X1 = — Xo = 20— — Xy =2 — —
YT o 2= s +y8y’ 570 s + xy@y
leaves invariant the equation
y' =y (3.43)

which has the general solution
Ay? = (Az + B)* + 1, A = const, B = const.

By using the complete set

1 (h, h_) 1 h+h_}
YW —Yz), | —+— ), S
{( ) y(y+ Y- y? hy + h-

of difference invariants, we can write out an invariant scheme as
1 h 1 h_ 1 1 hih_
emd (e L ke 1Y (1,
Y h++h_’y+ h++h_y_ yh++h_

)l (1)
y\vs v ) Phi+h I\ Ph )

An approximation to Eq. (3.43) is obtained for f = g = 1.
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12. The operator algebra

0 0 0 0 0
X, =2, Xy—as 4yl Xy= (2 — ) 4 2ay—
Y7 o 2 x8x+y8y’ 3=~y )61%Jr wyﬁy

gives the invariant equation
yy' =C(1+ )*** -1+ (¥)?),  C =const, (3.44)
with the general solution
(Ar — B)* + (Ay — C)* =
The set of difference invariants can be taken in the form

R+ (y-y ) W+ (Y —y)?
[1 - 3 [2 - 5
yy- i

2y(hy +ho +hyys+hoyz + 2y(Yo — vz))
4y? — (hy (T + 2) + 2yy.) (h-(1 4+ y2) — 2yyz)

Since these expressions are very cumbersome, we write out the invariant difference
model in terms of invariants:

Is =

( I + ) I) Iy = Lig().

A difference approximation to Eq. (3.44) is obtained for f = C'and g = 1.
13. The operator algebra is

0 0 0 0 0 0
X, = Xo=0-—+y-— Xy=a’—+y" .
"o tay 2 =5 TV, =5 TV g,
The invariant ODE
2 2C
v 4y =y (3.45)
=Yy rT—Y
has the general solution
1 2B-C
y = A % O,

ABLI0)—Ar 24

and the particular solution
Yy =az,

where the constant a is found from the algebraic equation

a—Caya+a®>=0.
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The complete set

hiyx hz_yi Ty —Y h_

e N e

I - )
: (x —y-)(@- —y) r—y ho+hy

of difference invariants permits writing out the invariant equation and mesh as

Il ]2 ]1 ]2
a—hv‘wﬁ‘ﬂm<a—hv+m>

3/2
2) ) Il :-[29([3)

For f = (' and g = 1, we obtain an approximation to the ODE (3.45).
14. The basis set

9 L0 o 0
X —OU?J%JF(%L?J )a_yv X3 =y -—T5-

0 0
Xo=(1+2%) or Oy

% +xya_y7

of operators of the three-dimensional algebra permits calculating the differential
invariants and hence writing out the invariant differential equation

3/2
L+y” + (y — ay)?
y”:C( 1+ 22 + 42 ' (3.46)

Equation (3.46) can be integrated as follows:

(Bx—Ay—i—C'\/quxQ—l—yQ)z:1+C2—A2—B2.

The difference invariants can be calculated as

P+ 2+ (v — 2y.)?) R+ (y — 2ys)?)

+a2+y?)(1+22 +42) T+ )+t
hih (Yo — Yz)

VO+22 +2) 0+ 22+ )1+ 23 +2)

[1:

13:

We use them to write out the invariant difference equation and mesh as follows:

hih—(yz: — ya)
VI+22 +y2) (1 +22+y2)(1+22 +y2)
B h2 (142 4 (y — 7yz)?)
=/ ((1 + 2% +y?) (1 + 22 +y2)> ’

WA +ye + (y — 2y.)°) :g( W2 +y; + (y — 2ys)°) )
(T4 22 +92)(1+ 2% +y3) (I4+22 +y2)(1+a22+92) )
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For the difference approximation to Eq. (3.46) we can take the equation

h-i-h—(y:c _yi)
V22 +y2) 1+ 22+ )1+ 23 +y3)

_O[((hi<1+yz+<y—xym>2> )i((h2<1+yz+<y—xyf>2>))3]

a 1+ a2 +y?)(1+ 23 +42) T+a2 +y2)(1+ 22 + 2

on the difference mesh

R+ y24+y—oy)?) REA+y2+y—ay)?) 2

(I+224+y2)(1+22 +9y2)  (T+22 +y2)(1+22+y?)

b

where £ = const.

15. The operator algebra

X1=+ Xzzyg, XSZQQQ
Ay
contains three linearly connected elements, and the independent variable z is the
only invariant in the continuous space (x,y,y’,4”). The only invariant manifold is
the first-order equation 3’ = 0.

In the difference case, the situation is similar: there are only three invariants z,
x_, and z. The dependent variables y, y_, y. do not participate in the formation
of invariants, and hence we cannot write out invariant difference equations.

16. The situation with the last three-dimensional subalgebra

X1 = g X2 = LUQ Xg = (b(ﬂf)g (b"(:c) 7é 0,

1s similar. In this case as well, there is neither an invariant second-order ODE nor a
second-order difference equation invariant under this group.

3.2.3. Difference equations invariant under four-dimensional groups

In the differential case, the maximum point symmetry group of a second-order ODE
is eight-dimensional. Any differential equation admitting a group of dimension 4,
5, or 6 is equivalent to the equation y” = 0, which admits the eight-dimensional
group.

The situation is different in the case of difference equations.
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1. The four-dimensional operator algebra

0 0 0 0 0 0
= Xy = — X3=2x— — Xy =Yy=——0—
in the space (z,y,y’,y"”) does not have any differential invariants, but the equation
y” = 0is an invariant manifold, which admits four additional operators (see below).

In the space of difference variables, there are two invariants

1/2
o Yo — Yz - h+ 1+ yg /
L = ——", I, = — 5 .
L+ yayz ho \1+yz
Hence the invariant difference model can be written as
1 + yg 1/2
Yy — Yz = C1(1 + y,uz), hy = Cyh_ (1 n yg) ; (3.47)

where (' and Cj, are arbitrary constants. But system (3.47) has the continuum limit
only for C; = 0. In this case, the system approximates the equation y” = 0.

2. The group determined by the infinitesimal operators

0 0 0 0
aya 2 xaya 3 yayv 4 ( +x)ax+xyay
does not have differential invariants in the space (x,y,v’,y”) as well, but it does
have the invariant manifold y” = 0. In the difference case, we have the invariants

hy h_
=t b=
1+ 22, 1+ zo_

and the invariant difference manifold y,; = 0. Thus, we have the invariant differ-

ence model . ;
ymf:07 h+:h— +xl‘+g( . )

X, =

I

1+azx_
For g = 1, this system approximates the ODE y” = 0.

3. The four-dimensional algebra
X1:%, ng(%, nga:(%, X4::B(%+ay£

has the only differential invariant 3" if the constant a is 2. For a # 2, we have the
only invariant manifold y” = 0. The expressions

hy
=
give a complete set of difference invariants, which can be used to write out the
general form of the invariant models as

Yoz = C1B%2 by = Cyh_.

For a > 2, the continuum limit is ” = 0. For a < 2, the continuum limit exists
only if C; = 0.

I Iy = yuzh"
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4. The Lie point transformation group determined by the infinitesimal operators

0 0 0
= — — _— — —_— 2 2_
o X3 xay, X, x8$+(y+x)ay

has neither differential invariants nor an invariant manifold in the continuous case.
In the difference case, there are two invariants

_[1 = — 12 =Ygz — ln(h_h+),

which permit writing out the invariant difference model as
Yez — ln(h_h+) + C]_, h+ = CQh_.

This difference model has no continuum limit.

5. The operator algebra

ﬁ; Xo = 2 X3 = xﬁ 0
ox

X = X, = y—

does not have invariants in the space (z,y,y’,y”) but has the invariant manifold
y” = 0. In the difference case, the mesh spacings i, and h_ form a basis of invari-
ants, and the difference equation y,z = 0 is an invariant manifold. The invariant
model can be written as

Yoz = 0, h-‘r = h—g(h—)

6. The operator algebra

0 0 0 0
X = — Xo = — X3 =a0— Xy =y—
1 ax ) 2 8y 5 3 X 8.1' 5 4 ) 8y
has no differential invariants, but the ODE y” = 0 is invariant. In the difference
case, there exist invariants
h s
[1 = i, IQ = y—j
Needless to say, the difference model
Yz -
Yoz = Clh_7 h+ = Cgh_

has a continuum limit only for C; = 0.
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7. For the four-dimensional algebra

0 0 0
X1 =— Xo=0— Xy =12—, Xy =y—,
1 W 2= W 3= O 4=Y By
there are no differential invariants, but the ODE y” = 0 is invariant. The expres-

. h_ . . . . . .
sions % and — are difference invariants, and the difference equation y,; = 0 is an
invariant manifold. The invariant scheme in general form can be written as

h_
Yzz = 0, h—i— - h—g (_)
T

8. The four-dimensional operator algebra

0

does not have differential invariants, but the ODE 3" = 0 is invariant. The expres-
sions

xT ,h
Lo=hoh B2 =
Y yh-

form a complete set of difference invariants, which implies the general form

Cy

Tz — 5 hoy_ = Coh_
Y h+h_y +Y 2-Y+

of an invariant model. This system has a continuum limit only if C; = 0.

3.2.4. Difference equations invariant under five-dimensional groups
1. The five-dimensional operator algebra

0 0 0 0 0

does not have differential invariants, but the equation 3" = 0 admits it. This group
has one difference invariant Z—f, and the invariant manifold is

(r =2 )y —y) = (24 —2)y —y-) = 0.
The invariant difference system in general form can be written as
Yxz = O, h+ = Ch_, (348)

where C'is an arbitrary constant.
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2. The operator algebra

0 0 0 0 0 0

@l” 2 ay7 3 yaxa 4 x@y? 5 xax yay
does not have differential invariants as well, and the equation y” = 0 admits it. This
group does not have difference invariants but has the invariant manifold (3.48).

X1 =

3.2.5. Six-dimensional group and an invariant difference model

The six-dimensional operator algebra

0 0 0 0 0 0

X =—, Xo=— Xeo=z— X,=9y—. X:=0—. Xz=1y—

1 .I” 2 ay7 3 xaxa 4 yaxa 5 xay) 6 yay

has the only invariant manifold y” = 0, and the invariant manifold in the difference
case is the system

Yor =0,  hy =Ch_.

There are no three-point difference equations and meshes invariant under the
seven-dimensional Lie algebras.

3.2.6. Eight-dimensional Lie transformation group

The linear equation
y' =0 (3.49)

(the equation of free motion of a particle), as well as all the ODE equivalent to it
up to a point change of variables, admits the algebra

0 0 0 0
X, = — X, = — Xo = p— X, = y— X — p—
1 81'7 2 8y7 3 ajal" 4 yal" 5 maya
0 0 0 0
Xg = 1y— X, =2 — — X = 2y— + 12 —.
6 yayv 7 x am_’_l‘yaya 8 xy0x+y ay
(3.50)
The three-point discretization of Eq. (3.49) must have the form
Yzxz :07 Q($,I_,I+,yf+yr> 207 (351)

where the equation €2 = 0 determines the difference mesh. In the difference case,
the eight-dimensional algebra (3.50) does not have any invariants, and the only
invariant manifold is the difference equation

But the equation alone is insufficient to determine a difference model; one needs
to have another equation for the mesh. However, the use of any equation for the
mesh immediately decreases the model symmetry.
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Thus, the maximum symmetry of a second-order difference model is 6, and the
symmetry may vary depending on the type of the difference mesh. Note, however,
that the linear equation (3.51) on a uniform mesh has the same solution set as
the original ODE. Thus, although we do not succeed in constructing a three-point
scheme admitting all 8 operators for linear ODE, the simplest linear scheme is
exact.

Comments

Let us compare the group classification of second-order ordinary differential equa-
tions with that of three-point difference equations and meshes.

1. For each ODE invariant under a Lie group G of dimension 1 < n < 3, there
exists a family of difference models invariant under the same group G. In particular,
for n = 3 the second-order invariant ODE is specified up to a constant, while the
ambiguity in invariant schemes in general involves two arbitrary functions.

2. All ODE invariant under a group of dimension n = 4, 5, or 6 can be transformed
into the linear equation y” = 0. In the same dimensions, the invariant schemes
either have the equation 3" = 0 as their continuum limit or this limit does not exist
at all.

3. The difference equation y,; = 0 has significantly different group properties than
its continuum limit. This equation is invariant under an at most six-dimensional
point transformation group, and in this case the mesh is given by the equation
hy = Ch_, where C' > 0. The equation y,; = 0 is invariant under groups of
dimension 1 < n < 4 for meshes of more general forms.

Several examples of invariant difference schemes and lattices and their numer-
ical implementations can be found in [17, 18]



Chapter 4

Invariant Difference Models
of Partial Differential Equations

4.1. Symmetry Preserving Difference Schemes
for the Nonlinear Heat Equation with a Source

The aim of this section is to develop the entire set of invariant difference schemes
for the heat equation with a source,

w = (K(u)ug), + Qu), 4.1)

for all special cases of the coefficients K (u) and Q(u) in which the symmetry
group admitted by Eq. (4.1) is extended. This set of invariant difference models
corresponds to the Lie group classification [28] (see also [58,74]) of Eq. (4.1) with
arbitrary K (u) and Q(u). This classification contains the result due to Ovsyan-
nikov [112] for Eq. (4.1) with () = 0 as well as the symmetries for the linear case
(K =1, @ = 0), which were already known to S. Lie.

A few examples of invariant difference schemes and meshes for the heat equa-
tion were constructed in [8, 9] and completed in [42]. In the present section (see
[42]) we go through all cases of K (u) and Q(u) identified in the group classifica-
tion in [28], and construct difference equations and meshes which admit the same
Lie point transformation groups as their continuous counterparts. We single out all
linear cases of Eq. (4.1) and consider them in the next section.

When developing an invariant difference scheme, we have to choose a differ-
ence stencil sufficient for approximating all derivatives that occur in the equation.
We shall consider six-point stencils whose have three points on each of the two
time layers. Such stencils allow us to write out explicit as well as implicit differ-
ence schemes. For different transformation groups, we consider different meshes:
an orthogonal mesh that is uniform in space, an orthogonal mesh that is nonuni-
form in space, and a mesh nonorthogonal in time-space, i.e., a moving mesh. The
corresponding stencils are different. Furthermore, the corresponding spaces of dis-
crete variables are of different dimensions, and so they have different numbers of
difference invariants I = ([y, I, ..., I;) for the same Lie group G,,.

For example, let us take an orthogonal mesh that is uniform in space. (Later,
we shall describe the groups for which this mesh can be used.) The stencil of this
mesh is shown in Fig. 4.1. The corresponding subspace of difference variables is

101
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<$— h?ﬂ a—) (IatA? ﬂ) (x+h7£7 a—l—)

@ 9
(:IZ' - h7t7 U,) (l’,t, U) (l’ + hvta u+)

Figure 4.1: The stencil of the orthogonal mesh.

ten-dimensional, M ~ (¢,z, 7, h,u,u_,uy, U, 4,0y ), where 7 =t — t.
The symmetry operator

0 0
X = Et T8, g,
ou
prolonged to the difference stencil variables has the form

0 0 0
f s §z— + (& - ft)g + (&5 — 533)%

0 5, 0 . 0 .0
+ﬁ%+n—%+n+£+ﬁaa+ﬁ—%+ﬁ+%»

where we have used the notation f = f(t 4+ 7,z,u), f- = f(t,x — h,u), and
f+ = f(t,z + h,u) for the time and space shifts.

Once chosen, an invariant mesh serves as a background for the application of
the method of finite-difference invariants. Having found finite-difference invari-
ants /; as solutions of the system of linear equations

%@(t,x,r,h,u,u_,u+,a,ﬁ_,ﬂ+):0, i=1,...,n,
we can use them to approximate the differential invariants,
Ji = fi(I, Iy, ..., 1) + O(t%, hP), j=1,...,k,

where o and (3 specify some given order of approximation. Note that the approx-
imation error O(72, h”), together with other terms in the above representation, is
invariant. The substitution of the difference invariants /; instead of the differential
invariants J; into the invariant representation of Eq. (4.1) results in an invariant dif-
ference scheme. Practically, we can often omit the representation of the original
differential equation in terms of its invariants and just approximate it by difference
invariants. The use of difference invariants is the key point in both methods.

Thus, the first step in the invariant approximation is the choice of an invariant
mesh. The second step is the choice of an invariant discretization of the original
equation on the invariant mesh.
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We point out that the invariant approximation is still not unique. For example,
by extending the stencil (i.e., by increasing the number of mesh points involved in
the approximation) we can find invariant approximations of any higher order.

Now let us start to develop invariant schemes by exhausting all cases of the
Lie group classification [28]. Note that the group classification of Eq. (4.1) was
obtained in [28] up to the equivalence transformations

t=at+e, T =bx+ [, u=cu+g, k= —Fk, q=—q,
a a

where a, b, ¢, e, f, and g are arbitrary constants such that abc # 0. These trans-
formations do not change the differential structure of Eq. (4.1) and transform the
group admitted by the equation into a similar point transformation group.

4.1.1. An arbitrary heat conductivity coefficient K (u)

1. We start from the general case in which the coefficients K (u) and (Q(u) are
arbitrary. Then Eq. (4.1) only admits the two-parameter translation group. This
group is defined by the infinitesimal operators

Xy = — (4.2)

which generate the translations of the independent variables. In this case, there are
virtually no constraints on the mesh and the difference equation. In particular, we
can use an orthogonal mesh regular in both directions in the plane (z,t) as long as
the invariant orthogonality and uniformness conditions hold for the operators (4.2).

The group with operators (4.2) in the subspace (z,t, h, T, u, u_, uy, U, U_, Uy )
corresponding to the stencil shown in Fig. 4.1 has eight invariants

T, h, w, uy, u_, u, U, Uy.
That is why any difference approximation to Eq. (4.1) using the above invariants

can give a difference equation that admits the operators (4.2). For example, the
explicit model

ﬁ—u_l Uy + U B utu_)
. _h(K( 5 )%w K( 5 )%x)"’@(u)v (4.3)

where K (u) and (Q(u) represent any approximation to the corresponding coeffi-
cients by invariants and Uy = (uy —u)/h and ug = (u — u_)/h are the right and

left difference derivatives, admits the operators (4.2).
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2. If K(u) is an arbitrary function and Q(u) = 0, then the equation

w = (K (u)ug), 4.4)
admits the three-parameter algebra of operators [112]
0 0 0 0
X1 —a, XQ— a—x, X3—2t§+l’a—x (45)

This case is almost similar to the previous one. The operators (4.5) do not violate
the conditions of invariant orthogonality and invariant uniformness of the mesh.
For example, in this case we could use the orthogonal mesh shown in Fig. 4.1. Any
approximation to Eq. (4.4) using the seven invariants

h2

T

o Uy Uy, Uy U, U, Uy

gives an invariant model for Eq. (4.4). In particular, the explicit scheme (4.3) with

Q@=0,
u—u 1 Uy +u U+ u_
= (K - K _
S (e () )

can be applied.

4.1.2. The exponential heat conductivity coefficient X' = ¢*

In this subsection, we consider three cases of group classification for X' = €* in
accordance with [28] and [112].

1. If @ = 0, then the equation

u = (€"Uy)y (4.6)
admits the four-dimensional algebra of infinitesimal operators
0 0 0 0 0 0
X == Xo = — X3 =2t— — Xy=t———. 47
o o Ty T Ty WD

As in the cases considered above, the invariant uniformness and invariant orthog-
onality conditions hold. A difference model for Eq. (4.6) can be constructed by
approximation to the differential equation with the help of the difference invariants

T

e”ﬁ, u“—u, uUyL—u, uvu—u_, Uy—u U—U_.

An example is given by the simple explicit difference model

tw—u 1 Uy +u U+ u_
(25 e (S5)e)

but one has still enough freedom to construct invariant schemes using difference
invariants.
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2. For ) = 6 = +1, we can eliminate the constant source from the equation
up = (e"Ug)z + 0 (4.9)
by the change of variables
i=u—0t, t=20(e"—-1). (4.10)

Equation (4.9) is transformed by this change of variables into Eq. (4.6), but the
mesh uniformness in the ¢-direction is destroyed. Equation (4.9) admits the four-
dimensional algebra of infinitesimal operators

0 Xy = E%’ X3 = e‘ét% + (56_&%, Xy = x% + 2%,
and we can readily see that the operator X3 does not preserve the mesh uniformness
in the time direction. The difference invariants
et (edT — 1)
h? ’
permit us to construct the following version of the difference model for Eq. (4.9):

o —u)—71 1 Uy +u U+ u_
Wﬁ(“ﬁ’( 2 )%x—exp< 2 )“) (1D

Note that the change of variables (4.10) transforms the model (4.11) on the orthog-
onal mesh given on the time interval [0, 7’| by the formula

U—u—0T, Ur—u, U—u_, Uy—U U—1U_

t, = &n (1+%(e5T—1)), n=0,. . .k (4.12)

where £ is the number of time steps of the mesh, into the model (4.8) with a uniform
time mesh on the time interval [0, 6(e%T — 1)].

3. If Q = £e™, a # 0, then the equation
up = (€"uy), £ e (4.13)

admits the three infinitesimal operators

0 0

X, = X, = satd 4 (a — 1):1,»& 99 (4.14)

oz’ ot dr " Ou
These operators satisfy the conditions of invariant orthogonality and uniformness
of the meshes, and we shall consider the stencil in Fig. 4.1. Any approximation to
Eq. (4.13) using the difference invariants
a—1
T 20
h Y
gives a version of the difference model for Eq. (4.13) admitting the symmetries
(4.14); for example, we obtain the following model:

o _
il (exp (“*;“) —— (“*‘2“ ) %> Lt (415)

e, u—u, uy—u, u—u_, Uy—Uu, U—U_
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4. In accordance with the group classification in [28], we shall also consider the
case in which ) = +e" + 9, 6 = £1. We can eliminate the constant source from

the equation
u = (e"uy), £ e+ 4 (4.16)

by the change of variables (4.10). Equation (4.16) is then transformed into (4.13).
Equation (4.16) admits the following infinitesimal operators:

0 0 0 0
X, == Xy = — Xy =e %= 4 e =, 4.17
T 2= o ST 5T o “417)
The difference invariants
(e —1), h, G—u-—0T, uy—u, u—u_, Up—10, U—1i_

of (4.17) permit constructing the following version of the difference model on the
invariant mesh (4.12):

S(u—u)—71 1 Uy +u w4 u_ "
e — 1 :E(eXp( 5 e e\ Ty e ) e

The model for the considered equation can be obtained from the model (4.15) with
the help of the transformation (4.10).

4.1.3. The power-law heat conductivity coefficient KX = 7,
o#0,—-4/3

For K = u?, further classification depends on the source.

1. Let us start from the simplest case ) = 0,
up = (U Uy) (4.18)

The symmetries of Eq. (4.18) are described by the four-dimensional algebra of
infinitesimal operators
0 0 0 0 0 0

Xi=—, Xo=—, X3=2t— —, Xy=o0r—+2u—. (419

Vg T T Hp Tigy M org g, G

For any o, the operators (4.19) preserve the mesh uniformness and orthogonality.
The difference invariants corresponding to the stencil in Fig. 4.1 are

T U uy  u— Uy

u’— —
h27 u? u? u? /117

They permit us to write out, for example, the following version of the difference
model on the orthogonal uniform mesh in both directions:

tG—u 1 ([ us+u\’ w+u_\’
— - - L) 42
T h(( 2 ) he < 2 ) %x) (4.20)
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(2

Y
8

Figure 4.2: A moving mesh with flat time layers

An orthogonal mesh is not the only possible way to discretize the problem.
Now let us show how to introduce a moving mesh of the form shown in Fig. 4.2.
One can use an adaptive mesh defined by the evolution equation (see also [21])

d
d—f = o(t, z,u,uy). @.21)

In this case, the heat equation acquires the form

du
dt

= (uuy)s + p(t, T, u, ug )Uy.

Different requirements can be imposed on the function . If we require the in-
variance of Eq. (4.21) with respect to the whole set of operators (4.19), our freedom
to choose ¢ is limited by the function

o—1

o = Cu’ ", C' = const.

In what follows, we show how to introduce the Lagrangian type of evolution ‘ji—f.

Note that Eq. (4.18) has the form of a conservation law that presents the conserva-
tion of heat. Hence we can seek a moving mesh of Lagrangian type which evolves
in accordance with heat diffusion. We should find an evolution ‘fl—f that satisfies the
equation

d z2(t)
— udz = 0.
dt Jz10)
Since ) )
xzd /Izaud+ dz]” — dz]”
— udxr = —dr + |[u—| = |uuy +u—
dt J Y dt |, dt |,
we obtain the evolution dz/dt = —u® 'u,. Note that this evolution is invariant

with respect to the operators (4.19). Our original differential equation (4.18) can
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now be represented in the form of the system

du
dt

dI‘ _ o—1
—Uu Ug

i

Note that Eq. (4.18) has two conservation laws

= U Uy + (00 — Du” 12, (4.22)

ua+1
w = (U Uy) g, (xu); = (xu Uy — 0+1)$‘

For the evolution system (4.22) it is convenient to represent the conservation laws
in the integral form

d x2(t) x2(t) uetl |*2

— udxr = 0, rudr = —
dt Ja1

- 423
dt xl(t) ag + ]_ ( )

1

For finite-difference modeling of system (4.22), we can take the stencil shown in
Fig. 4.3.

(&—h=ta_) (ifa) (2+0% 40
@ @
[ @
(@ —=h™tu)  (x,tu) (z+ Bt tuy)

Figure 4.3: The stencil of the evolution mesh

In the space of the variables (¢, z, 7, ht,h™, h*, h™, Az, u, uy, u_, G, 4y, 0 )
corresponding to this stencil, there are ten finite-difference invariants

uy u_ 4. 4.  h™  h™ At Az
) U ) U ) i ; i ) Kv h_Jra h_Jra h_+

Ly

Approximating system (4.22) with the use of these invariants, we can obtain, say,
the system of two equations

U+ Ut
2

hy = he, (4.24)

= [ 5

Az 1 [ul —u”  u” —ul U+ Uy
T 20 ’

where we have approximated the heat conservation law to obtain the equation for
the solution u.

The first equation in system (4.22) shows that the evolution of x depends on the
solution. System (4.24) may be inconvenient for computations, because the step
length will be changed automatically and the nature of this process is not clear. To
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avoid this uncertainty, we introduce a new space variable whose values characterize
the evolution trajectories of x. Consider the variable s defined by the system

Sy = u’ Uy, Sy = U.

One can readily see that each trajectory of x is determined by a fixed value of s,

since
ds dz

at T

In the new coordinate system with independent variables (¢, s), Eq. (4.18) has the

form
(l) — (uuy).. (4.25)
t

u

=u’u, — —(u?), = 0.
o

and the former space variable x satisfies

1
ry = —u’ug, Ts = —. (4.26)

u
For the discrete modeling of Eq. (4.18), one can use Eq. (4.25) in the new inde-
pendent variables (¢, s) to describe the diffusion process and the first equation in
system (4.26) to trace the evolution of the coordinate x. Equation (4.25), consid-

ered together with system (4.26), admits the symmetries

0 0 0 o 0 0
Ni=gp M=y MTgy MTUg teg tias
0 0 0
X5 = (0 + 2>58_ + Erm + 2u%

In the new variables (t, s), the stencil becomes orthogonal, so that there is no need
to consider a nonuniform mesh in the variable s. We have the following invariants
for this set of operators in the space

(t, 7,8 hg,x,h h, ht ho, Az, u,ug, ul, @,y U_)

bl x €T x ) x )

corresponding to the orthogonal stencil in (¢, s) extended by the additional depen-
dent variable z:

o T @«  uy u- Gy u-  hy, hy hi Az  h

w—, - =, = =, — —.
+2 Y Y Y Y A ) A ) + Y + ) + ) + ) +
h} U u U U U h hf hf h} hf

xT

By means of these invariants, we obtain an approximation to (4.25) that has the
form of the conservation law

1/1 1\ a [(ul™ =20ttt
r\u u) o+l h?

s
1—a« ( S’T_—l-l 2@0—5—1 —l—ﬁ‘i“

o+1 h?

s

) . (4.27)
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where 0 < o < 1. Note that the variable z is introduced in the coordinates (¢, )
by the system (4.26) as some sort of potential for Eq. (4.25). In a similar way, we
can introduce x as a discrete potential with the help of the system

Az ! ultt — st 1—a (afth — a7t
T o+l 2h, o+ 1 2h, ’
hy 1/(1 N 1
he  2\u  uy)’
In computations, only Eq. (4.27) and the first equation in (4.28) are needed. The
second equation in system (4.28) is needed only to establish the relationship be-
tween the solutions u(z) and u(s) for a fixed time. For given initial data u(0, z) =

uo(x), we choose an appropriate step length hg for the Lagrangian coordinate s.
Then we can introduce the mesh points z; in the original coordinates satisfying

P 2 \wo(zi)  uo(wipr) /)’

i.e., we use this equation to establish a difference relation between the original
space coordinate x and the Lagrangian substantive coordinate s. Computing the
solution with the help of the numerical scheme (4.27) and the first equation in
(4.28), we preserve the relation

xi+1_$i:1 l+ 1 .
s 2 \u; Ui

Introducing the material type variable s, we can rewrite the conservation laws (4.23)

as
52 52 o+1
2/ ds =0, 2/ rds = ——
ot Jg ot Js oc+1

The proposed discrete model possesses the difference analogs

(4.28)

52

S1

N-1
Z hs = const,
i=1
N—-1 . N N-1 o o
in+$i+1h _Z%“Hﬁiﬂh ___“ uit +ui
=1 2 ) i=1 2 ’ o+ 1 2
1—a (a5 +agH a  (ulitrudt  1—a oot +agtt
o+1 2 o+1 2 o+1 2

of these conservation laws.
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2. Q) = du, 6 = £1. In this case, the symmetry of the equation
w = (uug), + ou (4.29)

is described by the infinitesimal operators

0 0 0 0 0 0
X, = — X0 = — X: = _ QN — X, = —éot (5 —dot .
T T T e e T m T Ve
The change of variables
i=ue®  t= é(65” —1) (4.30)
g

transforms Eq. (4.29) into Eq. (4.18). The finite-difference invariants

u’ (277 — 1) U uy  u_ Uy G-

—_— In——-7, —, —, — -
2 9 9 7 9 ?

h U U U 0 U

give the following possibility for an explicit difference model:

ou U 1 uy +u\’ uwtu_\’
— | dn——7 | == Uy — Uz | .
edor — 1 u h 2 h 2 h

Note that the change of variables (4.30) transforms this equation considered on the
orthogonal mesh with time layers

o

tn:—ln(1+§(ew—1>, n=0,. .k 4.31)
o k

on the time interval [0, 7] into Eq. (4.20) on the uniform mesh on the time interval

[0, 60~ (e®T — 1)].

3. Q = Fu’ + ju", 6 = %1. The equation
u = (uuy), £ u”, o,n = const, (4.32)

admits a three-parameter symmetry group. One possible representation of this
group is given by the following infinitesimal operators:

%, Xy = (%, X3 = 2(n—1)t%+(n—a—1)x€%—2u%. (4.33)
The set (4.33) satisfies all invariant orthogonality and regularity conditions. Thus,
one can use an orthogonal mesh uniform in both ¢- and z-directions. By consid-
ering the set of operators (4.33) in the space (¢, tox,ht h u uy, s, G, Gy U_)
corresponding to the stencil shown in Fig. 4.1, we find seven difference invariants
of the Lie algebra:

X1:

n—o—1

T 2(n—1)

h

) TU )
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There are few symmetry operators and hence many difference invariants. Thus we
are left with freedom in the invariant difference modeling of Eq. (4.32). Using
the difference invariants we, for example, obtain the following explicit invariant

scheme:
i—u 1 [ us+u)’ w+u_\ "
=3 (( 5 > %x — ( 5 ) ?}fx) +u”, (4.34)

where

4. Q = +u! + ju, 6 = £1. The equation
uy = (uuy), £ u’t + du

is related to Eq. (4.32) by the transformation (4.30). This equation admits the in-
finitesimal operators

Xo=— X, = e—&’té + 56—5%3. (4.35)
u

Using the invariants

a
u"(e‘sm—l), h, éln——-—7, — —, _
u u U 0

>

of the operators (4.35), we obtain the following example of an explicit difference
model:

ou 51nﬁ—7' :l Ut T U aux— Ut ng-c + ot
edor — 1 U h 2 h 2 h

This equation on the mesh (4.31) is transformed by the change of variables (4.30)
into Eq. (4.34) on a mesh with regular time spacing.

4.1.4. The special case K = u %/ of a power-law heat conductivity
coefficient

1. If ) = 0, then the symmetry of the equation
Uy = (u_4/3ux)x (4.36)

is described by the five-dimensional algebra with infinitesimal operators (see [112])

ot ox (4.37)
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(x_hiaﬂﬂ—) ([L‘,Z?,?:L) (I+h+,£,ﬂ+)
o ———— @

¢ —————— 0
(x—h~tu) (w,t,u) (z+h"t,uy)

Figure 4.4: The stencil of a nonuniform mesh

These operators preserve the mesh orthogonality and uniformness in the time direc-
tion. The operator X; preserves the mesh uniformness in the ¢-direction but does
not preserve the mesh uniformness in the x-direction; however, orthogonality is not

disturbed. We shall consider the stencil shown in Fig. 4.4.
The finite-difference invariants
h~ 23 hth-
1/3 1/3' u ( ) (438)

4y - apapht s
woouy w7 N VT /T \ht+ho

corresponding to this stencil give, among others, the explicit difference equation

U —u Bt 4+ b (ul — 3 B T3
< + o — > (4.39)

h_

T Ghtho

Note that one cannot apply the spatial mesh hy = f(z, h_), which is preserved
under all transformations of the group (4.37). Using the difference invariants (4.38),

one can apply, for example, the following invariant mesh:

ufr/th“ = ul_/gh_,

which has the obvious integral

1/3
u+/ uPht =, € = const.

2. If Q@ = du and 6 = +1, then the equation

Uy = (u’4/3ux)x + ou (4.40)
admits the operators
Xl _2, X2:£7 X3:23§'2—3U2,
X, = 64&/32 + 5645t/3u£, X5 = xzi — qug.
ou ox ou

ot
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The change of variables (4.30) transforms this equation into Eq. (4.36). Let us write
out the difference invariants for the set of operators (4.41):

i h*h- 1
§ln— — 2/3
tum T (h++h> (7 — 1)

ui/‘?ul/?’h* u1_/3u1/3h— ﬁi/3ﬁ1/3h+ 711_/3@1/3}1—

These invariants can be used to construct a difference model for Eq. (4.40). Let us
present the explicit version

ou 5lng—7' __h+—|—h_ u:rl/s—u_l/‘g_u_l/g—u:l/g 4.42)
edor — 1 U - 6hth— ht h— ’

of the difference model and the example

WPt = uho

of an invariant mesh.

3. Q = +u", n# —1/3. The equation
Uy = (u_4/3um)x +u” (4.43)

admits the infinitesimal operators

Although this equation is specified in the group classification (see [28]), it is a
special case of Eq. (4.32): there is no extension of the admitted group. That is why
we can use the model (4.34) with parameter o = —4/3 corresponding to the given
equation as an invariant difference model for Eq. (4.43).

4. If Q = au'/? and @ = =+1, then the version of the difference model for the
equation
w = (™ Puy), £us (4.44)

depends on the sign of the coefficient o. Equation (4.44) admits the five-dimen-
sional algebra of infinitesimal operators

0 0 4 0 0
Xl—a, XQ—%, Xg——t—+2U—u,

X, = 62\/a/3:v 0 \/_62 a/3azu§ X5 72\/ 31834-\/3_0[62‘/&/3%”2.
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4.1.
(a) The case of o = 1. The change of variables

(4.45)

X
7 =3 tanh —
V3

x
@ = u cosh® —,
V3

transforms the considered equation into Eq. (4.36) (see [74]). Using the difference
invariants
U Uy U_ oy 1 1 )
) ) N TU + 3
u o u_ VT <tanh(h+/\/§) tanh(h~/v/3)
1/3 Bt U1/3U1/3 h-
—————sinh —,
V3

1/3
4oty sinh —,
VT V3 a

one can construct a difference model. Let us write out one possible version of the

difference model, namely, the explicit equation
)

U —U 1 1
B (tanh(m/\/ﬁ)  ranh(h-/v3)
w3 cosh(h™/v/3) — u_1/3>
, (4.46)

T 18
u;1/3 —u~ 3 cosh(ht /V/3)
X —
sinh(ht/v/3) sinh(h=/v/3)
and the example
1/3 . h+) 1/3 . (h_)
u)”sinh (| — | =« " sinh [ —
i (\/5 V3
of an invariant mesh.
(b) The case of & = —1. The change of variables
3 l’ — \/_ ZL'
T =1V3 tan — 4.47)
V3

U = U CoS~ —,
V3
transforms the given equation into Eq. (4.36). The set of difference invariants
(I U_ oy 1 1 )
) ) TU + )
U VT <tan(h+/\/§) tan(h=/v/3)
w313 Bt w33 h-
* gin —, ———sin —
vi s T s

permits us to construct an invariant difference scheme. For example, one can use

the explicit difference equation
775)

d—u 1 ( 1 N

7 18\tan(ht/v3) tan(h—/V/3)
PRASEPYS VL cos(ht /v/3) B w3 cos(h™/) — u?

sin(h=/v/3) )7 (443)

. <u+ sin(h* /v/3)
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and an example of an invariant mesh is given by

w3 sin E — w3 sin h—_
TV T B
We point out that the obtained difference models (4.46) and (4.48) are related
to the difference model (4.39) for Eq. (4.36) by the changes of variables (4.45) and

(4.47), respectively, as is the case for the original differential equations.

5. Q = au 3 + 6u, |a| = |8] = 1. As in the preceding item, two cases of the
parameter « in the equation

uy = (uuy), £ u” + du (4.49)

should be considered separately, and two difference models should be constructed.
Let us write out the infinitesimal operators admitted by Eq. (4.49):

Xl _ 9 9 X, — 64625/32 +5€45t/3u_

= — X0 = — =
ot’ 2 (9x’ ’ ot ou’
_ 62‘/(1/333 0 \/_62‘/a/3IU,— X5 —2\/0(/3$82 + \/3_a€—2\/a/3:vuaﬁ'
x U
(a) The case of &« = 1. The change of variables (4.30) transforms the considered

equation into Eq. (4.44), and the change (4.45) transforms it into Eq. (4.36).
Let us write out the set of finite-difference invariants for Eq. (4.49) with a = 1:

U 1 1
dln— — 7, 65‘”—1u_2/3( + >;
u ( ) tanh(ht/v/3)  tanh(h=/v/3)
w3y 1/3 h+ W3 1/3 h_
i smh
/ 6607 / 6507’
A1/3 1/3 h+ A1/3 1/3 h_

W N o R

The explicit version of the difference model for Eq. (4.49) on the time mesh (4.31)
has the form

= (=) - (v * )
X<u;l/3—u-1/3cosh<h+/¢§>_u > cosh(h™/V/3 >) /> (4.50)

sinh(h+/y/3) sinh(h=/v/3
and an example of an invariant mesh is given by
-
u}r/?’ sinh — = u"/* sinh —.

V3 V3
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(b) The case of « = —1. The change of variables (4.47) transforms this equation
into Eq. (4.40), and the change of variables (4.30) transforms it into Eq. (4.44).
A difference model for Eq. (4.49) can be obtained with the help of the invariants

~

n 7 edor — Lu~2/? : :
01 i (e 1) (tan(h+/\/§) * tan(h_/\/g))’

T uBut o pe
——sin —, ——sin —,
V(e 1) V3 V(e 1) V3

Bt/ h* a3 h™

\/ﬁsinﬁ, \/ﬁsin%.

One possible difference model for Eq. (4.49) is

_ov (51H@—T>_—i< ! + . >
ofor _ 1 u 18 tan(ht/v/3)  tan(h~/v/3)
) (u+1/3 —u B eos(ht/V3B) u VB eos(hm /v/3) — u_1/3>7 4.51)

sin(ht/v/3) sin(h=/v/3)
and an example of an invariant mesh is given by

u? sin E = ' gin h—_

TV T B
The difference models (4.50) and (4.51) are related to the model (4.42) by the
changes of variables (4.45) and (4.47), respectively. The change (4.30) transforms
the difference models obtained in this item into the model of item 4 for the corre-
sponding values of the parameter «v. This example shows that in invariant difference
modeling it is possible to obtain consistent models related to each other by the same

point transformations as their original differential counterparts.

4.1.5. Linear heat conduction with a nonlinear source
In this section, we consider the semilinear heat equation
Up = Ugs + Q1)
with various types of source.
1. With Q = £e", the equation becomes
Up = Ugy T €%

It admits the three-dimensional algebra of infinitesimal operators

0 0 0 0 0
=2  x,=2 xy=ul 4.2 022
! 27 o 3 2tat +x8x 28u
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One can readily verify that the conditions for the preservation of the mesh orthog-
onality and regularity hold for these operators. An approximation to the equation
with the use of the invariants

h2

T

u ~ A A ~ ~

, T, U—u, Up—UuU U—U_, Uy —U, U—U_

gives various types of difference equations. An explicit equation can be as follows:

2. () = £u". The equation
Up = Ugy T U

admits the infinitesimal operators

0 0 0 0 0

These operators satisfy the orthogonality and regularity invariance conditions, and
the difference invariants

h2

T

X =

U
) TU ) E ) )
u

g3

3. @ =dulnu, § = 1. The semilinear heat equation
Up = Uz + Oulnu, 0= =1, (4.52)

admits the four-parameter Lie symmetry point transformation group corresponding
to the following set of infinitesimal operators:

X, = %, X, = (%, X, = 26“% — 5&%%, X, = e‘“ua%. (4.53)
Before constructing a difference equation and a mesh that approximate (4.52) and
inherit the whole Lie algebra (4.53), we should first verify the orthogonality in-
variance condition. The operators Xy, X5, and X, preserve orthogonality, while
X3 does not. Consequently, an orthogonal mesh cannot be used for the invariant
modeling of (4.52). Condition of invariant flatness of the time layer is true for the
complete set of operators, so that it is possible to use a nonorthogonal mesh with
flat time layers, and we shall use the mesh shown in Fig. 4.2.
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A possible reformulation of Eq. (4.52) with the use of the four differential in-
variants

U\ 2 Ugpy Uy, dx du 1 /dz\?
Jo=dt, T (u) W BT T T 5nu+4<dt>

in the subspace (t, =, u, Uy, Uy, dt, dz, du) is given by the system

Js =0, Jy = Ja, (4.54)
that is, ,
dx U du U
9% — = Uy, + dulnu — 2=, 4.55
dt u’ a oulnu u (4.55)
Thus, the structure of the admitted group suggests approximating two evolution
equations.
As the next step, we shall find difference invariants for the operators X7, ..., X,

of the group (4.53). We shall use the six-point difference stencil in Fig. 4.3, on
which we shall approximate system (4.55). The stencil defining the subspace of the
variables (t,f,x,i',h+,h_,ﬁ*,ﬁ_,u,qu,u_,ﬁ,ﬁJr,a_) and the operators (4.53)
has the following difference invariants:

~

Li=7,  L=h  L=h, L=k L=,
Is = (Inu), — (Inu)gz, I; = (Ind), — (Ina)z,

h~ h*
_ 6t _ _ -
Is = 6Ax 4 2(e 1)(h++h_(lnu)x+h++h_(lnu)x),

h- ht
[:5Aa:+21—657<ﬁlnﬁz+ﬁlnag€>,
g e

Lo = 0(Az)* +4(1 — e (Ina — €7 Inw),

where
. Inuy —Inw Inu—Inu_
Ar =17 —u, (Inu), = — (Inu)z = =
An explicit model can be chosen as follows:
8 (o —1)2
Is =0 Ly=———1
8 5 0= ST AL

1.e.,

§Az 4 2(e’7 — 1) h—_(lnu) + L(lnu)— =0

ht + h- C Okt 4 b ) 4.56)
6T _ 1)2 :
S(Az)? +4(1 —e ") (Int — " Inu) = SM[(IH )y — (Inu)z).

T 5 ht+h



120 INVARIANT DIFFERENCE MODELS OF PDE

Consider a symmetry reduction and an appropriate family of exact invariant
solutions of this scheme [8,9].
Consider solutions of Eq. (4.56) invariant with respect to the operator

20 X5 + X, « = const.

This operator has the three difference invariants

dedt 2 Az x
! ’ 2 = UOXp (a—ke‘” 4)’ 3 (6&(657—1) Oz+65t> ’

and hence we seek an exact solution in the form

gedt 2 Az x
_ _ dll f(®) _
u(a:,t)—exp( P 4)6 , (e — 1) = a+e5t+g(t)'

The substitution of this solution into system (4.56) yields the system of ordinary
difference equations
fl+7)=e7ft) 1 e

S —1) 2atet g9(t) =0,

for two unknown functions f(t) and g(¢). The solution of the last system is the
expression

657 -1 n—1 6_5tj (56& x?
u(z,t) = exp (e‘” (f(o) i 2. 11 ae—ﬁtj) o+ e‘”Z)

for u and the expression
0+ a
1+«
for the mesh, where © = 27 = x;(;) and t = ¢;. The mesh can be arbitrary at the
initial time ¢ = 0. If it is originally regular, then it will be regular on any further
time layer.
The obtained exact solution yields the solution of the Cauchy problem with the
initial conditions

T

u(z,0) = exp <f(0) o 2).

at et 4

4.2. Symmetry Preserving Difference Schemes
for the Linear Heat Equation

In this section, we complete the set of invariant difference schemes for the heat
transfer equation with a source in accordance with the Lie group classification [28]
(see also [74]). Namely, we consider a linear heat equation without a source and
with a linear source [8,9,42].
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4.2.1. Linear heat equation without a source

The linear heat equation

Up = Ugy (4.57)
admits the six-parameter point transformation group with infinitesimal operators
0 0 0 0 0 0
X1 = =, X2 = =, X3:2t——xu—, X4:2t——|—$—,
ot ox ox Ju ot ox
9 P ) 5 (4.58)
Xy =42 — + dtr— — (22 + 2t u— Xe — y—
> 8t+ T ox (" + )uﬁu’ ¢~ "By
and the infinite-dimensional symmetry
0
X" = t)—
oz, )3u’

where a(t, z) is an arbitrary solution of Eq. (4.57). The symmetry X* represents
the linearity of Eq. (4.57).
Probably the simplest approximation to the linear equation is given by the ex-

plicit scheme
U—u Uy —2u+u_
= 4.59
T h? (4.59)
considered on a uniform orthogonal mesh. As was shown in the Introduction,
this equation is invariant with respect to the operators X;, Xo, X4, and Xg in the
set (4.58). Since the equation is linear, it obeys the superposition principle, which

is reflected in the invariance with respect to the operator

0
X; = t)—
h ah<x7 )8’&’
where ay,(z,t) is an arbitrary solution of Eq. (4.59). It was shown in [8,9,42] how
to construct a discrete model which admits the six-dimensional group (4.58).
To preserve the Galilei operator X3 and the projective operator X5, one has to
introduce a moving mesh.

Heat equation as a system of equations

With the help of the differential invariants

U
J= =4 ( ““"’HZQ)dt

Jo=—+-— - <
AT SRy * 4 dt + u
of the operators (4.58) in the space (¢, z, u, Uy, Uy, dt,dx,du), we can represent
the heat equation (4.57) as the system

J1 =0, Jy =0,
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that is, )
dx U du U
9% — = Uy, — 22, 4.60
dt u’ dt Y U ( )

This system is invariant with respect to the six-dimensional group generated by the
operators (4.58), because it was constructed by means of differential invariants.

Invariant schemes on moving meshes

For the difference modeling of system (4.60), we need the whole set of difference
invariants of the symmetry group (4.58) in the difference space corresponding to
the chosen stencil (¢,, 2,2, h*, h™ h*t, h™, u, G, uy, u_, Gy, 4_):

ht ht htht ; 24 (1(Ax)2)
_ = — = = X )

4 T

+2 +2 S .
JA LA (Al ' g 1 1n“—‘>,
4 7 ht+h-\ht @ H— U
I — Azh™ 2t (h” LU Elnu—_
! T ht+h=\ht w h~ w )’
Azht 20t (b 4, At a
== - (—muf A P >
T Wt +h-\h+t @ h- a

Approximating system (4.60) by invariants, we obtain a system of difference
evolution equations. By way of example, here we present the invariant difference

model
27 h™ wuy h™ wu
-2 (I hpEislinp=
A h++h—( T nu)’

u\ 2 1(Az)*\ 4t 1wy 1w
(7) oo (—57) - m(hﬂ“—m—m? ’

which has explicit equations for the solution u and the mesh trajectory. We also can
write out the implicit model

2 - htooa
Azx = %( h jr {L lnuT)7
Wt + b Mo h- U

a\’ 1 Az? 4t 1. 4. 1. 4
—Jexpl=——) =14+ ——F+| = - —In— |.
U 2 T ht +h-\ht U h- U

It is also possible to combine an explicit equation for the mesh and an implicit
approximation to the partial differential equation, or vice versa. Other ways to
approximate system (4.60) by difference invariants are also possible.
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It should be noticed that an invariant mesh adapts to a given solution regardless
of whether the solution itself is invariant or not. Examples of two evolutions of
meshes and appropriate noninvariant solutions are shown in Figs. 4.5-4.8. The
invariant scheme (4.61) was used in the numerical implementation.

Optimal system of subalgebras and reduced systems

Among all invariant solutions, there is a minimal set of such solutions, called a
optimal system of invariant solutions [111]. Any invariant solution can be obtained
from this set of invariant solutions by an appropriate group transformation.
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Figure 4.7
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The difference model (4.61) is a system of two evolution equations. To find its
invariant solutions, we need to provide a time mesh that is invariant with respect
to the considered operator. An invariant time mesh giving flat time layers can be
represented by the equation

ni=g(t), i=0,1,2.... (4.62)

We require this equation to be invariant with respect to the considered symmetry.
Since the coefficients & for the operators (4.58) do not depend on z and u, we
can propose an invariant time mesh for any symmetry. In the case of &' = 0, the
function g can be taken arbitrarily. For example, we can choose the uniform mesh
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t; = j7, 7 = const. Thus, different invariant solutions can have different time
meshes.

The action of admitted Lie group transforms an invariant solution into another
one [111]. In our case, it also transforms the time mesh equation (4.62). Thus, the
group action gives a new invariant solution with the corresponding invariant mesh.

Using the difference model (4.61) as an example, we shall construct an optimal
system of solutions invariant with respect to one-parameter groups. The optimal
system of one-dimensional subalgebras of the symmetry algebra for the linear heat
equation consists of the algebras corresponding to the operators (see [111])

0 0 0 0
1= Xo B 2 = X L 3= X1+ cXg 1 +Cu8u’

ot ox ou
0 0 0
Ye =Xy +2cXg =2t— + 20— + 2cu—,

ot oz ou
, .0 ) , )

Let us find the invariant solutions corresponding to these one-dimensional sub-
algebras.

1. The subalgebra corresponding to the operator Y; has only the constant solutions
u = C, C' = const, considered on the orthogonal mesh Az = 0.

2. The subalgebra corresponding to the operator Y5 does not have invariant solu-
tions. (The necessary condition for the existence of invariant solutions does not
hold [21].)

3. The operator Y3 has the following invariants: uexp(—ct), T, and Az. The time
step 7 is invariant, and so we can consider a uniform time mesh. We seek a solution
of the difference model in the form

u = exp(ct) f(x).

By substituting this invariant form of the solution into system (4.61), we obtain
- - + _ -
Agx = _2r (A In flae+ 1) + i In flz—h7) :
h* +h=\  h~- f(z) h= f(x)
fl@) \? 1 Az?
_— —2cTr — ——— 4.63
(f(x + Azx) P TT9T (465)

oo ({5 (152,
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System (4.63) becomes a system of two ordinary difference equations if we project
it onto the space of invariants. To project the system, we have to impose the condi-
tion

Ax=—h", 0, orht. (4.64)

The solution of system (4.63) with one of conditions (4.64) provides the solution
of system (4.61) invariant with respect to the operator Y.

4. The operator Y} has the invariants

2 5 9 Ax
U exp —xt—gt , T+, T, 2——75.
T

Let us seek the solution of the difference model (4.61) in the form
23 2
u = exp t:v—|—§t flz+1t7).
By the change of variables
y =1+t y—h;:x—h_—th,
y+h, =x+ht+¢ y+Ay=a+ Ax+ (t+ 1)

we obtain the following system for the invariant solution of system (4.61):

, 27 h, fly+h) h.t fly—nhy)
Ay‘“hwh;(_@m( ) >+Eln( ) )>

<%)Q P (‘%AQQ —7(2y + Ay) + éffﬂ)

it G () 0 Crar))

where Ay can have one of the following values:

Ay = —h,, 0, orh}. (4.65)
The solution of the above system with one of conditions (4.65) allows us to find the
solution invariant under the operator Y.

5. The expressions
x T Ax

- t Z
\/%’ u? t? T

are invariants of the operator Y;. Let us seek the solution of the difference model

in the form
1 ()
U = — .
Vit
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In the variables

oz __x—h" _'_th_m—i—hJr LA 4+ Az
y \/%7 y Yy \/% I y Yy \/% ) y y_\/H_—T7

we obtain the following system of equations:

V1i+aly+Ay) —y
_ 2 (_h_yln(f(y+hj))+@ln(f(y—hy)>)
hi+h; \ hi f(y) hy f(y) ’
e _fw) N (L l+a L))

1+ (i) oo (g (o 2yt -
B 4a 1 fly+h) 1 fly—nhy)
i G () e (Fra))

Here Ay can have one of the values determined by conditions (4.65) and a is the
constant in the condition a = 7, which determines an invariant time spacing. This
condition can be found if we look for a time spacing 7 = ¢(¢) invariant with respect
to the operator Y5.

6. For the operator Yg, we have the following invariants:

2
X 2 1/4 tw ¢
Tk (4" +1) uexp<4t2 1 + 5 arctan(?t)),
A2 + 1 Az At? +1
Ty, 2T g
T r T

We seek the solution of the difference model in the form

ta? c T
= (42 +1)7V4 — — —arctan(2t —_— .
u=(4t"+1)"""exp w1 g an(2t) | f T

In the new variables

B T B x—h"
YU VYT et
z+ht x+ Ax
y+hy = . yt+Ay=
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system (4.61) can be represented in the form
Vb2 + 1(y + Ay) — by
_ 1 (_h_yln (f(y+h;)) LR (f(y— hy))>

i +hy Xy f(y) hy f(y) ’

( f) )2
Vb2 +1

T+ Ay
X exp (c arctan <%) — by + (y + Ay)?) + 202 + 1y(y + Ay))

where Ay has one of the values (4.65) and b is the constant in the necessary condi-
tion
442 + 1

T

2b =4t +

for the existence of an invariant mesh.

Therefore, the obtained reduced systems of equations determine the optimal
system of invariant solutions for the difference model of the liner heat equation. It
means that each invariant solution can be found by a transformation of a solution
from the optimal system with the help of the corresponding element of the group.
As was mentioned before, the invariant time mesh for the new solution is obtained
from the time mesh of the solution from the optimal system with the help of the
same group transformation. For example, the transformation corresponding to the
operator X; with parameter value —t, gives the time shift f = ¢t — ¢,. Since the
appropriate operator becomes

X, = Y:’) + 2t0X17

it follows that the action of this transformation takes the invariant solution with
respect to the operator Y5 into the solution invariant with respect to the operator

X,. By this transformation, the spacing 7 = a is transformed into the spacing
T
t+to -

EXAMPLE (of an exact solution). Among all group invariant solutions for the dif-
ference model (4.61), there is an interesting solution that can be integrated ex-
actly [9]. This is the solution invariant with respect to the operator

2to Xo + X3, to = const,

namely, the solution

to 1/2 5132
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considered on the mesh

t+t
T = x? ( + O) , (4.67)
to

where the z? are the space mesh points at ¢ = ;. In the case of ¢, = 0, we obtain
the well-known fundamental solution of the linear heat equation. Note that it has a
“singular” mesh.

Let us show how this solution can be obtained from the optimal system of the
invariant solutions. We consider the operator

X* = Xg + 2€X3,

and see that the solution (4.66) can be obtained from the solution invariant with
respect to operator Y; by the transformation corresponding to X, with ¢ = 0.25¢,,
If we take the original solution on the orthogonal mesh that is uniform in space and
has the special time spacing

Wl =C,  wy=ih, i=0,41,42,..., t;=-1-°
to+ g7

7=0,1,2,...,

on the interval [0, o], then the proposed transformation provides the solution (4.66)
on the uniform space mesh (4.67) and the uniform time mesh ¢; = j7.

Thus, we see that the difference model (4.61) inherits both the group admitted
by the original differential equation and the integrability on a subgroup.

A way to stop a moving mesh

The obtained difference models have self-adaptive nonorthogonal moving meshes.
We can find a way to stop the moving mesh, i.e., a change of variables that or-
thogonalizes the mesh. The differentiation operator d/dt of Lagrangian type can
be represented in the form

d Uy
—=D;—2—D,,
dt ! U
where p p 5 5
D, = — = ... D. = — — 4.
t 8t+utau+ ’ * 6x+uz6u+

The operator d/dt, in contrast to the operators D, and D,, does not commute with
the operators of total differentiation with respect to ¢ and x:

d Uypr  Ugly d Upy U2
2D :2(—— )Dx, L p,| =2 _"%)p
[dt t} u u? ldt } ( u o u?
We need to find an operator of total differentiation with respect to a new space
variable s such that

d
{%,Ds} =0. (4.68)
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The last commutativity property is possible if we involve a new dependent variable
p > 0 (density). The operator D, = p~1D, satisfies (4.68) if p satisfies the equation

The new space variable s is introduced with the help of the equations
S¢ = 2,0%, Sg = p.
u

For convenience, we can take the initial data p(0, z) = 1. Then s = z for t = 0.
In the variables (¢, s), the heat equation becomes the system

u? Ugs U2 Usg
up = p* (u — 23> + ppsus,  pr=2p° (7 - E) + ZPst? (4.69)

which can be rewritten in the form of the conservation laws

O (+2), ) -cmn

The space coordinate x is defined by the system of equations

1
o= 202 = (4.70)
u p

System (4.69) in the space of independent variables (¢, s) and the extended set of
dependent variables (u, p, z) admits the point transformation group determined by
the infinitesimal operators

0 0 0 0 0 0 0
Xi=gp Xo=gp Xe=2gn—aug., Xye=200 faog +sa,
0 0 19) 0 0
X5 =4 = + dto— — (2% + 2)u=— — dtp— Xo=u—
5 tat~|— txam (x* + t)uau tpap, 6= Ug
0 0
X*: . ! .
Fo) g + Pl 6) 5
4.71)

where f(s) is an arbitrary function of s.

The condition of mesh orthogonality and the condition of spatial mesh uniform-
ness are satisfied, and it gives us the opportunity to construct a difference model that
is invariant with respect to the operators X, ..., X on the orthogonal mesh.

Let us rewrite system (4.69),(4.70) in the form of differential invariants. In the
space of the variables (¢, z, s, u, p, dt, dz, ds, du, dp, us, ps, Ts, Uss ), there are five
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invariants

_r (ds)?
~ds p3dt’

(ds)? (dp  psds 5 [(Uss U2 oy U
Jy = —_ — -2 — =) =2p°ps— |,
* p> \ dt dt P\~ PPy
ds\? 2du 1 [(dx\? u u? u
Js = | — ——— - = 207 [ 2 — =2 ) +2pp— | .
b (p) ( w dt 2(dt> +p<u u2)+ppu>
With the help of these invariants, we rewrite system (4.69), (4.70) as

u2 Ugs U2 Usg
uy = p? (u - > + ppsus,  pr=2p° ( o ﬁ) +2p%ps—,

J1 = x4p, Jo

(dz + Zp%dt), Jy =

s
u

with the constraint equation z, = p~!.

Now we can find a system of equations that approximates (4.72) and is invariant
with respect to the set of operators (4.71). We can use a six-point stencil which
corresponds to the space

n + - s p+ p— pt - " SR A P
(t,t,s,hs,hs,x,x,hz,hx,hx,hx,u,u,u+,u,,u+,u,,p,p,p+,p,,p+,p,).

For the set of operators (4.71), where the operator X * is replaced by its difference
analog

Xi = J() -+ pD(f(5) o

s ap
we have the following set of invariants
h ht htht 2 1 Az?
L=-2 =22 L=t -1 Zepl-=2),
! hy’ ’ h; ’ T ! h;guep<47'>
1h}? hi? 1, uy 1. u
Iy = -——" — - —In—+ —In—
ST i h++h(h; u+hxnu)’
172 hi2 (1 1 a
= -e z_ <A1“f+A1n“A),
4 T ht+h; \ht @ hz U
Azxh} 2nF (h; uy  hi u_
I = e e L Pl
T hf+h; \htf w hy wu
Azht  2ht  (hy 4, R
Ig = e + = xA (Axlnuf — AxlnuA ),
T hi+h; \hf u h; u
/\_ A A h+ h_
L="" no="% =% L=, Ly=-—"—
- p + phx T
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With the help of these invariants, we can write out the difference model in the
form of the following system of evolution difference equations (here we present
only one invariant difference model, which corresponds to system (4.61) in the
variables (t, z)):

T
Ny g o w7 = o
- Wt hy PTG
_+_ x
P -

p o Us | po . U-
w\’ LAz*\ 4hjlnu+hglnu
U P 2 T B ’ hf h; .

__|__

P op-

In the case of a uniform mesh (b = h, = hy), this model can be simplified as
follows:
—p*In =t + p? In == R

hp+p) Ty

2
u 1 Ax? 4Tpp_ U, u_
u e I S P N LAY

(3) oo(-25) 1= gy (s o)

System (4.69) has only two dependent variables u and p and can be approxi-
mated without involvement of the space variable . However, the Galilei symmetry
X3 and the projective symmetry X5 are nonlocal in the coordinate system (¢, s),
and we need to consider the dependent variable x to have these symmetries. When
constructing a difference model invariant with respect to the set of operators (4.71),
we inevitably include x in the difference equations.

It is important to note that moving meshes can be stopped in all cases by using
a Lagrange type coordinate system. (For the introduction of Lagrange type coor-
dinate systems, e.g., see [115].) Note that most of the obtained schemes are quite
different from the “traditional” schemes [127].

Ax =271

4.2.2. Linear heat equation with a linear source
1. If QQ = du and 6 = +1, then the equation
Up = Ugpy + OU 4.73)
can be transformed into Eq. (4.57) by the change of variables
= ue .

Reversing this transformation, one can get an invariant model for equation (4.73)
from an invariant model for the heat equation without a source.
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2. ) = 6 = const. The equation has the form

Up = Ugy + O. (4.74)
The constant source can be eliminated by the obvious transformation

u=u— ot.

It means that we can obtain a difference model for (4.74) from the model for (4.57).

4.3. Invariant Difference Models for the Burgers Equation
The Burgers equation
Vy + VVp = Uy 4.75)

admits the transformation group determined by the infinitesimal operators (e.g.,
see [74])

0 0 o 0
Mo e Tl e
o 0 9 , 0 0 3,
= 2t— — — U= =t"— — —tv)— 4.76
Xa=2tg Fagr—vgy  Xe=tg ttogo+z-tg, (470

v = oo (5)),

where a = a(x,t) is an arbitrary solution of the heat equation a; = a,,. The
function w(t, x) is the potential of the Burgers equation and is introduced by the

system

’U2

Wy = U, wt:vx—g.

The function w(¢, ) satisfies the equation
Wiy + WaWay = Wygy,

which, after the integration, implies

w;
wy + —2 = Wy

This equation is often referred to as the potential Burgers equation.

Note that the first five operators describe the point symmetry of Eq. (4.75),
while X* is the nonlocal symmetry operator.

One can readily verify that the set of operators admitted by Eq. (4.75) preserves
the uniformness of the spatial mesh structure but does not preserve the mesh uni-
formness in time. One can see that the transformation group of Eq. (4.75) does not
preserve the mesh orthogonality.
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Thus, for the invariant difference modeling of Eq. (4.75) it is necessary to use
meshes that are not orthogonal in (z, ¢) or find a “straightening” change of variables
(which, of course, also transforms the equation itself).

One can see that all operators (4.76) preserve the flatness of the time layer.
Thus, a preliminary analysis of the set of operators (4.76) permits concluding that,
in the difference modeling of Eq. (4.75) which preserves the symmetry of the orig-
inal model, it is possible to use a nonorthogonal mesh with parallel structure of the
time layers (see Fig. 4.9).

For the Burgers equation (4.75), we construct several discrete models inheriting
the transformation group (4.76) (see [8,9]).

Let us rewrite the Burgers equation in terms of differential invariants. In the
space of the variables (¢, x, v, v, Uz, dt, dx, dv), there are three such invariants

_dv — vy (dr — vdt)

1/3
Uxac

J' = (dx — vdt)v}/? Jr=0Bat, TP

T ?

This permits rewriting the Burgers equation as the system
J'=0, J? =3,

or
dx dv

— = — = Uy, 4.
g g~ Uae 4.77)

Note that the structure of the group (4.76) forces us to use two evolution equa-
tions.

As the next step, we find the difference invariants of the set of point operators
Xi,..., X5 of the group (4.76), which are required to approximate system (4.77).
We consider the six-point stencil of the evolution difference mesh in Fig. 4.9.

This stencil, on which we approximate system (4.77), determines the space
(t,t,x,&,h* h™, ht h= v, vy,v_,0,0,,0_), where the group (4.76) has the fol-



4.3. INVARIANT DIFFERENCE MODELS FOR THE BURGERS EQUATION 135

lowing finite-difference invariants:

o E 2 ht P hTht
h_7 i:L_7 T )
a_ s A
]4:h_h+<vx_vi)7 I5:h_h+(@x_®i)v 16:h+ <_:E_U> y
T
~ A 1 R 1
I7:h+(—$—@), ]8:h+2(—+vz>, 19=h+2(—+79x),
T T T
where
A{E:i‘—{[‘, Ux_’U+h:’U7 Ua_:_'U;_/U_

These invariants permit writing out the following invariant difference models.

A. A model with explicit approximation of the difference mesh evolution

1. Explicit scheme for the Burgers equation:

d—vhth™ 2
A[E =TV, - h_+h_— = Uz = m(?}m — Uf). (478)
2. Implicit scheme for the Burgers equation:
0 —vht 2
Aw=rv, U0 =T (0, — )
T ht ht +h~
3. Implicit scheme for the Burgers equation:
0 — 2
Az = TV, UTU:hJF—Fh—(@x_%)'

B. A model with implicit approximation of the difference mesh evolution

1. Explicit scheme for the Burgers equation:

O—vht
_:'Uz:z-.
T ht

Ax = 10,

2. Implicit scheme for the Burgers equation:

@—vh*h*_ﬁ
TR

Ax = 10,
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3. Implicit scheme for the Burgers equation:

A

v—v 2
T ht4ho

~

Ax = 10,

(Vy — vz).

All above difference schemes have a moving nonorthogonal difference mesh.

Let us find a change of variables rectifying the difference mesh.

In system (4.77), we have used the Lagrange type differentiation operator d/dt,
which can be represented as

d
% = Dt+UDI7

where 9 5 5 9
tha‘i‘vt%"‘"‘, Dx:%—i_vx%—i_"'

In contrast to D; and D,, the operator d/dt does not commute with the total differ-
entiation operators in ¢ and =z,

d d
|:%an:| - _Ua:Dza |:£7Dt:| - _UtDJ:-

To “rectify” the coordinate system, it is necessary to find the spatial differenti-
ation operator with respect to the variable s such that

d
4 5] <o

This property holds for the operator D, = %Dx with a new dependent variable p
satisfying the equation
pt + vpr + pvy =0

and the condition p > 0 in the entire domain under study.
The function p = p(t, x) is called the “initial data density.” The new variable s
is introduced by the system of equations

S¢ = p, S¢ = —pu.

In the variables (¢, s), the Burgers equation can be rewritten in the form of the

system

dv 9 dp 9
- ss sUs) = S+ 4.79
7 P Vss + ppsv o —p7v ( )

Now this system can be rewritten in the divergence form

$0)-m 36)-ne3)
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Let us construct a difference analog of system (4.79) (also see [6]).
We supplement system (4.79) with the dependent variable = determined by the
system of equations

Ty =, Ty = —. (4.80)
P

System (4.79), (4.80) admits the transformation group determined by the infinites-
imal operators

0 0 0 0
Moo M Ta Tt
X4—2t2—|—s§+x£—v 4

ot 0s ox ov’ 4.81)

8 3 0 9,
0
Xt = f($) 4 pf ()

where f(s) is an arbitrary function of s.

In the new variables (t, s), the difference mesh orthogonality condition and the
mesh uniformness condition in the spatial variable are satisfied for the operators
Xi, ..., X5, which are the operators of Lie algebra factorized by the operator X*.
In the variables (¢, s), this permits constructing a difference model that is invariant
under the operators X7, ..., X5 on an orthogonal uniform mesh.

We write out system (4.79), (4.80) in differential invariants, which have the
following form in the space of dependent and independent variables, differentials,
and spatial derivatives (¢, z, s, v, p, dt, dx,ds, dv, dp, vs, ps, T, Vss):

T =z, J=L(de—vdt), JP= ds 3(p21) + ppsvs),  Jt= (ds)”
S dS Y p SS SYS) pzdt )
5 (ds)? (dp  psds 2 ¢ ds
J? = o (E T +pvs |, J = ;(dv — pus(dx — vdt)).
This permits rewriting system (4.79), (4.80) as
dv dp 9 dx or 1
EX sUsy - = S - = U, - = . 4.82
dt = 0+ pps0 dt P at " Js p (482)

Let us find the difference system of four equations approximating (4.82) and
invariant under the set of operators (4.81). We consider a six-point orthogonal
mesh stencil with three points on two neighboring time layers (see Fig. 4.10).

Note that the new operator X* in (4.81) is not related to the symmetry of the
Burgers equation but is related to the extension of the space of dependent variables
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(S - hs_vtA) (SvtA) (S + h;’—a tA)
@ ]
@ .
(S - hs_vt) (57t) (5 + h':a t)
Figure 4.10

and the introduction of a new coordinate system. In the difference version, we
replace it by the operator

0 0
X = f(é’)g + Plh?sf(s)a—p,

which also determines an infinite symmetry but has different coefficients. In the
space
(ta tAa S, h:7 hs_v L, Az h+ h, iﬁ_ il;7 U, Uy, Uy ﬁa @-‘ra @—7 Py P+5 P—> pAa pA-i-v 15—)

Pt A A A A v

corresponding to the chosen stencil, we have the following 14 difference invariants:

+ Bt A s
I'=g5 =gt Pebihg(ve—ve), I'=hihi(0: — o),
A (A 1
[5:}1:(—‘%_@ ) I6:h;<_x_ﬁ>7 [7:h:2<_+vx>’
T T T
Iszﬁ$2(l+@m)7 polihe o P

T T P-
Inzé 112:pA_ﬂL I3 = hy = i )
P’ Py ph’ p-h;

These invariants permit writing out a difference model as the following system
of difference evolution equations (we present one possible version of the differ-
ence scheme, namely, the explicit scheme; in the variables (¢, z), this scheme is
associated with the scheme (4.78)):

b — 2pp_
Ax = T, L PP
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The above families of difference equations and meshes, which are invariant
under the complete set of operators admitted by the Burgers equation, allow us to
consider solutions that are invariant under a certain one-parameter subgroup. In
this case, the “scheme—mesh” system reduces to ordinary difference equations. We
again point out that, in contrast to the original continuous case, two equations are
reduced in our case, namely, the difference scheme and the difference equation for
the mesh.

By way of example, consider the invariant solution of the difference model of
the Burgers equation. For the subgroup we take the case corresponding to

aXo+ X3 = (t+ oz)(% + %, o = const. (4.83)

Consider the simplest explicit scheme (4.78). In the subspace (¢, z, Ax,v), we
have three invariants of the operators (4.83):
x _ Ax oz

Ji=t,  J—v— , .
! 2=V A 3T T T ita

According to this, we seek the invariant solution in the form

x Ax x

v(x,t):f(t)+t+a, ~ :g(t)+t+a.

By substituting such a solution into the scheme (4.78), we obtain a system of dif-
ference equations for f(t) and g(¢),

t+71

fern =i

f@),  g(t) = f().
By integrating this system, we obtain the solution

x f(0)a
_l’_
t+a t+a

v(x,t) =

of the difference equation for v and the solution

r = 2" <t+a) + f(0)t

«

of the equation for the difference mesh. Here = 27 = x,(t;) and t = t;. The
mesh can be arbitrary at the initial time moment.

The solution thus obtained is a solution of the Cauchy problem with invariant
initial conditions,

v(x,0) = f(0) + g.



140 INVARIANT DIFFERENCE MODELS OF PDE

Difference scheme for the potential Burgers equation

In addition to the Burgers equation (4.75), the following potential Burgers equation
is also often considered:

1
wy + §w§ = Wy (4.84)
The well-known Hopf transformation
v = —2%
U

relates the solutions of the Burgers equation (4.75) to the solutions of the heat
equation

Up = Ugy, (4.85)
which was considered above. For Egs. (4.84) and (4.85), this is a point relation,
w=—2lnu. (4.86)

The potential Burgers equation admits the point transformation group deter-
mined by the operators

0 0 0 0 0 0
A A R P W e TR T
0 0 1 0 0 wy 0
__ 427 . ~ 2 s - * -\
X5 =t 8t+m8:p+ (Qx +t) 0’ X 0’ X anp(2>8w’

where X * is now a point symmetry operator.

It is of interest to note that the invariant difference model of the linear heat
equation is related by precisely the same Hopf transformations to the invariant dif-
ference model of the Burgers equation. For example, the change of variables (4.86)
reduces the explicit scheme

27 h™ wuy h™ wu_
Ap— T (0 g
. h++h—( h+nu+h—nu>’

U2 1 (Az)? 4t 1wy 1, u
u S e I Y (N T
(ﬁ) exp( 2 T ) h++h_(h+nu+h—nu

obtained above for the heat equation into the explicit moving mesh scheme

T h~ ht
AI‘ = —h+ T h— (h—+(w+ - w) + h__(w - w_>> s
. 1 (Az)? 27 Wy —w W —w_
(w—w) S S/ R | +
‘ eXp( 2 T ) +h++h( T )

for the potential Burgers equation.

The implicit invariant schemes for the potential Burgers equation can be ob-
tained precisely in the same way. Another approach to the discretization of the
Burgers equation was developed in [67].
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4.4. Invariant Difference Model of the Heat Equation
with Heat Flux Relaxation

In addition to the above-considered parabolic models of heat transfer, let us con-
sider the hyperbolic heat equation with heat flux relaxation taken into account (‘“hy-
perbolic heat transfer”):

T (g ) gy + Uy = k(Ug) Uy (4.87)

In particular, the group classification of this equation (see [74, p. 163]) contains the
case

ToUy + Up = kOumuwza

where k( and 7, are positive constants.
In this case, the transformation group admitted by the equation is wider than
that in the general case (4.87). This group is determined by the operators

0 0 X 0

Xl :aa X2:£7 3:%7 (4 88)
X, —en 2 X =02yl .
1=y 5= Y T e

We use the method of difference invariants to construct a second-order explicit
scheme for the approximation in the special case of Eq. (4.87). One can readily
see that all five operators satisfy the uniformness invariance condition and preserve
the mesh orthogonality, and hence we can use the rectangular mesh w, which is

uniform in each direction.

In the space (¢, x, u, Uz, Uy, gy, Uzz ), the complete set of invariants of the five-
parameter group (4.88) consists of two invariants, which, for example, can be cho-
sen in the form

Toly + Uy Ugy

Jl = 3—/2, :]2 - W (489)
u;v u.”l?
The invariants (4.89) permit representing Eq. (4.87) in the invariant form
Ji = koJa, (4.90)
or
ToUet + Ut o Haz
3/2 M0y
Ux /U;Qj

We prolong the operators (4.88) to the difference derivatives u;, ug, %x, %j, Wi,
T T T
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and u,z:
0 0 0
T 27 o’ 27 o’
0 1 0 1 0
X, = —t/T0 ~ = —t/T0(,—T/T0 1) —= = —t/10 1— —7/T0\_~
1= 8u+7'e (e )8ut +7'e ( ¢ )au;
Ly /
. T T /T 2 T/T0 .
+ 72° (e te )8utg’ 4.91)
0 0 0 0 0 0
Xs=0v— +3u— +2uy,— + 2uz— + 3uy— + 3uz—
b x@x + u8u+ flff 8%1 + 775 8%5 + gtﬁut + gt(?u;

In the space (z, t, u, u, ug, Uspy Uz Uns Uz, T h), the group (4.88) has a complete set
T T T
of six invariants. But it suffices for us to choose only two finite-difference invariants
approximating (4.90) up to O(72 + h?).
One can show that the second-order finite-difference forms

1 1 32 7o /7o —7/70
I = 5%5,; + 5%5; {Tout[+ > [gt (e — 1) + ug (1 —e )}}

are invariants of all operators (4.91) and approximate .J; and J, up to O(72 + h?):
L=L+0F*+h?), L=J+0(0h.

Substituting them into the invariant representation (4.90) for J; and .J5, we obtain
the invariant equation

[1 = k0[27

which is equivalent to the difference scheme

17 _T el k
TouTtg—l— 5?0 [SL{ (1 —e To) + QTLt (em — 1)} = ?Of%m(%x + %i) (4.92)
The finite-difference equation (4.92) admits all five operators (4.91) and approxi-
mates the differential equation (4.87) up to O(7% + h?) on the uniform rectangular
mesh w.
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4.5. Invariant Difference Model
of the Korteweg—de Vries Equation

It is well known [79] that the KdV equation
Up = Uy + Uggy (4.93)

admits the four-parameter Lie point transformation group with infinitesimal opera-
tors!
0 0 0 0 0 0 0
Xi=—, Xo=—, Xg=t———, Xy=2—+3t——2u—. (494
! 2= or Tl Tow T T T T g 4O
Before constructing a difference equation and a mesh that approximate (4.93)
with given order of approximation and inherit the whole Lie algebra (4.94), we
should verify conditions for the invariance of the mesh geometry structure. One
can readily confirm that the operators X;, X», and X, preserve the orthogonality,
but X3 gives

D (t) # —D.a(0),

where 7 is the step in the ¢-direction and £ is the step in the z-direction. Conse-
quently, an orthogonal mesh cannot be used for the invariant modeling of (4.93).
Thus, we should seek an invariant moving mesh scheme.

The next question arising in this situation is the possibility of using a nonorthog-
onal moving mesh with flat time layers. The condition of invariance of the time
layer flatness is satisfied for the complete set of operators (4.94),

D-‘th-i-T(g(tx) = 07 = 17273a4'

To approximate (4.93) on such a mesh, we have to use at least four points in
the z-direction and two points in the other direction. We shall use the minimum
difference stencil of explicit type, as shown in Fig. 4.11.

In accordance with this stencil, we have a subspace of difference variables
where Eq. (4.93) can be represented. In the subspace (z, &, t, 7, h™, ht, h*™T,
u, U, u™, ut T, ), we have eight difference invariants, the set of which can be the
following:

+

T —x+TU . ut —u
Jl:h—+7 J2:(U_U)(h+)2a J3:T1}fm57' T
uU—u" utt —ut
:]4 = T'l}{,x =T h_ y J5 = T?I:LL; = h-l-—-‘r’ (4‘.95)
B (h+)3 B h- B B+
Jo = . Jr = e Jg = T

'Equation (4.93) also admits well-known series of higher-order and nonlocal symmetries, which
we do not consider here.
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[

z
t+T1 u
" u‘{ u/ | {u+ ‘ utt

Figure 4.11

To generate an invariant difference mesh, we should use the set (4.95), which
has the only invariant .J; involving the coordinate 2 of the point x on the next time
layer. The mesh generating equation in general has the form

Jl = q)(J% J3> J47 J57 J67 J77 JS)?

where @ is an arbitrary function.
We shall use the simplest form

J1=0, or z=2x—rTu,
for describing this evolution mesh. Using the set (4.95), we can construct the fol-
lowing invariant difference equation:

Js—Js  Js—Ju
Jy =2 —9
2 Js +1 J.+ 1’

The meaning of the last equation will shortly become clear.
Thus, we have two evolution equations,

ar —u, wherear =2 —x (4.96)

o—u 1 utt —ut  ut —u 2
T ht htt ht ) htt At

ut—u  u—u" 2
— — . (4.97
( I+ = )h++h} “4.97)

Let us return to the continuous space so as to understand more clearly what the
discrete model (4.96)—(4.97) is. In the continuous limit ~ — 0, 7 — 0, from (4.96),
(4.97) we have

dx du
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Now let us introduce the following new operator of differentiation with respect to
time: p
— =Dy —uD,, 4.99
di t — U ( )
where D; and D, are the operators of total differentiation with respect to ¢ and x,
respectively,
D 0 + 0 + 0 + 0 +
= — 4 U— FtUpp— tUg— + -,
LT ot "ou “ou, " ouy
D —g—l—u 2—|—u i—|—u i+
T Oz “ou " Ouy “ Ou,

The operator (4.99) can be viewed as the Lagrangian operator of differentiation
with respect to time. By applying (4.99) to x and u, we obtain

dx du

a0 a

Consequently, system (4.98) is equivalent to the KdV equation (4.93). These equa-
tions provide the relation between Eq. (4.93) in the Cartesian coordinate system
and system (4.98) in the Lagrange coordinate system. The transformation (4.100)
means that we now have the pair of operators (£, D,) instead of (D, D,).

Let us slightly transform the difference model (4.96), (4.97) so as to increase
the order of approximation.

By using the full set of difference invariants (4.95), we can add some terms
to Egs. (4.96), (4.97) without destroying their invariance. We would like to sym-
metrize the scheme as follows:

Up — Uly. (4.100)

ht u+ut _u+u+
2

g3

+ TUazs, (4.101)

where

I e A 2
Yate = 77 B+ ht (h++ + ht)

1 fum—u u—u" 2
h_+< ht h- )(h++h—)'

The scheme (4.101) means that we use the stencil presented in Fig. 4.12.

One can readily estimate the order of approximation of the schemes (4.101)
and (4.96), (4.97) on a uniform mesh with h** = h*™ = h~ = h. For the scheme
(4.96), (4.97), the order is O(7 + h), and the scheme (4.101) is of order O(7 + h?).
To estimate the order of approximation on a nonuniform mesh, one needs to use
appropriate norms in a space of difference variables (see [122, 125]).

From the algebraic point of view, the schemes (4.96), (4.97) and (4.101) are
similar, both being invariant under the operators (4.94). We point out that although
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Figure 4.12

the invariant mesh and scheme for the KdV system (4.98) are not unique, all other
invariant meshes and difference equations can be constructed using difference in-
variants.

Consider the symmetry reduction and the invariant solution of the difference
equations (4.96), (4.97).

The operator X3 = t0/0x — 0/0u destroys the mesh orthogonality, and so
this symmetry cannot be preserved in a discrete model on an orthogonal mesh in
the original coordinate system. It is thus of interest to verify whether the Galilei
symmetry is respected by (4.96), (4.97) (or (4.101)).

The operator X3 has two invariants, J; = ¢t and Jo = u + x/t, in the subspace
(x,t,u), and so we shall seek invariant solutions in the form

M%ﬂIWﬂ—§ (4.102)

Reducing both Eqs.(4.96) and (4.97) using the invariant form (4.102), we obtain

A A

xr— X xr x x
— = T =) (). (4.103)

The solution of system (4.103) is x = at + ¢, v(t) = ¢/t (see the appropriate mesh
on Fig. 4.13), and it gives the solution

c—x
t

r=at+c, u(z,t) =

of the original system (4.96), (4.97). This solution coincides with the solution of
the differential KdV system (4.98).

Thus, (4.96) corresponds to a family of meshes that are self-adapted to the
symmetries of subgroups.

System (4.98) does indeed correspond to the KdV equation, but it seems impos-
sible to establish conservation laws for (4.98) in this Lagrangian coordinate system.
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It is well known (see [74] and references therein) that, as a consequence of the sym-
metry group (4.94), the KdV equation possesses the following set of conservation
laws:

2

2
Dy(u) — D, <% + ux) =0, D;u®)+D, <u2 — Uty — §u3) — 0,

2 2 3 2
D, <t% + xu) + D, {t(% — Ullyy — %) + Uy — TUgy — x%} =0,

3
Dy(u® — 3u?) + D, (6utu$ —3uZ, — 3utuy, — ZLU4> =0.

To construct the corresponding set of conservation laws for (4.98), we need a
divergence-like operator in the Lagrangian coordinate system.
Now we have the following commutators for d/dt, D,,, and D;:

d d
l£7Dt] _utha |:£7D.’E:| —'U/xDI,

and we would like to change our coordinate system so as to have a pair of differen-
tial operators that commute,
d
|:£7 D8:| = 07

where s = s(t,x) is a new independent coordinate that obeys the condition s; —
us, = 0.
Introducing the operator

1 0 0 0
DSZ_D$7 Ds:_ s s Ty
Toop 8s+u8u+pap+
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we find that the new dependent variable p satisfies the equation

Pt — Ugp — Upy =0

and the condition p > 0, which means that we have no “vacuum gap” between x
and s.

Thus, we change the coordinate system {t,z, u(t,z)} to {t, s, u(t, s), p(t, s)}
by the transformation

dx or 1
ds = pd dt t,x) = ul(t — = — =
8 10 ‘/E—i_pu 7 u( 7‘I) u( 78)7 dt u? aS p
In the new coordinate system, we have the differential equations

du d
i PPUsss + 307 pstiss + (P2 + PP Pss) s, d—f = p’us, (4.104)

System (4.104) has the conservation laws

d (1 d(u u?
Y 4w =0 LYY 1D = us + ppeus ) = 0. (4105
dt(p)+ ) dt(ﬂ)+ (2 e +ppu) R

Note that we can add the variable x to this coordinate system as some type of
potential and simultaneously add the following equations to (4.104):

dx ox

1
— = — = 4.106
dt “ ds p ( )
Finally, for system (4.104), (4.106) we have the conservation laws (4.105) and
the additional law

d (tu2/2 + xu>

dt p
22 u? xu?
+ D, (t(% — pu(pus), + g) + pus — wp(pus), + 7) =0, (4.107)

which corresponds to the Galilei symmetry.

It is not difficult to construct an invariant scheme and mesh for system (4.104)
in the same way as we did for the linear heat equation. But constructing an in-
variant difference scheme for system (4.104), (4.106) preserving the whole set of
conservation laws (4.105), (4.107) seems to be a rather complicated task.

In the paper [50] there were constructed invariant difference schemes for Kor-
teweg—de Vries equations with variable coefficients.
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4.6. Invariant Difference Model
of the Nonlinear Schrodinger Equation

The Schrodinger equation
iE, + B + E|E|? =0 (4.108)

with cubic nonlinearity admits a four-parameter point transformation group (e.g.,
see [74]).2
First, we perform a change of variables to pass to two real dependent variables:

E = A(t,z)e’®).
The system of equations
A, 4+ 24,0, + AD,, =0, Ad, + 2402 — A, — A* =0, (4.109)

equivalent to (4.108), admits the operators

0 0 0 0 0
X1 =+ X2—£, X3_(9_(I>’ X4_2t8_x+x8_(13’

0 0 0
Just as in a majority of the evolution equations considered above, the symmetry of
system (4.109) does not permit using an orthogonal mesh; namely, the operator X,
violates the mesh orthogonality but preserves the flatness of the time layer. Thus,
we again should use a mesh evolving in time (see Fig. 4.14).
Let us construct explicit invariant difference equations for calculating the mesh
and the solution A, ® (see [31,34]). In the subspace

(2,2, t, 7, h" b~ ®, &7, &~ & A AT A A)

2Equation (4.108) also admits an infinite series of higher-order and nonlocal symmetries (e.g.,
see [74]), which we do not consider here.
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corresponding to the explicit stencil, there are 14 — 5 = 9 difference invariants
Az — 27’%3; Axr — 27%)5; Bt - A A A
h+ ) h_ ) h_? h+)27 AJ’_’ A37 A?

(
2 (B2)P—4r(d - @)
’ (n+)? ’

(4.110)

where Ax = 7 — x.
We choose the evolution mesh in the following invariant representation:

Ae—or( Ty Mg 4.111)
A A S s A '

The continual limit implies the equation

=20, 4.112
i ( )

Equation (4.112) forces us to write out system (4.109) as

A
Pl ¥ R R
i~ T

dA 4o

— = A, A? 4.113
i ; + A%, (4.113)

where the Lagrangian differentiation operator

d
— =Dy +20,D,
a -
has been introduced.
System (4.113) can be approximated with the use of the invariants (4.110) on
the mesh (4.111) by the following explicit scheme:

A—A 2A
o, — P
T +h++h_(hx h)

0,
b h Bt 2 o qls
( T (h++h—h +h+—|—h_h>> Bt he 0

(4.114)

We can show that the invariant difference model (4.111), (4.114) approximates

system (4.112)—~(4.113) up to O(7 + h?) on a spatially uniform mesh. In a similar

way, we can construct implicit and explicit-implicit invariant schemes and their
versions in the Lagrangian type coordinate system.




Chapter 5

Combined Mathematical Models
and Some Generalizations

In the last decades, the classical Lie group analysis has been considerably extended
to such mathematical models as integro-differential equations, stochastic differen-
tial equations, functional differential equations, etc. This chapter deals with ap-
plications of Lie transformation groups to equations that contain difference and
differential variables.

5.1. Second-Order Ordinary Delay Differential Equations

Delay ordinary differential equations are similar to ordinary differential equations,
but they contain values of solutions as well as of derivatives at earlier instants of
time. Many mathematical models based on delay ordinary differential equations
have wide applications in biology, physics, engineering (see [51,78, 103]), etc.

Here we consider a second-order delay ordinary differential equation of the
type [117]

u' = F(z,u,u u_,u’), (5.1)
where x is the independent variable, u is a dependent variable, u_ = u(x — 7),
w_=u'(r—7),r_ =x — 7,and T is a parameter.

Thus, we actually have a differential-difference equation in the subspace of the
variables (z,u,u',z_,u_,u" ). Equation (5.1) is of second order in differential
variables and of first order as a difference equation. All notation is clearly seen
from Fig. 5.1.

According to [117], the delay parameter 7 is considered to be constant. Follow-
ing our point of view, we supplement (5.1) with the simple lattice equation

T =1 — x_ = const (5.2)

to complete the delay model.
The symmetry generator admitted by the delay ordinary differential equation
model (5.1),(5.2) has the form

0 19)
X = 5(1’,16)% +n(x7u)%7
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u,u',u
/ " (u’ ul’ u//)
‘ l
. . X
r_ T T
Figure 5.1

which should be prolonged for the derivatives and delay variables. As to the differ-
ence equations, the coordinates of the point transformation operator can be simply
shifted to the left stencil point as follows:

= 0 0 0 ) _ 0
X = f(x,u)% + n(x,u)% + Q% + Czau” +n (yc,,u,)m

0 0
+ C;W + (5(:[7”) - 57(‘%*7“*))57 (53)

where

Cl - D(n) - U,D(f) = nz(ma u) + U’nu(% u) - ulfz(xv u) - (u,)2£U(xv u)?
G2 = D(C1) = u"D(§) = D*(n) — 2u"D(§) — u'D*(¢),
G = §(G) =y (o) g (o) — € (o)
— (W)€ (2o u),
B 9 o 9

D=—+4u—+u'—+uv"—+ -,
ar  “ou Tow " ur

and Sh is the left shift operator. Note that the prolongation for the variable 7 is the

same as for the lattice step in the discrete case.
To derive the determining equations, we apply the operator (5.3) to Eq. (5.1):

DQ(T/) - 2UHD(§) - UID2(£) = Fx§+ Fu77+ Fu,n_ + Fu’Cl + Fu'_Cl_;

or, in particular,

/

nxx+277xuul+77uu<ul)2 +77uu”_2u”(§x+fuu >_ul(’5m+2€xuul+€uu<ul)2 +€uu”>
=Fé+FEn+F, n +Fy (nm(x, u) + u'ng (2, u) — u'é(z,u) — ()€ (z, u))

+ Fy (n, (e us) +ul gy, (oo, us) —ul & (2, us) — (u)%E, (2, u)) .
(5.4)
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Now we should substitute »” from (5.1) into (5.4):

=F.{+ Fan+Fon + Fy (nu(z,u) +u nu($, u) — w'&(z,u) — (u)E(z, u))

P (@ u) ol (o u) — & (o us) — ()26 (o, u)).
(5.5)

To complete the determining equations, we apply the operator (5.3) to Eq. (5.2):

(ryu) — & (x_,u_) =0. (5.6)

Thus, Egs. (5.5) and (5.6) are the determining equations for the delay model (5.1),
(5.2). Regardless of the function F' in (5.1), one can conclude from (5.6) that
&(x,u) is independent of u. Indeed, the differentiation of (5.6) with respect to u
and u_ yields

En=6, =0.
Consequently, £(x) is a periodic function of z,
{(z) =¢(z—7).

In the paper [117] (see also [101, 133]), the complete Lie group classification
of Eq. (5.1) was presented. The classification was done in a way similar to that
used by Lie himself for second-order ordinary differential equations. Starting from
the list of all Lie algebras over the real plane [63], there were singled out 40 dis-
tinct classes of delay second-order ordinary differential equations. Note that the
classification list in [117] is much longer than that for second-order ordinary differ-
ential equations. A similar situation was shown to hold for second-order ordinary
difference equations [47].

To illustrate the results, below we reproduce an excerpt from [117].

EXAMPLE. The three-dimensional Lie algebra spanned by the operators

3, X—2x£+u8 Xg—:z:ﬁ—i-xug
Ox

X1 = or | ou By du

has the following complete set of invariants in the subspace (z, u, v, u_,u’ ,u"):

/
u_ u u_
W, —, dus ([ ——— ).
u u u

Consequently, the general form of an invariant delay equation is

v = u3f<u—_, wu_ (% - u__)>, (5.7)
u u u
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where f is an arbitrary smooth function. In the special case f = 1, Eq. (5.7)
degenerates into

W =u"3,

which is nothing else than an ordinary differential equation from the Lie list of
invariant equations.

Remark. Apparently, the list of invariant delay ordinary differential equations can
be extended if, instead of (5.2), one uses the more general lattice equation

7=G(x,r_u,u  u_uu u"),

which means that 7 = z — x_ is included in the set (z, z_, u,u_,u', v’ ,u” u” T)
of variables on which the transformation group acts.

5.2. Partial Delay Differential Equations

In this section, we deal with delay partial differential equations. Namely, we con-
sider Lie group properties of the semi-linear delay heat equation with a source (the
reaction-diffusion equation) [102]:

where u = u(t, x), & = u(t — 7, x), and 7 = const is a delay parameter.

The theory of existence of solutions of (5.8) can be found in [138]. The com-
plete group classification with an arbitrary element g was done in [102].

The delay parameter 7 is considered to be a constant [102], and x is not changed
for the time ¢ — 7, which corresponds to the lattice equations

T =1t—1 = const, T =i (5.9)

Consider a Lie transformation group acting in the subspace of the variables
(x,t,t — T, U, U, Uy, Uy, Uy, Uge, U ), Where u and @ are two dependent variables.
Since Eq. (5.8) is a partial differential equation of second order and a first-order
difference equation, it follows that the symmetry generator

0 0 0
¢t T
X =¢ (t,x,u)—at +¢£ (t,x,u)—ax + n(t,x,u)—au (5.10)
should be prolonged for the derivatives and the delay variables occurring in (5.8),
0 0 0 0 0 0
t_ Fty Y _ _
5 +§ + (& g)a g +”av+g’” +g} +Cm8um’

where

Co = Du(n) — uz Do (€7) — uy D, (E) G = Di(n) — ue Di(§7) — us Di(E),
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are the standard prolongation formulas,

g=¢(at—ra), &=@t-T0),
are shifted to the left stencil point coordinates £, £*, and

D—i_{_ £+ 14_ D—2+ g_‘_ i+
T or Yy e ’ ot on T o,

By applying the generator (5.10) to (5.8), we obtain
(Gt = Cow = €792 = N9u = 719a) | 5.5 = 0. (5.11)

It is supposed in (5.11) that u, is substituted from (5.8).
To complete the determining system, we should act on (5.9) by the generator
(5.10),

g=¢ =g (5.12)
Again, the differentiation of (5.12) with respect to u and u yields

E=8&=0 &==0

consequently, £ €%, €%, and £ are independent of u and @ and are periodic func-
tions of ¢,

£t<x7t) :gt(l’,t—T), fx(l’,t) :fx(x,t—T).

The last relations substantially simplify solving the remaining equation (5.11), can-
celing many terms. The determining equation (5.11) can then be split with respect
to Ugy, Uy, U, U into several equations. In [102], the group classification was de-
veloped and all special cases of the function g were singled out. The core admitted
Lie algebra is the two-dimensional algebra

0 0

X, = — X, = —.
LT oo 27 Ox

For four special cases of the function g, there exist additional symmetries. To
illustrate the results, below we reproduce an excerpt from [102].

EXAMPLE. Equation (5.8) with
g(u, @) = k@ + kou + k,

where k, k;, and k, are constants (k; # 0), admits the three-dimensional Lie alge-
bra spanned by the operators

0 0

X ==
1 at7
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Consider a special solution invariant with respect to X3. One can seek the solution
in the form
u = Bre ot + ().

By substituting the above solution into Eq. (5.8), we obtain the reduced delay ordi-
nary differential equation

¢'(t) = kaop(t — 7) + koo (t) + k

for the unknown function ¢.

5.3. Symmetry of Differential-Difference Equations

Historically, the Lie group symmetry approach was applied primarily by several
authors to differential-difference equations on a fixed regular lattice [62, 86—88,
99, 118, 119, 121]. One motivation of that is that such equations arise as pri-
mary mathematical models in physics and mechanics. As typical examples of a
differential-difference equation, we consider the Toda lattice [86] and the discrete
Volterra equation [85].

EXAMPLE 5.1 (the Toda lattice). Consider the differential-difference equation

Uy = e~ — e, (5.13)

where v = u(t,z), u_- = u(t,z — h_), and uy = u(t,z + h,) are defined on a
fixed regular lattice

h_ = h, = const, t_ =ty =t. (5.14)

The last relations mean that time is one and the same at the points z, x + h, and
x — h_ (i.e. the orthogonality conditions).

We add the continuous variables u;; = uy(t,x — h_) and u), = u(t,z + h,)
using our notation (clear from Fig. 5.2), which is different from that in [86].

Figure 5.2
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Equation (5.13) is a partial differential equation of second order in ¢ and a
second-order difference equation in x. Consider a Lie transformation group act-
ing in the subspace (z,t,x + hy,x — h_,u,u_,uy, Uy, Uy, Uy, ). The symmetry
generator 5 5 5

X = £t x,u)a + &°(t, x, u)% +n(t, z, u)%
should be prolonged for the derivative u;; and the difference variables occurring in
(5.13) and (5.14),

o0 w0 00 oy O
X =8 T8 g Tigy T gy, (&~ g
B
+ (&7 = ¢7) (5.15)

on. "o, T au

where

Gt = Dy(Gr) — uaDy(E") — un Dy (£7), G = Di(n) — ua Dy(§7) — uy Di(E")

are the standard prolongation formulas,
&L =8t x+ hy,uy), & =&t r—h_,u_),
ny =n(t,x + hy,uy), n-=n(t,x—h_,u_)
are the coordinates 7, %, shifted to the left and right stencil points, and

D—Q+ ﬁ—f‘ i_|_
o "au T,

By applying the generator (5.15) to (5.13), we obtain

(Ctt - eu_iu(n* - T}) —e'tr (77 - 7]+)) ‘(513) =0. (516)

It is supposed in (5.16) that uy, is taken from (5.13).
To complete the determining system we should act on (5.14) by the genera-
tor (5.15),

= =g, = =¢. (5.17)
Without using (5.16), one can conclude from (5.17) that £*(x, ¢, u) and &' (x, ¢, u)

are independent of u. Indeed, the differentiation of (5.17) with respect to u, u, ,
u_,xr,x_,and r yields

=0, &=0, =),
Consequently, £*(x) is at most a periodic function of z,

') =& (@ +hy) =¢(x—h),  hy=h_.



158 COMBINED MATHEMATICAL MODELS AND SOME GENERALIZATIONS

The last relations substantially simplify solving the remaining equation (5.16), can-
celing many terms. The determining equation (5.16) can then be split with respect
to v, and u_ into several easier-to-solve equations.

The solution of the determining system is given by the following Lie algebra

operators [86]:

0 0 0
— Xo = — Xz =t—.
ot’ 27 o’ 57 ou

In the special case of the lattice h_ = h = 1, one has the additional operator [86]

Xy =

0 0

Remark. Let us weaken the condition for the Toda lattice, replacing it by the regular
mesh condition. We additionally plug in finite-difference derivatives instead of
differences of u. Thus, instead of (5.13) and (5.14) we consider the following
system of differential-difference equations:

uy = e~ WU _ o= (urmu)/hey h_ = h,, to=ty, =t (5.18)

The appropriate determining system is

N L T

h_ h?
- ULy — U
— et (—" - Ty (e~ e oy )} =0, (519
+ + (5.18)
£ -2"=¢2=0, =& =¢. (5.20)

The solution of the determining system (5.19), (5.20) yields the following Lie al-
gebra of generators:

0 0 0
Xl a7 XQ_ %7 X3_t%7
0 0 0 0

EXAMPLE 5.2 (the discrete Volterra equation). The discrete Volterra equation [85]
is the differential-difference equation

w a2 (5.21)
Ty —T_ 2
where u = u(t,z), u— = u(t,x — h_), and uy = u(t,x + h,) are defined on the

fixed regular lattice
h_ - h+7 t_ - t+ - t (522)
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Equation (5.21) is a partial differential equation of the first order in ¢ and a second-
order difference equation in x.

Consider the Lie transformation group acting in the subspace (x,t,z + hy,x —
h_,u,u_,uy, ut). The symmetry generator

0 0 0
X = gt(tafmu)& + fx(t,x,u)% + 7)(@%“)%

should be prolonged for the derivative u; and the difference variables occurring in
(5.21) and (5.22),

= 0 0 0 0 0
X — t r_ 7 _ _ r _ ¢x\_ T
o T8 Tt aas T E g0
0 0 0
Tt _ 5.23
+(f f—)ah7+77+au++77 8u,’ ( )
where Ct = Dt<7’]) — uth(ﬁm) — utDt(ft) and
gf- :§x<t7$+h+7u+)7 £ :fm(t,x—h_,u_),
N+ :n(t7x+h+7u+)> - :n(t,x—h,,u,)
are the coordinates of £* and 7 shifted to the left and right stencil points.
By applying the generator (5.23) to (5.21), we obtain
Uy — U —n_ Uy — U
G+ + +u77+ Ui oy Q(fi_ﬁ)} =0. (5.29)
Ty —x_ Ty —T_ (xy —x) (5.21)

It is supposed in (5.24) that u; is substituted from (5.21). To complete the deter-
mining system, we should act on (5.22) by the generator (5.23),

£ —-27+¢e8 =0, ¢&=¢=¢. (5.25)

Then one can conclude from (5.25) that £* and & are independent of u: & = 0,
&8 =0, & = ¢(t), and & = £"(x). The last relations substantially simplify
solving the remaining equation (5.24), canceling many terms. The determining
equation (5.24) can then be split with respect to u, and u_ into several easier-to-
solve equations.

The solution of the determining system is the Lie algebra spanned by the oper-
ators [85]

0 0 0 0 0

0
a, XQ = g, Xg—ta—’u%, X4—ZL'%+U% (526)

In the continuous limit, Eq. (5.21) becomes the simplest transport equation

X1:

up + uu, = 0, (5.27)
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which is linearizable and admits an infinite-dimensional symmetry group (e.g., see
[74], p.178).

Equation (5.21) possesses the four-dimensional Lie algebra (5.26) only and can-
not be considered as a good numerical approximation to (5.27).

Many other examples of differential-difference equations and their symmetries
can be found in [65]. A number of examples of differential-difference equations
that possess noninvariant solutions can be found in [59].



Chapter 6

Lagrangian Formalism
for Difference Equations

The well-known Noether theorem [104] states the relationship between the invari-
ance of a variational functional and the conservativeness of the corresponding Euler
differential equations, i.e., the fact that the conservation laws are satisfied on their
solutions. In the present chapter, we give a difference analog of this construction
(see [29,30,36,39,48,49]). We also find necessary and sufficient conditions for the
invariance of a difference functional defined on a mesh. We show that the invari-
ance of a finite-difference functional does not automatically imply the invariance
of the corresponding Euler equations. We obtain a condition for the difference
Euler equation to be invariant. We derive a new difference equation (which, in
general, does not coincide with the difference Euler equation) such that the func-
tional is stationary under the group transformations on its solutions. This equation,
which is said to be quasi-extremal, depends on the group operator coordinates and
has the corresponding conservation law if the functional is invariant. We study
the properties of quasi-extremal equations. If the functional admits more than one
symmetry, then it makes sense to consider the set of intersections of solutions of
quasi-extremal equations. For the intersection of quasi-extremals of an invariant
functional, we state a theorem quite similar to the Noether theorem. Note that
the proposed difference construction becomes the classical Noether theorem in the
continuum limit.

Note that the preservation of difference analogs of conservation laws in numer-
ical schemes is of great importance (see [64, 122]).

6.1. Discrete Representation of Euler’s Operator

Let us find out how the Euler equation of a difference functional can be written on
various difference meshes.

1. First, consider the simpler case of one single independent variable x and one or
several dependent variables (u', u? u?, ... u™).

It is well known (see [72, 73]) that the Euler operator in the “continuous”

161
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space Z that contains u and all the derivatives (u,uy,us, ... ) can be written as

50 X .. [0
5= %+Z(—1) D <aus>' (6.1)

We first represent the Euler operator in % under the assumption that the mesh w is

h
uniform (or regular). We assume that it is applied to functions £(z,u, 1/;:2) € 13
Uy = (uy — u)/h, defined on the mesh w.

It is remarkable that the operator series that plays the key role in variational
calculus, 1.e., the second term on the right-hand side in (6.1), can be “rolled” into
a compact form with the use of the discrete differentiations D and D. Indeed, we

+h —h
note that
o Moo wto
Ous  Ous Ouy 8! Ouy
h h
and obtain
) B 0 > s 1sf O B 0 0
E_%_Z<_h> b <8u33) T du l%(({)uw)’ 62)
s=1 h h
where

is the left discrete differentiation operator.

Note that in formula (6.2) the “continuous” partial differentiation with respect
to the first right difference derivative Us is first applied, and then the “discrete” left
differentiation is used.

The finite-difference equation

6_£_8_£_D<8£):0 (6.3)

du  Ou  —h\ Ou,
h

will be called the difference Euler equation on a uniform mesh, the function £ =
L(x,u, %x) is called a mesh (or discrete, or finite-difference) Lagrangian function,

and any solution of Eq. (6.3) is called an extremal.

EXAMPLE. Let £ = %ui + e*; then the Euler equation (6.3) acquires the form
h

Upz — " = 0.
h
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2. Consider how the Euler operator (6.1) can be written on a one-dimensional
nonuniform mesh w. If the mesh is nonuniform, then the shift and discrete dif-

ferentiation operators are of “local” character, i.e., are related to the local mesh
spacings h~ and h™ at a given point x, and hence

o sy (ptyt oo

Ous,  Ous 8%1 4l 6’%%'

Therefore, the Euler operator at the point x acquires the form

50 (—h*)' [
@_%_Z s! D G%x ’

s>1

where the second term is the left discrete differentiation but with the right step At
rather than the left step A, because the left discrete differentiation is written as

s>1

We rewrite this expression differently:
0 _90_ 1(0 40
Su  Ou  ht\Oup, -—hOu,
h h
_G_h_ 8_58 _G_h‘Da
 Ou hth=\Ou, -hdu,) Ou hT-hr\Ou, /)
h h h
Thus, the Euler equation on the nonuniform mesh can be written as

oL h~ oL
o a(5)

The factor h~ /h™ occurring in (6.4) characterizes the difference stencil proportions
at a given point,

-

P o().
As was already shown, if the nonuniform mesh satisfies the invariance conditions,
then this equation represents an invariant manifold in % .

3. Consider the Euler operator in the two-dimensional case. We assume that the
two-dimensional mesh is rectangular and uniform in each direction (with constant
spacings h; and ho, respectively). The variational derivative in Z acquires the form

1) 0 > 0
2 _ 9 YD, ---D; — 2
su_ou "t ;< D " ou;, .,
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where i; .. .44 is the s-dimensional set of indices (1,2) and D;, is the complete
(“continuous”) differentiation in the respective direction,

D1=i+ula+uni+ugli+
8x 8 8 U1 8 Ug

Dy =+ +u +U128 + 22i+
0x? > Ou Ouy Ous

We assume that the operator is applied in % to functions of the form

E = £<x17x27u7%17%2)

and obtain
) 0 0
— ==+ (-1 D} Dy ———
ou  Ou ; k;g aull 1212
a s—1 hi_l s a p—lh]?)_l Y4
=5, > (1) . D18—u1 -> (-1 TDQ
s>1 h' p>1

0 0 0
=——Dy|=— | —D2| — ).
ou ' (8%1 ) b’ (6%2>

Thus, the Euler equation on a two-dimensional uniform mesh acquires the form

oL oL oL oL
E_%_Qf(a_%l) —32<8—%2) =0, (6.5)

where %1 and %2 are the right difference derivatives in the directions (a:l, xg), re-
spectively.
4. In a similar way, we can obtain an expression for the Euler operator on a two-
dimensional nonuniform rectangular mesh w characterized by two local spacings,
hi and hi:

5L 9L hy . [(OL h; Ly

In what follows, considering difference functionals of specific forms, we also
obtain various forms of the Euler operator.

EXAMPLE. On an orthogonal mesh w uniform in each of the ¢- and x-directions

with respective spacings 7 and 5, consider the Lagrangian

t k(] T0 T0
L=em (g%i - Zg? - Zu?)
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where k( and 7 are some positive constants. Then formula (6.5) gives the following
difference Euler equation:

ko
—wm%+%) (6.6)

Ti —7/7 /7
Toyt{‘i‘%{yf(l—e /0>+7‘}Lt(6 /0—1)}: o U

Equation (6.6) approximates the heat equation
Tl + U = KoUy Uz T

with heat flux relaxation taken into account up to O(72 + h?).

6.2. Criterion for the Invariance of Difference Functionals

1. Let the following finite-difference functional be given on a one-dimensional
mesh w:

L= Zﬁ(x,u,%x)th, (6.7)
Q

where the sum is taken over a finite or infinite domain §h2 C c;L) (In the latter case,

we assume that £ sufficiently rapidly decays at co.)

The functional (6.7) is defined on a difference mesh, uniform or nonuniform. If
the mesh is uniform, then A = h~. A nonuniform mesh is introduced by a smooth
function p(z), h* = ¢(x), so that h~ = @(x — h™). It is also possible that ¢
depends on u, h™ = ¢(x, u); i.e., the mesh can depend on the solution.

In the space % = (z,u, %x, %m, ..., ht) of difference variables, consider a one-

parameter transformation group (G; with operator

o 0 0 LD 0
X—§%+n%+ﬁa% +hTD(E) s + T D(&) 5 (6.8)

where the functions &, 7, (1, ... € 121, (1, (o, . . . are linear difference forms of (£, )
h hoh

(see Chapter 1).

Under the transformations of the group (G; generated by the operator (6.8), there
are variations not only in the difference functional (6.7) but also in the difference
mesh w on which the operator is considered (and in the domain Q C w along

with the mesh). Therefore, in the definition of the functional transformatlon it is
necessary to introduce a transformation of the difference mesh w.

DEFINITION. An transformed value of the mesh functional (6.7) on a uniform mesh
is defined to be the sum

Z/j*x u”* u Yht, Rt = p(h™), (6.9)



166 LAGRANGIAN FORMALISM FOR DIFFERENCE EQUATIONS

where, in general, L* # L and p(h™*) # h™*; the summation domain %* is ob-

tained from the domain fhl by the transformations of the group G;.

Note that the transformed summation domain %"‘ may depend on the solution u
if the transformed value x* depends on u,
¥ = f(zr,u,a) = x + al(z,u) + - -

DEFINITION. A difference functional L is said to be invariant under the group G,
on a uniform mesh if the following relations hold for all transformations of the
group (¢; and any summation domain Q:

Zﬁ(x,u,ux ZE ¥, u* u YAt ht = h*. (6.10)
Q

Let us find out under what conditions on the discrete Lagrangian £(x,u, %m)

and for what classes of transformations conditions (6.10) are satisfied. We perform
a change of variables in (6.10) so that the sum over the original domain S}} is on the

right:
+ aX aX aX aX (1,+ +x 7 —*
D st = D0 L ()X e (), e =

Since the summation domain fhl is arbitrary, it follows that these relations are equiv-

alent to the following relations for the elementary action:
L(z,u, %x)iﬁ L (x*, u* U )T ht* =h~". (6.11)

Relations (6.11) mean that the elementary action L£(z, u, %1)h+ is an invariant of
the transformation group G in the space % = (z,u, %x, %m, ..., h) on the invariant

manifold h™ = h~.
We use the operator (6.8) to write out a necessary and sufficient invariance
condition for the elementary action £(z, u, %x)fﬁ on the manifold h* = h~. To

this end, we apply the operation 0/ 6a‘a:0 to relations (6.11):

oL
G gy * B0~ pREl5, HERO =0 DRO=0. 61>

Thus, the following theorem holds.

THEOREM 6.1. For the mesh functional (6.7) to be invariant on a uniform mesh
under the one-parameter group G with operator (6.8), it is necessary and sufficient
that relations (6.12) be satisfied.

The first relation in (6.12) is a difference analog of the first Noether theo-
rem [104], and the second is of course absent in the continuum limit, because the
equation h* = h~ becomes the identity 0 = 0.
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2. Consider the case of a one-dimensional nonuniform mesh c;l) characterized in %

by the relation
ht = o(z,u), (6.13)

where ¢ € A (i.e., the case in which the mesh depends on the solution).
The transformed value of the functional (6.7) on the mesh (6.13) is defined to
be the expression

=Yt R =),
Q

where, in general, ¢(z*) # ©*(2*). Note that the invariant mesh is characterized
by the same function ¢(z*) for the spacing A in the new variables.

DEFINITION. One says that the functional (6.7) is invariant on the nonuniform
mesh (6.13) if the following conditions are satisfied:

+ _ * * * —+ % +x * *
%:L’(x,u,%x)h —Zﬁ(m,u,%z)h , R = p(x*, u").

In this relation, we replace the sum over the points of the domain fhl by the

equivalent sum over the powers of the shift operator S;L :
Jr

o + u* af, * a(1,+x*
o (6.14)
h+* = go(x LU )

Since the arbitrariness of the domain S}? is equivalent to the arbitrariness of the

domain of summation over the index «, it follows from (6.14) that

E(x,u,%x)}ﬁ L(x* u* %)th* R = p(z*,u"). (6.15)

By applying the operation % ‘a:O to (6.15), we obtain an infinitesimal criterion for
the functional (6.7) to be invariant on the nonuniform mesh (6.13):

8£ oL
g +C1 o, +£BL(€) =0, El(f)—ﬁ(lﬂox)—mpu:O, (6.16)

5_

where the operators S;L and l% are taken on the mesh (6.13).

+ +
THEOREM 6.2. For the mesh functional (6.9) to be invariant on a nonuniform mesh
depending on the solution under the one-parameter group G, with operator (6.8),
it is necessary and sufficient that relations (6.16) be satisfied.
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Figure 6.1

3. Let us present the above results for a finite-difference functional written in the
different form

L, = Zﬁ(m,x+, w,uy )hy, (6.17)
Q
where the mesh spacings h, = x, — x can still depend on the solution,
hy = p(x4, x,up,u); (6.18)
the notation is clear from Fig. 6.1.
We need the prolongation of the operator X by shifting the coefficients to the

corresponding points (x, z, uy, u)

0 0 o .0 0
X = g T o, T g TG

0

o, 0
Frlhgr (G =g + (€~ )5,

8u2+ 8h+

where the coefficients are given as follows:

57 :f(l',,u,), 771— :ni('rfauf)a €+ :§<37+,U+), 77:— :Ui($+au+)'

The infinitesimal invariance condition for the functional (6.17) on the mesh (6.18)
is given by the two equations

oL oL oL
§—+5 a_ £+5+ naﬁn_az +77+(9u+ +h<§)} hﬂ)—o,
[5(&) —¢=X(@)][5,—, =0,

which hold on the lattice (6.18).
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4. Consider the conditions for the mesh functional
L= gﬁ(xl,x% w,ur, ug)hi b, (6.19)
h

to be invariant on a two-dimensional uniform rectangular mesh w X w, hi =h;,
1 2
characterized by two constant spacings h; and hy. An argument similar to that in

the one-dimensional case leads to the infinitesimal invariance criterion

X (L) + ﬁ(ﬂl(fl) + 32(52)) =0,
0, 3222(52) =0, £1(52) = —ﬂ2(§1)7

>
=

>
—_

—~

I

—

~—
I

where ﬂl is the discrete differentiation in the ¢th direction, %1 and %2 are the right

difference derivatives in the x'- and z2-directions, respectively,

9, 0 0

x=2 el yn " G
1 1 9 2 9
e (520 = g+ (5206~ g

is the operator of the group G, and the (; are linear difference forms of (¢!, €2, 7)
h
obtained by the prolongation formulas derived in Chapter 1.

5. In the case of a nonuniform rectangular mesh depending on the solution,
hi =@’ a® ), hg = pa(at, 2% u), (6.20)

a necessary and sufficient condition for the functional (6.19) to be invariant on the
mesh (6.20) is

X(£)+£(31(§1)+BLQ(52)) =0,  Si() & = X(p) =0,

+h
Sa(€) =€ = Xlp2) =0, D) = ~Dale))

where the operators S;L ; and l% ; are taken on the mesh (6.20).
+ +

6.3. Invariance of Difference Euler Equations

It is well known that the invariance of the Euler equations in the differential case is
a consequence of the invariance of the corresponding variational functional [104].
Let us find out whether this situation is preserved in the finite-difference case.
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For simplicity, consider the case of a one-dimensional uniform mesh. The
finite-difference equation

oL 0L oL
Z==Z_D = 21
_h(agx) ! (6 )

for the mesh extremals in the case of a nondegenerate functional is a second-order
difference equation written at three points (z — h,z,x + h) of the mesh w. The

invariance condition for the elementary Lagrangian action, which was obtained
in the preceding section, contains only the first (right) derivative, i.e., is written
at two points of the mesh (z,x + h) € . Therefore, to clarify the invariance

conditions (6.21), we need to prolong the invariance condition for the elementary
action to the left, i.e., to the point x — h. Now consider the condition that two terms
in the sum of the difference functional are equal to each other:

L(x™,u™, %E)h’ + L(z,u, %m)}ﬁ = L(z™ ", u’*,%;)hf* + L(z7, u*,%;)hf*,

h—* — h+*,
(6.22)
where x=* = f(x~,u",a),u" =g(z~,u",a), and
g (3(9(%% a)))
=5\ DU wa)

By applying the Euler operator to relations (6.22), we obtain

oL oLy 0L(2*) L LOL(2)
ou l%(é)%x) - fu( Ox* +l?h (fo’: 3%;

— DY (£(z") + gu <a§fﬁ*) + D (agi*) ) ) . (6.23)

hl‘

where D: is the operator of left discrete differentiation in the new variables.

By applying the operation 0/ 8a|a20 to relation (6.23), we obtain

oL oL oL
0 (0L(zY) L [(OL(Z")
+%< w4 ( O, ))

where the last term is just the invariance condition for the Euler equation. Thus, for
invariant functionals on an invariantly uniform mesh the action of the operator X

=0,

a=0
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on the Euler equation gives

oL oL oL oL
X(%> - _’7“(%> ‘5“(%+ 3(%333—%%)), DD(&) = 0. (6.24)

By substituting ‘;—i = ( into (6.24), we obtain the following assertion.

THEOREM 6.3. For the Euler equations (6.21) of the invariant functional (6.11) to
be invariant on the uniform mesh w, it is necessary and sufficient that the following

condition be satisfied on their solutions:

éu((% + oL +u oL D([,)) =0, DD(&) =0. (6.25)

JE— u,_
or r°0u »"0u, “~h “h+h
h

This condition is absent in the differential case, because the operator in paren-
theses becomes identically zero as h — 0.

Conditions (6.25) are necessarily satisfied for degenerate functionals linearly
depending on their variables and for z-autonomous transformation groups, for
which

=0, DD()=0

—h+h

on uniform meshes, which implies that {(x) = Ax + B, where A and B are con-
stants.

Thus, it is only under conditions (6.25) that the situation in the difference case
is similar to that in the differential case: the invariance of the functional implies
the invariance of the corresponding Euler equation. But it is clear that rather wide
classes of transformations and functionals do not satisfy conditions (6.25). This
means that the group transformations can transform the Euler equation into some
different equation without changing the difference functional.

The following question arises: For the solutions of what equation do the values
of the functional remain constant under the group transformations? The answer to
this question is given in the next section.

6.4. Variation of Difference Functional and Quasi-Extremal
Equations

Consider the variation of the functional (6.7)

L= Z ;C(ZE, U, %x)h-i-
Q
h

along a smooth curve
u=V(x) (6.26)
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passing through a given point (z,u). Let us calculate the increment of the func-
tional (6.7) in terms of the variations dx and du = W, 0x. Since dx and du are
contained only in two neighboring terms of the sum (6.7), we omit the terms of
smaller order than dx and obtain

oL oL oL oL
5L — (a—x i Q(%x% _ £>)5x i (% - Q(a%m»%‘;” (6.27)

Thus, the values of the functional (6.7) remain constant in the case of variation
along the curve (6.26) on the solutions of the equation

0% (2 ) u (%) o

% —h 8u1 ou
h

The above-obtained expression

) 0 0
5u ou R(aux)

h

for the Euler operator on the uniform mesh w corresponds to the vertical variation

in the functional (6.7). If |V, | < Cj in a neighborhood of the point (x, u), then the
variation is said to be inclined, and if ¥, = 0, then it is horizontal.

Now let the curve (6.26) be the orbit of the point (x, u) under transformations
of the group (. In this case, the variations dx and du are determined by the
components of the operator of the group G,

ox = &(x,u)da, du = n(x,u)da,

where da is the variation of the group parameter (see Fig. 6.2). The corresponding
extremal equation (6.27) is

oL oL oL oL
(oo v Bleray - 2) oG -8(5p)) 0 o

Equation (6.28) is said to be quasi-extremal (or called a local extremal equa-
tion), and any of its solutions are called quasi-extremals. Equation (6.28) can be
obtained directly from transformations of the difference functional by applying the
operation - o At the point (7, u).

Note that the slope characteristics & (z, u) and n(z, u) are contained in the quasi-
extremal equation (6.28) on whose solutions the functional can be stationary in the
general case. This means that the equations for the quasi-extremals of one and the

same invariant functional, in general, may have different form for different groups.
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“Vertical” variation:

£=0

T e)
~_ —

z—h T rx+h

“Inclined” variation:

z—h T r+h

Figure 6.2

EXAMPLE 6.4. Consider the linear difference equation

Uay = 0 (6.29)

on the uniform mesh. In particular, this equation admits three translation operators

0 0 0 0
Xy = - X2*%7 X3*%+%

preserving the mesh uniformity. The variational functional

1 af, 2
L=33"5(uh) (6.30)

o

is invariant under X5, X5, and X3, because so is the elementary action %%ih Equa-

tion (6.29) is the Euler equation of the functional (6.30). All three operators X1,
Xy, and X3 satisty the invariance conditions for the Euler equation (6.29).
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Now let us obtain the quasi-extremals of the functional (6.30) for the opera-
tors X1, X5, and X3, respectively:

Uy + Uz Uy + Uz
um<h h ):0, Uz = 0, um(h h —1>:0.
h 2 h h 2

Obviously, the solution of the extremal equation (6.29) is also a solution of each
quasi-extremal equation, i.e., lies in the domain of intersection of quasi-extremals.
But the converse is not true. Thus, on the set of solutions of Eq. (6.29), the station-
ary value of the functional (6.30) is attained in the case of “vertical” variation (X5)
and of “inclined” variation (X3) and “horizontal” variation (X ).

EXAMPLE 6.5. Consider the nonlinear difference equation
_ = 2
,%m U (6.31)

on a uniform mesh, which obviously admits the translation operator

_9
- or’

The variational functional with Lagrangian function

X

1 1
L= -u’+ -u,?

3 5l (6.32)

has Eq. (6.31) as the Euler equation. But for (6.32) the horizontal variation along
the orbit of the group with operator X gives the following equation for quasi-
extremals:

211;5; 2 2
- h U+ u_u+ u_ 7 (6.33)
h Uy ‘l— Uz 3
" h
where u_ = S;L (u). Note that the nonlinear quasi-extremal equation (6.33) and

the semi-linear Euler equation (6.31) are close to each other in the sense of the
approximation order but still have different structures.

EXAMPLE 6.6. Consider the difference equation

szm =e" (6.34)

which obviously admits the translation operator X = 9/0x on the invariantly uni-
form mesh w. One can readily verify that Eq. (6.34) is the difference Euler equation

of the difference functional with Lagrangian

1 2 [
L= gui+e (6.35)
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The difference functional with the function £ given by (6.35) also admits the op-
erator X = a%' But the functional attains its stationary values not on the ex-

tremals (6.34) but on the quasi-extremals determined by the equation

2
Upz = €| — —— ].
h h ugy + uz

h h

Thus, in difference variational problems, a variation of the functional leads to
the Euler equation only in the case of vertical variations. The set of solutions on
which the mesh functional attains stationary values depends on the variation direc-
tion, i.e., on the direction of the group orbit. If £ # 0, then the group transforma-
tions change the independent variable and also the difference mesh. In this case,
the action attains stationary values not on extremals but on quasi-extremals.

Each quasi-extremal depends on the group operator coordinates. Therefore,
there are different equations of quasi-extremals for different symmetries. In the
continuum limit, the difference between the quasi-extremals disappears, and all of
them become the differential Euler equation.

Let us rewrite a finite-difference functional in the equivalent form

L= Lz, uup)hy (6.36)
Q
on some one-dimensional lattice c;.lz

hy = 90($+7$au+7u)

with spacing hy = x, — .
Let us take a variation of the difference functional (6.36) along some curve
u = U(x) at some point (x, u). The variation will affect only two terms in the sum
(6.36),
L=+ L(z_,x,u_,u)h_ + L(z,xy,u,uy)hy +--- .

Thus, we obtain the following expression for the variation of the difference func-
tional:

oL oL
5L—Eéx—|— 5u5 ,
where du = U/'dzx and
oL oL oL~ oL oL oL~ _
%—h+%+h,a—u, %—m%—l—h,% +L - L

with £ = L(z, 2z, u,u; ) and L~ = %(ﬁ) =L(x_,z,u_,u).

Now consider the variation of the functional (6.36) along the orbit of a group
generated by the operator

0 0
Xzf(x,u)%—i—n(x,u)%—i-w' . (6.37)
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Then, we have 6t = £da and du = nda, where da is the variation of the group
parameter. A stationary value of the difference functional (6.36) along the flow
generated by the vector field (6.37) is given by the equation

oL oL
st sy =

which is another representation of the quasi-extremal equation corresponding to the
coefficients £, ) of the operator (6.37).

If we have a Lie algebra of vector fields corresponding to two or more different
coefficients &, 7, then a stationary value of the difference functional (6.36) along
the entire flow will be attained on the intersection of solutions of all quasi-extremal
equations of type (6.38):

0, (6.38)

oL oL

s u
This intersection will be referred as global extremal equations. Note that the vari-
ational equations (6.39) can be obtained by the action of the discrete variational
operators

=0. (6.39)

o 0 0 ) 0 0

—=—4 5 — — = — 4+ _

dx  Oxr —h Oz ou  Ou  —h Ouy
on the discrete elementary action £(z, xy, u, uy)hy.
Remark 6.7. We shall also use the global extremal equations (6.39) in the modified
form

oL h_0L™ _ oL h_oL™

—+4+-—— -D —+——=

Jdr  hy Ox +h ou  hy Ou
which is obtained by division by A, .

=0, (6.40)

Thus, for an arbitrary curve, a stationary value of a difference functional is
given by a solution of Eq. (6.40).

EXAMPLE 6.8. Consider the difference model of the ordinary differential equation
u' =u? (6.41)

from the standpoint of Lagrangian formalism. For the difference analog of the
Lagrangian function u 2 — u? we take the expression

1 <u+ - u)2
L—— _ , (6.42)

UU4 h+

which is defined at two points of a mesh w. First, let us verify the variational

invariance of the Lagrangian (6.42) under the original group admitted by Eq. (6.41):

0 0 0
Xl = =, X2:2.§U_+u_; X3:QZ2—+SUU_- (643)
u X u



6.4. VARIATION OF DIFFERENCE FUNCTIONAL AND QUASI-EXTREMAL EQUATIONS 177

Obviously, the difference functional
1 Uy —u\2 h (uy — u)?
e D LI Wl e N
XQ: UU4 h+ + EQ: U4 h+ ( )

where hy = x, — x, admits the translation X;. The invariance of the elementary
action Lh,

X£+'CBL(5) =0,

can also readily be verified for the dilation X,. In the case of the operator X3,
we obtain the “divergence invariance”; i.e., the action of the operator X3 gives the
finite difference of some non-zero expression,

XL+ £D(?) = 2= = )
r¥) = —— = D(u”).
3 +h h+ +h
Let us write out the extremal difference equation
1 [(h h_
Quy — 2up — — (—+ + —) =0 (6.45)
h h u U4 u—

corresponding to the functional (6.44), where, as usual, Uy = (uy —w)/hy, Uz =

(u—u_)/h_. Note that to write out the extremal equation, we need the two terms
of the sum (6.44):
L(u,uy)hy + L(u_,u)h_.

Note also that the mesh c];; remains undefined,

hy = p(2). (6.46)

Since the group G5 is z-autonomous, it follows that the Euler equation (6.45) ad-
mits the operators (6.43) under the condition that the mesh (6.46) is invariant as
well.

Now consider the quasi-extremals of the functional (6.44). In the case of an
“inclined” variation (6.44) along the orbits of subgroups corresponding to the op-
erators (6.43), we also need to take into account two terms of the sum (6.44). The
operator X; gives us the following quasi-extremal:

1701 1
) e =0 e

The quasi-extremal corresponding to the dilation operator X is determined by the
equation

1 1 1 —h_ h
E(———>+—(I _ I +>+2x(u12—ux2)+2u(ux—ux):O.
u\u_  uy u\  u_ Uy h h 'k
(6.48)
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The third quasi-extremal equation on whose solutions the functional (6.44) takes
stationary values under the transformations X5 acquires the form

1 1 h h_
x2(————ux2—|—u$2)+xu(2u$—2u$——+— ):
uu—  uuy  h h h

Note that all quasi-extremal equations can be written in the unified form

L 5L VAN L (0L oL\
= =0, 2:5(%>+(%>—0, x (5x)+xu(5u)—0, (6.50)

where

0L 0k O i ﬁzmg—ﬁm oL
u

or  or T o ou £ =500

T ou’ —h

One can readily verify that the representation of quasi-extremals in the form (6.50)
completely corresponds to the already introduced form based on the use of differ-
entiation with respect to the difference derivatives. Obviously, the quasi-extremal
equations have the common domain of intersection, i.e., the global extremal

oL _, 0L

= = —=0. Sl
Sx ’ Su 0 6.51)

Each solution of system (6.51) is a solution of system (6.50). It is remarkable that
the set of solutions of system (6.51) admits the same three-parameter group as the
original functional.

6.5. Invariance of Global Extremal Equations
and Properties of Quasi-Extremal Equations

Now consider the invariant properties of quasi-extremal equations and Eqgs. (6.51)
determining the global extremal. The global extremal equations satisfy the follow-
ing theorem.

THEOREM 6.9. Let a difference functional

L= Z L(z,xy,u,uy)hy (6.52)
invariant under the group GGy with operator

0 0 0 0
X—££+n%+£+£+m% (6.53)

be given. Then system (6.51) admits the same group (.
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Proof. We express the invariance of the functional (6.52) as the equality of the two
corresponding series, in which we preserve only two terms of the series:

L(x,xy,u,uy)hy + L7 (x_,z,u_,u)h_
= L(z*, 2, u )b + L7 (28, 2" vl u*)hE.

After differentiating the last relation with respect to x and u, we apply the operation
0/ 8a‘a:0 to the result and obtain

o (oL, ., 0L, -
S (G G £ - c)

) (ach* +ac—h*>

da\ou * " our'

oL oL

a=0

oL 0L
:0 +’£u£ + nu% =0.

a

The substitution of Egs. (6.51) into the above relations completes the proof of the

COROLLARY. If the intersection (6.51) of quasi-extremals corresponds to a func-
tional (6.52) invariant under an r-parameter group G, then system (6.51) is also
invariant under G,.

= 0. ]

(6.51)

Note that system (6.51), as well as any invariant manifold, can be written in
terms of difference invariants of the group G,.. We also note that we are not yet
interested in the set of solutions of system (6.51), which may be empty (i.e., the
quasi-extremal equations may be inconsistent).

Another property of quasi-extremals of an invariant functional is given by the
following theorem.

THEOREM 6.10. Let the quasi-extremal equation

5L 6L

= = = 54
(51:—H75:c 0 (6.54)

correspond to the stationary values of the functional (6.52) under variations along
the orbit of the subgroup G with operator (6.53). Then Eq. (6.54) admits the same
subgroup G.

In other words, each quasi-extremal equation is invariant under “its own” sub-
group. This fact is almost obvious. Indeed, assume that Eq. (6.54) does not ad-
mit the operator X (with the same coordinates (£,7)). Then this equation under
the action of transformations of the corresponding subgroup G; becomes a cer-
tain different equation (6.54)", and the functional remains unchanged in this case.
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But Eq. (6.54) was obtained as the set of all solutions on which (6.52) is station-
ary. Therefore, Eq. (6.54)" cannot produce an additional manifold on which the
functional (6.52) is stationary. Just this contradiction proves the invariance of the
quasi-extremal equation (6.54).

Thus, the quasi-extremal equations are invariant under their “own” subgroups,
and their intersection admits the entire set of symmetries of the invariant functional.

The following natural question arises: How does a “foreign” subgroup associ-
ated with another extremal act on the given quasi-extremal equation?

Rather often, this question can be answered by using the following relation,
which holds for the invariant Lagrangian and permits writing out the quasi-extremal
equation in divergence form:

oL h_0L™ _ oL h_0L~™
5<a—x+aﬁ—ﬂ<£ >) +”(%+aa—u>
D (h 2 e e —0. 655
+h ou ox

One can readily verify that relation (6.55) is equivalent to the invariance condition
for the functional (6.52):

oL oL oL oL
5% + 5+£ tng-+ ™ By + ﬁg(f) =0.

Relation (6.55) allows us to prove the following assertion.

THEOREM 6.11. Suppose that the quasi-extremal equation (6.54) of the invariant
functional (6.52) corresponds to a group G with operator X. Let there exist an
operator X commuting on the solutions of (6.54) with the discrete differentiation
operator,

X, D]=0. (6.56)

Then the action of the operator X transforms the quasi-extremal (6.54) into another
quasi-extremal of the same functional.

COROLLARY. The operators of the adjoint Lie algebra admitted by (6.52) have the
property (6.56). Thus, a new additional operation, namely, the action of the adjoint
algebra, is introduced on the set of all quasi-extremals of the invariant functional.
In this connection, one can to introduce the following new notion: a basis of quasi-
extremal equations, which is a minimal set of quasi-extremals from which all the
other quasi-extremal equations can be obtained by the action of the operators X.

Note that all the above-listed properties of quasi-extremal equations are of dif-
ference character; i.e., in the continuum limit all the quasi-extremal equations be-
come a single Euler equation, which is invariant under the entire set of symmetries
of the corresponding Lagrangian.
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EXAMPLE. Now let us illustrate all these properties by the example of the equation
UH — u—37

which was considered in the preceding section. Under the transformations (6.43),

the invariant Lagrangian (6.42) preserves its constant values on the solutions of

the corresponding quasi-extremal equations (6.47), (6.48), and (6.49). For these

equations, system (6.51) acquires the form

=0. (6.57)

One can readily verify that system (6.57) admits the entire symmetry of (6.43).

The quasi-extremal equations (6.50) were obtained in the preceding section.
They permit verifying the second property of the quasi-extremals. One can see
that the first equation in system (6.50) admits the operator X, the second equation
admits the operator X5, and the third equation admits the operator X3; i.e., each
quasi-extremal is invariant under its respective subgroup.

We also easily see the third property of the quasi-extremals: the operator 0/0x
takes the third equation to the second, and the action of the operator %8 / Oz trans-
forms the second equation into the first equation. Thus, the third equation in sys-
tem (6.50) forms a basis of quasi-extremals. As we shall see later, the same relation
holds for the conservation laws.

An invariant system determines both an invariant mesh and an invariant differ-
ence equation for w. In particular, this system contains equations obtained earlier
by the method of difference invariants. Indeed, by substituting

hy = cuuy, h_ = cuu_ (6.58)
into system (6.57), we obtain
(uy —u)u_—(u—u_)uy = *uu_, (uy —u)?u_—(u—u_)uy = e(u_—uy).
Both of the last equations are equivalent to the already known mapping

upu_ (2 —¢e*) =uuy +u_),

which approximates Eq. (6.41) up to second-order terms on the mesh (6.58).

6.6. Conservation Laws for Difference Equations

Let finite-difference equations

Fa(x,u,i}fx,...,h):O, a=1,2,...,m, (6.59)

be given on a difference mesh

Qg(l‘,u,...,h):(), B=1,...,n, Fa,QBEf. (6.60)
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DEFINITION. We say that a system of difference equations has a conservation law
if there exists a vector A with components A* = A*(z, u, Ugs -y h),i=1,...,n,

Al € 1;1, such that, on any solution u = ¢(x) of system (6.59)—(6.60), it satisfies

the condition .
MVAE;;ﬂmeQ (6.61)
where Ph ; denotes the discrete differentiation in the sth direction.
If there exist r vectors A, satisfying condition (6.61) and linearly independent

with constant coefficients, then one says that system (6.59)—(6.60) has r indepen-
dent conservation laws.

Note that in the one-dimensional case, where A = A! = A(z, u, Ugs -y h),
the condition
BL(A<Z))}(6.59),(6.60) =0 (6.62)

for system (6.59)—(6.60) to be conservative is equivalent to the condition saying
that A(z, u, %1) is a mesh invariant on the solutions of (6.59)—(6.60),

A(Z>‘F:O - f

(A o5 o0y C= L2 (6.63)

where the EL are the discrete shift operators. The conservation law taken in the

form (6.63) is a first integral of the one-dimensional version of system (6.59)—
(6.60) and is a finite algebraic expression on the mesh w.

In the case of arbitrary nonuniform meshes w, it should be remembered that the
operators EL ; and ﬂz in (6.61) and (6.63) are of “local” character; i.e., they depend
on the spacings h;” and h; at a given point of the mesh.

Note also that condition (6.62) can be rewritten in infinitesimal form using the
fact that the shift operator EL was obtained with the use of the tangent field of the

Taylor group:

o = o - 0
_ + _
(2)) ‘(6_59),(6.60) =0, BL T Or T ﬂ(u)% + ﬂ(%l) 8%1

D*(A N (XY
+h

where iDh is the Lagrangian representation of the differentiation operator on the

difference mesh,

N_OO(:Fh)n_l n

Note that the use of the conservation law in the form (6.64) requires the use of all
points of the difference mesh.
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Let us show that the difference analog of the differential form of the conserva-
tion law (6.61) implies a difference analog of the integral form of the conservation
law. Let the last coordinate of the vector (x', 2%, ... ™) be the time 2™ = t. Take
the cylindrical domain

n—1
= {m €w: Y (@) =rf t<t< tz},
=1
where x = (z',2?,... 2" 1, t) and g, t1, and ¢, are constants.

Then it follows from (6.61) that

> Alyhihy. . by = DIVA =0, (6.65)
s Q

h

where S is the surface bounding the domain (hl and [, is the unit exterior normal

vector on S.

If A® decays sufficiently rapidly at spatial infinity for the solutions of sys-
tem (6.59)—(6.60), then, by setting 7y — o0, we can omit the summation over
the cylindrical surface. (If A* = 0 on it, then the situation is similar.)

We have

Al, = —A”‘t:tl

on the lower base of the cylinder (hl and

Al, = A"

‘t:tQ

on the upper base. It follows from (6.65) that for any solution v = wu(z) of sys-
tem (6.59)—(6.60) the function A" (x, u(:c)%c(:c)l, .. .) satisfies the equation

Z A"hihg -+ h, 4 - — Z A"hihg -+ h, 4

Rn—1 Rn—1

J
t=to

which implies that the variable

E = Z Az, u(x), up(x), ... )hiho -+ hp_q

Rnfl h
is independent of time on the solution of system (6.59)—(6.60),

PTE |(6.59)—(6.60) =0, (6.66)

where ]
D=-(S-1)

+7 T +7
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is the discrete differentiation with respect to time on the mesh w.

Note that for n = 1 conditions (6.62) and (6.66) coincide and are equivalent to
the existence of a first integral.

The difference schemes with conservation laws of the form (6.61) are said to
be conservative. Such schemes ensure that there are no fictitious sources in the

computational domain, which is of high importance in numerical implementations
(see [122)).

6.7. Noether-Type Identities and Difference Analog
of Noether’s Theorem

In this section, we develop difference analogs of the Noether identity (see the In-
troduction). This identity plays a crucial role for formulation of a difference analog
of Noether’s theorem for difference equations. The approach based on an opera-
tor identity provides a simple, clear way to construct first integrals (conservation
laws) for quasi-extremal and global extremal equations just by means of algebraic
manipulations.

LEMMA 6.12. The operator identity ( [30,36,39])

oL  h_dL™ )

x(e)+ep© =€ (G + i - DE)

oL h_oL~ oL~ oL~

holds for any function L = L(x,x,u,uy) and any vector field X.

The left hand-side of this identity can be written as follows:

oL oL oL oL
X(L)+LD(E) =5+ &+ 5+ g+ 05+ LD(E).

This identity is a discrete analog of the Noether identity and will be called the
discrete (or difference) Noether identity.

We rewrite the discrete Noether identity for the Lagrangian in the equivalent
form £ = L(x,u, u,):
h
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a. For a one-dimensional regular mesh, one has

oL oL L
€5 * g, + B0~ DO + 200
oL 8£ oL

oL oL oL~
e () gl e (2] s
n" e

where L~ = L(z_,u_, %j)

b. For a one-dimensional irregular mesh, one has
oL oL oL
€5+ + D) —uD(E)

+h n+h 8um

Eg{ac oL h. 0L h‘L)Eﬂ

+L’D(£)

ox Qﬁ[%—i_}ﬁ h(h )(‘9% h_+—h(

0 €gn)| 5o - Z—lg(j@f)%g{sz - (5 )] 6o
:

The following operator identity holds for the two-dimensional case if the La-
grangian has the form £ = £(z!, 22

, U, U, uz) on a two-dimensional orthogonal
hh
regular mesh:

oL oL oL
51% + 2@ + U + 5(31(51) + 32(52))
oL
+1D0) — 1 Da(€) — §1(u) Da(EN
h
) 1\, OL
+ [ﬂz(n) — %232(5 ) — ﬁg(ul)gg(ﬁ )]a—uQ
_Toc oL e
=¢ {% + 911 (%18_%1) - le(ﬁ) + DQ(S (u )6u2)}

oL oL oL
+§2|:@+%2(%28—u2) —%2<£>+D1(S ( ) ):|
h

aul
oL oL oL
+’7[% _D(aT) ”(%)
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oL

2 S S i

#0500+ 0= s - S 52|, 670
h

where 1;141 and %2 are the right difference derivatives in the x!- and z2-directions,

respectively, and u; and uy are the continuous partial derivatives in discrete repre-
sentation,

o0 —h, )1
w=3y EW" oy, =12
n=1

Proof. Identities (6.67)—(6.70) can be proved by a straightforward verification. [J

Remark. In the continuous limit & — 0, identities (6.67)—(6.70) tend to Noether’s
differential identities of appropriate dimensions.

From this relations, we obtain the following theorem, which we state just for the
case of identity (6.67). (For all other cases, one can state the theorem in a similar

way.)

THEOREM 6.13. Let an element X of the Lie algebra of the group G give the
quasi-extremal equation

oL h_o0L™ N oL h_oL™
(5t a5 g ) -0
This quasi-extremal equation possesses a first integral of the form
oL~ oL~
7= (hn— +h &— + fﬁ)
ou ox

if and only if the Lagrangian function L is invariant under the Lie group G of local
point transformations generated by vector fields X of the form

0 0 0 0
X=¢(— — — —.
gax et ox + T ou + n8u+
Proof. The assertion follows from identity (6.67). [

Remark 6.14. If the Lagrangian density £ is divergence invariant under a Lie group
of local point transformations, i.e., if
X(£)+ LD = D(V)

for some function V' (x, u), then each element X of the Lie algebra of G provides
the first integral

oL~ oL~

IT=hn— +hé— +L -V
ou Ox

of the quasi-extremal equations.
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Remark 6.15. As we know, the invariance of a difference functional leads to the
invariance of the corresponding quasi-extremal equation. In the case of a multi-
parameter group G, the invariance of a difference functional gives r distinct quasi-
extremal equations. Each of these quasi-extremal equations is invariant under its
own subgroup and, in accordance with the above theorem, possesses its own first
integral.

EXAMPLE 6.16. Consider the functional with £ = 37;5,,;2 + 2u3 on a uniform mesh

and the translation operator X = J/Jxz. The function L satisfies the invariance
condition, just as does the Euler equation

2

%xi =u.
The quasi-extremal equation
Qi
Q;fw u? +uu_ + u_?
Uypz =
h Uy + Uz 3
h h

is invariant under translations in = and has the first integral

I =23 — 3%%2 = Cy, Cy = const,

which implies the exact solution of the nonlinear difference equation in the recur-

sive form
/2
U+:U:|:h §U3+O().

EXAMPLE 6.17. With the same translation operator on the uniform mesh (,];J, con-

sider the functional with £ = 0.5%3 + e, which, as well as the Euler equation, has

the following difference equation:

The quasi-extremal equation

—huz

2 (1l—e

Uy = €| ———
h h Uy + Uz
h h

of this functional corresponding to the operator X = 0/0z has the conservation
law

D(0.5u2, —e"~) =0,

+h h
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which is equivalent to the existence of the first integral for the quasi-extremal
%i — 2e" = Cy, Cy = const,

and which implies the solution in the recursive form

uy = u =+ hy/e* + Cjp.

Theorem 6.13 has an important practical consequence, which can be viewed as
a difference analog of Noether’s theorem.

THEOREM 6.18 ( [37]). Let a nondegenerate functional with Lagrangian function
L = L(x,xy,u,uy) admit an r-parameter group G,. (That is, assume that the
functional has a variational symmetry or a divergence invariance.) Assume that
there are v quasi-extremal equations

) )
fo‘—L no‘—ﬁ =0, a=1,2...,r (6.71)
ox ou
Then the system of global extremals
oL 0L
— =0 — =0
o ’ ou

lying in the intersection of the quasi-extremals (6.71) admits the group G, and has r
conservation laws of the form

oL~ oL~

IT=|hn"— +h &"— +E&L7 a=1,2...,r
ou Ox
Theorems for Lagrangians of different form and for meshes of different dimen-

sion can be stated in a similar way. Note that the invariant mesh is either determined
in the process of finding the first integrals or can be added independently to the sys-
tem of global extremals.

EXAMPLE 6.19 (see [48,49]). Let us consider how the above-obtained theorems
can be used to compose a conservative difference model of the ordinary differential

equation

u =3

For the difference Lagrangian function we take (Sec. 6.4) the function

1 wy —u\’
()
U h+

which is defined at two mesh points. The variational invariance

X1L+ ££(€1) =0, XoL + ﬁﬂ(&) =0, X3L + 53(53) = 3(92)
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of the Lagrangian implies the three quasi-extremal equations

oL oL oL oL oL
— =0 2— 4 — =0 2= — =0
dx ’ x5x+5u ’ o (5:1:+$u5u
and the corresponding system of global extremals

oL h h_

— 2ty — Uz) = —— ,

ou Y h wu,  utu_

(6.72)

oL 9 1 9 1

— (uz)® + — — (uz)* — — =0,

ox h wuy  h uu_

where, as usual, Uy = (uy —u)/hy and Uz = (u—wu_)/h_.

Application of Theorem 6.18 gives the following three functionally independent
first integrals:

1 2¢ + ht 2¢+ht  u+ut
L=u+—=A L= 2 — =2B
o uut 7 3 et 2uut 2 i ’
x(x+ h') u+ut 2+ ht 2
I = - . =C
’ uu™ * ( 2 2 ¢
6.73)

By analogy with the continuous case, the discrete first integrals obey the rela-
tions

Xi(I3) = L, Xi(Ip) = 21, X3(Ih) = —1y, X3(l) = —213,

and consequently, each first integral can be taken as a basic integral.
It can be verified the three first integrals satisfy the relation

1/ hy\’ I3
(=) =142 -4,
4\ uuy 4

which means that /., (yy, )~ is a constant on the solutions of the global extremal
equations. This allows us to introduce the special case
h hy
vy Yy
of the invariant mesh.

Then the general solution of the discrete model (6.72) can be found with the
help of the first integrals /; = A and [, = 2B as

=¢, e=const, O<ek1, (6.74)

2

Au® = (Az+ B)* +1— % (6.75)

just by algebraic manipulations.

Note that the solution (6.75) contains three parameters and a third parameter ¢
arises from the mesh where (6.75) is defined. This solution differs from the solution
of the underlying continuous equation by £2/4, and the estimate is uniform. The
solution for the mesh points 2" and u", n = 0,1, 2, ..., was obtained in [48,49].
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The difference integrals (6.73) are partly inherited in an appropriate mapping.
The substitution of the mesh (6.74) into system (6.72) of global extremal equations
reduces the latter to the equation

uru (2 —¢*) =uuy +u_),
which is a one-dimensional mapping. This mapping has the only first integral
EUU4 U4
which is the first integral /; inherited from the system of global extremals.
Thus, we have developed the invariant difference model

le = Uz 1 h h
h™  h™ —, == —¢ e=const, 0<e<kl1,
h_ U U_ Uy  UU_

of the original ODE, which possesses the same Lagrangian structure. The com-
plete set of first integrals allows us to write out an invariant lattice and completely
integrate the discrete model.

It should be noted that not all quasi-extremal equations are consistent, and one
cannot find invariant lattices from the first integrals in all cases. Several other cases
will be considered in Sec. 6.9.

6.8. Necessary and Sufficient Conditions for Global
Extremal Equations to Be Invariant

It has been shown in Sec. 6.5 that if the functional £ is invariant under some
group (4, then the global extremal equations

oL oL
e 0, S 0 (6.76)
are invariant with respect to G as well. If the Lagrangian L is divergence invariant,
then so are the global extremal equations (6.76). This follows from the fact that the
total finite differences belong to the kernel of the discrete variational operators.

As in the continuous case, the global extremal equations can be invariant with
respect to a larger group than the corresponding Lagrangian.

Now we are in a position to establish a necessary and sufficient condition for
the invariance of global extremal equations. We present new identities and a new
theorem [45].
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LEMMA 6.20. The following identities hold for any smooth function L(t,t, u, uy):

0 . oL onoL 0L
S (X(L) + LDEh) = X (@) ML

) . oL onoL 0EoL
a((X(ﬁ) i EBL(Q)M) =X ((53:) o ou T owon
Proof. The identities can be proved by a straightforward verification. 0

Lemma 6.20 allows one to obtain not only a sufficient but also a necessary and
sufficient condition for the invariance of the global extremal equations.

THEOREM 6.21. The global extremal equations (6.76) are invariant with respect
to a symmetry generator X if and only if the following conditions are true on the
solutions of Egs. (6.76):

)
2((X(0) + LDE) g7y = O
2 (X(L) + LD 7 = 0.

Proof. The assertion follows from the identities in Lemma 6.20. [

EXAMPLE. Consider the difference functional with Lagrangian

el
2(xy —x)2 3

on a regular lattice, which is invariant with respect to the operators

0 0 0
X = — Xo=0— — 2u—.
L7 o 2 x@x u@u
Then the global extremal system is
oL 9
% - %ma‘: —u = 07
oL 2%5 W+ uu_ +u? —0 (6.77)
dr " uy 4 us 3 n

The invariance of the difference Lagrangian is satisfied for the operator X7,
Xi(L)+LD(EY) =0,
+h
while the application of the operator X to the Lagrangian action gives

Xo(L) + 53(52) = 5L #0.
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Meanwhile, an application of Theorem 6.21 indicates the invariance of both
Eqgs. (6.77) with respect to the operators X; and X5:

(X L) + £DEN] gy =0

0 2
An alternative approach to conservation laws for difference equations is devel-
oped in [68,70].

6.9. Applications of Lagrangian Formalism
to Second-Order Difference Equations

In this section, we give examples of construction of conservative second-order dif-
ference equations approximating second-order ODE and admitting the same trans-
formation group [48,49]. The example of an invariant conservative scheme for
second-order ODE considered in the preceding section is, in a sense, the sim-
plest example; in this example, we can find a difference analog of the invariant
Lagrangian, which gives a first integral for all symmetries. Moreover, the use of
first integrals permits construction of an invariant mesh. In this section, we con-
sider more complicated situations. We use a modification of the above-obtained
constructions of the difference Lagrangian formalism. It turns out that in the differ-
ence case not only different Lagrangian functions can be used for variations along
the orbits of different subgroups (just as in the continuous case) but also different
approximations to the same invariant Lagrangian for different subgroups (which,
of course, do not exist in the continuous case) can be involved.

In the case where second-order ODEs have two and more symmetries, they
can be integrated completely. The methods for finding the general solution can be
different, but most of them employ the mathematical apparatus of integration. This
integration technique is in fact absent in the difference case. (The technique of
exact integration of ordinary difference equations, including nonlinear equations,
is required.) But the use of first integrals permits obtaining the general solution
with the use of only algebraic operations. Therefore, to obtain analytic solutions
of difference schemes, we use a technique based on the difference analog of the
Noether theorem.
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6.9.1. Equations corresponding to Lagrangians invariant
under one-dimensional groups

First, consider the simplest case of a one-dimensional group. By an appropriate
change of variables it can be transformed into

_9
-5

The most general second-order ODE invariant under X is

Xy

y' = F(z,y), (6.78)

where F'is an arbitrary given function.
An invariant Lagrangian function should have the form L = L(z,y’), and the
Euler equation is
0?L L O0?L
0xdy’ Y oy'?
By substituting 3" from Eq. (6.78), we obtain a linear partial differential equa-
tion for L(x,y’). This, of course, has infinitely many solutions. Let us assume that
we know a solution L(z, y) explicitly. Then the Noether theorem provides the first
integral

=0.

oL
If we can solve Eq. (6.79) for 3/ as a function of z (and A), then the general solution
can be obtained by a quadrature,

y =9¢(x,A), yl@)=y +/qu5(x,A) dt.

In the discrete case, the situation is similar. Assume that we know a Lagrangian
L(x, x4, u,u ) invariant under the group of transformations of u generated by X.
(We replace y by u to distinguish the discrete case from the continuous one.) It has
the form

Uy — U
L=L x)s T = .
@) =
The corresponding global extremal equations are
oL oL oL
E - _a%x<x7x+7%x)+ agf('%?xagl) _07 (680)
oL oL oL

5_$ - h+%(x,x+,%x) + %xa_%(xux—l—a%x) - E(xwr-‘mul’)

ar or (6.81)
+h_—(z_,x,uz
ox

u ) — uia—%(a:,,av,%i) + ﬁ(x,,x,z}fj) =0.
h
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The first integral can be obtained from Eq. (6.80); it is given by

oL
%(x, Ty, %x) = A. (6.82)

We can solve Eq. (6.82) for %x and by shifting down obtain fz}fj,
%Jﬁ :¢(I’,I+,A), Z}fi :¢($_7$,A).

By substituting this into the global extremal equation (6.81), we obtain a relation
between z, z_, and z, i.e., a single three-point relation for the variable x. For u
we then obtain the two-point equation

uy —u= (4 —x)o(x, x4, A). (6.83)
Equation (6.83) is a discrete analog of quadrature; it is a first-order inhomogeneous
linear equation for u. Note that any lattice hy = f(h_, x) will be invariant.
6.9.2. Equations corresponding to Lagrangians invariant
under two-dimensional groups

A. The Abelian Lie algebra with unconnected basis elements

0 X 0

X1 = E 9 = ay (6.84)
corresponds to the invariant ODE
y'=FQ), (6.85)
where F' is an arbitrary function.
The equation can be obtained from the Lagrangian
L=y+GW), F)= G,,ty,). (6.86)
The Lagrangian admits the symmetries X; and Xo,
XiL+ LD(&) =0, XoL + LD(&) =1= D(x). (6.87)
With the help of Noether’s theorem, we obtain the following first integrals:
h=y+GW)-yGy)  L=GF)-z (6.88)

It suffices to have two first integrals to write out the general solution of a second-
order ODE without quadratures. We can solve the second equation (6.88) for 3/ in
terms of = and obtain

y = H(Jy+ ), H(Jy+ ) =[G (Jy + ).
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By substituting this into the first equation, we obtain the general solution in the
form
y(x) = J1 — GIH(Jy + 2)] + (Jy + 2)H(Jy + ). (6.89)

Now we show how one can find a discrete model and its first integrals by means
of Lagrange-type technique. Let us choose a difference Lagrangian in the form

U+ Ut

L=—5

+Gluy); (6.90)
then we verify the invariance conditions

X1£+££L(§1) =0, Xof + £ﬂ(§2) =1= g(x).

The variations of L yield the following global extremal equations:

oL _hi+he

! _ ! _
5o G (w) = G(ug) 5 (6.91)
oL u+ Uy u+u_
- - - - G T xG/ T
ox 2 (% )+ u (% )+ 2 (6.92)
/ —
+ G(%x) uzG (%x) =0.
The difference analog of Noether’s theorem yields two first integrals
I = u+ Glu) = w,G () + =, (6.93)
L= G'(u,) — 220 (6.94)
h 2
We can solve Eq. (6.94) for u, to obtain
Uy = Oy (I, x + xy). (6.95)
By substituting this into the equation for /;, we obtain
u = @2([1,[2,.1',x+). (696)

Calculating %x from Eq. (6.96) and setting it equal to (6.95), we obtain a three-

point recursion relation for z. Solving it, we turn Eq. (6.96) into an explicit general
solution of the difference scheme (6.91), (6.92).

EXAMPLE. Consider the case in which

U+ Uyt

L=—

+ exp(uy).
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The two first integrals (6.93) and (6.94) in this case are the following:

_ _ xn+1 — Tn o o xn+1 + Tn
I, = u—i—exp(%x) Uy exp(%x)+—2 Uz, I, = exp(z}fx) —
Equations (6.95) and (6.96) are reduced to
uw:ln([ﬁw),
h
Tpt1 + T Tpt1 + T
u=1 —1,— %—i—(b—i—xn)hﬂ(b—i—%).

The recursion relation for « reads

—Tn41 + Ty
2
The last equation provides the lattice, but it is difficult to solve. We have however

reduced a system of two three-point equations to a single three-point equation. We
shall return to this case later, applying an alternative method.

+ (I + ) [ln(2[2 + Zp1 +x,) — In(2L + 2, + xn,l)}.

B. The non-Abelian Lie algebra with unconnected elements

0 0 0
X1 == Xo=0— — 6.97
1 oy’ 2= T +y By (6.97)
gives the invariant ODE
1
Y’ = EF(y'). (6.98)
We define a function G(y’) by the equation
G'(y)
F(y) = .
(y ) G// (y/)
Then the ODE (6.98) is the Euler equation for the Lagrangian
1
L==-G{
~GW),

which admits X; and X as variational symmetries,

Noether’s theorem provides two first integrals

which are sufficient to integrate the ODE.
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Let us take the difference Lagrangian

2
L= G(uy),
$+I’+ h

which satisfies the invariance conditions

XL+ ﬁﬁ(fl) =0, XoL + ﬁg(&é) =0.

Then the variations of L give the following global extremal equations:

L2, >
ou SB+$+G<%$) a $_+$G(%i) =0
oL oh >, 2
s (z+ $+)2G(%x> * (x+xy) ¢ (%x)%x (x4 1) G(%x) (6:99)
2h._ 2 2 B
C(z_+ x)QG(%i) (o + JJ)G (%‘iﬁ}fi * (x_ + x)GOffj) =0

Since the Lagrangian is invariant with respect to the operators X; and X, we
find the first integrals

/ /
I, = 2 <%‘LI), I, = 4”ﬁlgﬁG(ux) + 2 (%x) (u — xugg)
T+ Ty (x+x4)2 h T+ h

for the solutions of (6.99).
As in the previous case, we can express Us from the integral /; and obtain

Uy = Oy (11, 0+ xy).

The second integral allows us to express u as a function of z and =,

Iy dxxy
u=axd + - — ——G(Py).
T [1(35+33+>2 >
Remark. The Lie algebra of operators
0 0 0
X, =— Xo=n—-—1zr— —2y— —-1,1
1 81” 2 (n )a;ax y@y? n% s Ly

which is isomorphic to the algebra (6.97), was considered in [40], where an invari-
ant difference equation and an invariant lattice were constructed for the approxima-
tion of the invariant ODE
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6.9.3. Equations corresponding to Lagrangians invariant
under three-dimensional groups

We have already considered in Sec. 6.7 one invariant difference model for ODE that
has three-dimensional symmetry groups. In this section, we consider another two
cases. Both of them come from Lagrangians that have three-dimensional symmetry
groups as well.

A. First, consider the family of solvable Lie algebras

0 0 0 0 1
o Xa= Xy=ag-thys, k#0512, (6.100)

X, = _
! oy’ Ox oy

depending on one constant k. The invariant equation has the form

k

T = (6.101)

N

This equation can be obtained by the usual variational procedure from the La-

grangian
E—1)2 , Lk
1) )1 +y,

which admits the operators X; and X, for any parameter k,

XiL+LD(&) =0, XoL + LD(&) =1 = D(x),
and the operator X3 for k = —1,

One can show that there is no Lagrangian function L(z,y,y’) that produces
Eq. (6.101) with & # —1 as its Euler equation and is divergence invariant for all
three symmetries (6.100).

For arbitrary k there are two first integrals

(1—F)

k 1
W)y =A% h=(k-1)y)T v =B

J) =

By eliminating ’, we find the general solution

1 1\ k1
== — B+ A°. 6.102
y=7 ( - 1) (x+ B")" + ( )
For £ = —1, we have yet another first integral corresponding to the symme-
try Xs,
2

Jy = (y — 2/) + zy = C°.

Q
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It is functionally dependent on J; and .Js, since a second-order ODE can possess
only two functionally independent first integrals. Note that the integral .J3 is the
basic integral,

J1 = X1(J3), Jo = —X5(J3),

since
[Xla X3] = X17 [X27X3] = kXQ

In this case, we have the following relation:

4—Ji1Jy — J3=0. (6.103)

Thus, the integral J5 is not independent and is of no use in the present context.

B. Now let us proceed to the discrete case and consider only k¥ = —1. (The other
values of k£ will be considered later on under a different approach.) Take

r— 4 _%x+u4-2u+

as the discrete Lagrangian, which is invariant with respect to X; and X3 and diver-
gence invariant with respect to Xo,

XiL+ EBL(&) =0, XoL + EBL(&) =1= 31(35% XL+ 531(53) =0.

From the Lagrangian, we obtain the global extremal equations

oc 4 <1 ) 1)_1
ou hethe \Vita Vs (6.104)

oL utuy  u-t+u

This system of equations is invariant with respect to all three operators (6.100).
Application of the difference analog of the Noether theorem gives us three first
integrals
2 X + €Ty

— U+ uy
1 1}{“1‘+ 2 ) 2 @ 2 )

2(xyu —uyzr)  xTLutusw

hi 2

In contrast to the continuous case, these three first integrals 7, I5, and I3 are
functionally independent, and instead of Eq. (6.103) we have the relation

13: :C

4e?
(e+2)%

1 2
4—]1[2—1321h+’l}fx:
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This coincides with Eq. (6.103) in the continuous limit € — 0. We see that the
expression hi%l, is a first integral of (6.104) as well. This allows us to introduce a

convenient lattice, namely,

1 1 4e?
“h2uz = ~h>u, = c

e = g = e=const, 0<e< 1. (6.105)

By substituting Us from Eq. (6.105) into I, we obtain a two-term recursion

relation for ,
Tpr1— (1+e)x, —eB=0 (6.106)

or
—(1+¢)rpy +x, —B =0,

depending on the sign choice for \/%x. These equations can be solved, and we
obtain a lattice satisfying

z, = (xg + B)(1+¢)" — B, xg > —B, (6.107)
for the first equation and a lattice satisfying
z, = (vo+ B)(14+¢)™" - B, g < —B, (6.108)

for the second equation. Using the expressions for /;, we obtain the general solu-
tion for u (the same for both lattices (6.107) and (6.108)) in the form

4 1+e
T, + B(1+¢/2)%

U, = A (6.109)

We have used the three integrals /1, I5, and /3 to obtain the general solution of
the difference scheme (6.104). Indeed, the solution (6.107), (6.109) for z,, and u,,
depends on the four constants (A, B, o, €), as it should.

The difference scheme is not consistent with a regular lattice but requires an
exponential one, as in Eq. (6.107). Note that the only nonalgebraic step in the
integration was the solution of a linear two-point equation with constant coefficients
(6.106), which is known from the theory of difference schemes (e.g., see [122]).

6.9.4. Integration of difference equation with two variational
symmetries: The method of perturbed Lagrangians

It was mentioned that a two-dimensional group of Lagrangian symmetries is al-
ways sufficient to reduce the original system of two three-point equations to a single
three-point equation for the independent variable alone. Using a different approach,
we shall actually obtain a complete solution of a difference scheme approximating
a differential equation with a Lagrangian invariant under a two-dimensional sym-
metry group.
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The case we shall consider is Eq. (6.85) and hence the two-dimensional Abelian
group corresponding to the algebra (6.84). We shall make use of the fact that the
Lagrangian is not unique. In fact, we consider three different Lagrangians, all hav-
ing the same continuous limit (6.86). Instead of writing out the Lagrangian (6.90)
in the discrete case, we shall use a family of Lagrangians parametrized by two
constants « and 3,

L=aG(u) +fut (1= Puy, a=l, 0<F<L
Each Lagrangian provides its own global extremal system

af— G(ux)+G’ (uz) )] + Bhy 4+ (1= B)h_ =0, (6.110)
a[uxG (%z) - UIG'(% ) — G(%x) + G(%:@)}

h 6.111)
—Blu—u_)— (1= p)(uy —u)=0.

We shall view one Lagrangian, with a3 = 1 and (33 = 0.5, as the basic one, and the
other two as its perturbations.

Each Lagrangian in the family is divergence invariant under X; = % and
Xy = —u and hence provides two first integrals of the corresponding global ex-

tremal equations (6.110) and (6.111),

a[=uaG (Ue) + Gluz)] +u + (1= Bhiu, = A, (6.112)
aG’(%x) —x — ph, = B. (6.113)

Let us now choose three different pairs (v, ;). They provide six integrals (and
six global extremal equations). We shall show that, by appropriately fine tuning
the constants a; and ; and by choosing some of the constants A; and B;, we
can manufacture a consistent difference system representing both the equation and
the lattice. Moreover, we can explicitly integrate the equations in a manner that
approximates the exact solution obtained in the continuous limit.

Let us take one equation of the form (6.112) and two of the form (6.113). In
these three equations, we choose a3 = 1, 83 = 0.5, and By = B3 = B. We then
take the difference between the two equations involving B and finally obtain the
following system of three two-point equations:

o [—%fo(um) + G(%x)] +ut (1= Br)hiu, = A, (6.114)
, 1
G'(us) =2 = Shy = B, (6.115)
1

(1- Oéz)G/(’%x) - (5 — P2)hy = 0. (6.116)
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From Eq. (6.115) and (6.116), we have

2B
G'(ug) = EREEE z 22 6.117)
zy —(l+e)z—eB =0, (6.118)
where we have set 2(1 )
= < (6.119)
Qg — 252

The continuous limit will correspond to € — 0.

Equation (6.118) coincides with Eq. (6.106) obtained by using three Lagrangian
symmetries in a special case. Here it appears in a much more general setting. The
general solution

Tp = (vo+ B)(1+¢e)" — B (6.120)

of Eq. (6.118) depends on one integration constant x,. This solution gives a lattice

satisfying h_ > O and hy > O forzyp > —Bif ¢ > 0 and for zyp < —B if¢ < 0.

For the other cases, namely for zp < —B if ¢ > 0 and for zyp > —Bife < 0,

formula (6.120) gives a lattice with reverse order of points, h_ < 0 and h, < 0.
Using (6.120) and (6.117), we can express %x via x. We have

G’(%x) = (1 + g) (B + x).

Denoting the inverse function of G'(u,) by H, we have
w, = H [<1+g) (B+x)}. 6.121)

Using (6.114) and (6.121), we can now write out the general solution of sys-
tem (6.114)—(6.116) as

u(zr) =A—anG(H) + (x + B)H, (6.122)

where we have set

a1<1—|—%>—(1—51)5:1.

The value of ay, still occurring in the solution (6.122), must be chosen so as to
obtain a consistent scheme. Indeed, x,, and u,, given in Eq. (6.120) and (6.122) will
satisfy system (6.114)—(6.116). We should however ensure that %x in Eq. (6.121)
and Uy = (Uny1 — Up)/(Tpy1 — x,) coincide. A simple computation shows that

this equation requires that a;; should satisty

Hn+1 - Hn

oa = (14 )" o + B) g 55y

(6.123)
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This equation is consistent only if the right-hand side is a constant (independent
on n). The constants a; and 3; can depend on the constant ¢, and for ¢ — 0 we
should have oy, g — 1 and 1, B2 — 0.5.

From Eq. (6.116), we have

h+ . 2(1 — 042)
G,(%x) B 1 - 2B2 .

This expression must vanish as ¢ — 0. To achieve this while respecting Eq. (6.119),

we set

82

1
ay=1+¢% 52=§+e+5.

Equation (6.119) is satisfied exactly, and we have

h+ . 2¢e

(6.124)

We can view Egs. (6.120) and (6.122) as the general solution of the three-point
difference scheme

, ’ Ty —T— . h+ . h_
) =G =75 =0 G T o)

5 (6.125)

System (6.125) is invariant under the group corresponding to (6.84). Strictly
speaking, this is not a global extremal system, since it cannot be derived from any
single Lagrangian. The arbitrary constants A, B, and £ come from the three first
integrals (6.114), (6.115), and (6.124), which are associated with three different
Lagrangians.

Thus, the ODE (6.85) obtained from the Lagrangian (6.86) can be approximated
by the difference system (6.125). If «; in Eq. (6.123) is constant, then the general
solution of this system is given by

Ty, = (xog+ B)(1+¢)" — B, u(z,) = A—aG(H,)+ (xz, + B)H,, (6.126)

where A, B, ¢, and z, are arbitrary constants. As ¢ — 0, u(z,) agrees with the
solution (6.89) of the ODE (6.85).

We have not proved that Eq. (6.123) is consistent for arbitrary functions G(u,).
We shall however show that the above integration scheme is consistent in at least
two interesting special cases. In both cases, the Lagrangian is only divergence
invariant under a two-dimensional subgroup.

EXAMPLE 6.22 (A polynomial nonlinearity).

0 0 0 0 1
X = — Xog = — Xs=0— + ku— k —. =1, 2.
! 27 o’ 3 x@x + uau’ 70, 2
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This algebra for £ = —1 was treated earlier, and now we consider the general
case. We take i
(k=12 55

and hence

G'(ug) = (k = 1)%3’?%1 = (1 - g) (z + B).

Equation (6.121) is reduced to
z+ B\ £\ k-1
%‘w_H"(x)_(k—J <1+§> ’

cu,) = BV (“B)k(Hi)k.

and we have

k k—1 2
Substituting this into (6.123), we find

k1+e)((L+e) -1
(E=1)A+5)((1+e)k—-1)

] =

so that ay = 1+ O(?).
Thus, «; is a constant close to a; = 1 for ¢ < 1. The solution u,, of (6.126)
specializes to
(z+ B e(1+¢/2)""
(k=11 (1+ef—1
This agrees with the solution (6.102) of the ODE (6.101) up to O(&?).
It is of interest to note that or; becomes independent on ¢ for £ = —1 and we

obtain «; = 1 and 5; = 0.5. The solution (6.127) provides us with the solu-
tion (6.109), which was obtained in Sec. 6.4 with the help of a different method.

u, = A+ (6.127)

EXAMPLE 6.23 (An exponential nonlinearity). Consider another three-dimensional
group and its Lie algebra

0 0 0 0
The corresponding invariant ODE is
y" = exp(—y) (6.128)

and can be obtained from the Lagrangian

L =exp(y) +y.
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We have
XiL+LD(&) =0, XoL + LD(&) =1 = D(x).
The corresponding first integrals of Eq. (6.128) are
exp(y )1 —¢)+y=A4,  exp(y)—z=DB.
Finally, the general solution of Eq. (6.128) is
y=(x+ B)(In(x+ B) - 1)+ A. (6.129)
Now consider the discrete case, following the method of Sec. 6.9.4. We have
Gluz) = exp(us)
and hence
G’(%x) = exp(%z) = (z,+ B) (1 + %) , H,= Up = In(z, +B)+In (1 + g) :
Substituting this into Eq. (6.123), we find

_ (14+¢e)In(1+¢)
e(l+¢e/2) 7

] =

so that o is indeed a constant, and moreover, oy = 1 + 0(62).
The solution u(x) on the lattice given in Eq. (6.126) is

Un = A+ (2, + B) In(z, + B) + (2, + B) [ln(l—i—%) - (1+€)1€n<1+5)

This agrees with the solution (6.129) of the ODE (6.128) up to O(&?).

We see that variational symmetries and the first integrals they provide play a
crucial role in the study of exact solutions of invariant difference schemes, much
more so than in the theory of ordinary differential equations.

The procedure followed in this section can be reformulated as follows. We
start from the continuous case, where we know a Lagrangian density L(zx,y,y’)
invariant under a local point transformation group GG,. We hence also know the
corresponding Euler-Lagrange equation invariant under the same group or a larger
group containing GGy as a subgroup.

Then we approximate this Lagrangian by a discrete Lagrangian L(x, u, xy, u )
invariant under the same group GGy. Even in the absence of any symmetry group,
the Lagrangian will provide the global extremal equations (or the discrete Euler—
Lagrange system).
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If the Lagrangian is invariant under a one-dimensional symmetry group, then
we can reduce the global extremal system to a three-point relation for x alone plus
a “discrete quadrature” for u. If the symmetry group of the Lagrangian is two
dimensional, then we can always reduce the global extremal system to one three-
point equation for = alone and write out the solution u, (x) directly.

If the invariance group of the Lagrangian is three dimensional, then we can
integrate the system explicitly.

It was shown that if the symmetry group of the Lagrangian is two dimensional
but the global extremal system has a third (non-Lagrangian) symmetry, then we can
also integrate the difference scheme explicitly.

6.10. Moving Mesh Schemes
for the Nonlinear Schrodinger Equation

In this section, we apply the Lagrangian formalism with the conservation of Lie
point symmetries to partial differential equations and construct several conserva-
tive difference schemes. The object of our study is the nonlinear Schrédinger equa-
tion (NLS) [19, 22, 38]. In one dimension, this equation is integrable and there
exist many numerical schemes (e.g., see [1,4, 100, 137]) which are based on either
preserving this integrability (often through a direct discretization of the underlying
Lagrangian) and/or preserving the mass or energy (Hamiltonian) of the solution.
When studying blow-up phenomena in higher-dimensional NLS, it is much less
clear whether this is a good idea. In particular, it can lead to meshes that are rela-
tively sparse in the blow-up region [20]. An alternative approach [20,23], which has
proved efficient for a number of blow-up problems, is to construct moving mesh nu-
merical methods which preserve the scaling symmetries close to the blow-up point.
While these may not strictly conserve mass or energy, they have proved efficient in
resolving the blow-up structure. A key test of this is whether they can accurately
reproduce the self-similar evolution behavior which is known [131] to describe the
asymptotic behavior of the blow-up. The purpose of this section is to determine
how feasible it is to combine these three approaches, namely, a discretization of the
Lagrangian, preserving the symmetry, and a moving mesh numerical method.

6.10.1. The cubic nonlinear Schrodinger equation: Symmetry,
Lagrangian structure, and conservation laws

Consider the radially symmetric cubic nonlinear Schrédinger equation

ou  Pu  n—10u )
ey + 52 + P + ulul* =0, (6.130)

where n is the number of space dimensions.
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This equation describes many physical situations, including some phenomena
in plasma physics and nonlinear optics (see [131]). For the case of n = 1, the
equation is integrable and the solution exists globally. We shall consider the non-
integrable case n > 2, in which singularities are observed to develop for suitable
initial data. A motivation for considering the radially symmetric form of the non-
linear Schrodinger equation is that it has been observed in numerical experiments
reported in [131] that singularities in the NLS when posed as a problem in three
dimensions are highly symmetric close to the singular point.

Let us substitute the polar representation
u(r,t) = Ae'®,

where A = A(r,t) and ® = ®(r,t) are real functions, into Eq. (6.130); we then
obtain the following two equations:

1
A, + AD,, +2A,®, + °

AD, = 0, 6.131)
.

_1
AD, + AD? — A, — "4 — A =0, (6.132)

r

Lie group analysis yields the symmetries of system (6.131)—(6.132), and for
n > 2 the admitted Lie algebra of operators is the following:

0 0 0 0 0
X1 = = X2 = a—q), Xg = 2ta +7’§ — Aa—A, (6133)

which describe translations in time and phase and scaling.
To apply Noether’s theorem to (6.131)—(6.132), consider the functional

L= /E(t,r,u,ut,ur)rnl dr dt, (6.134)
9)

where L is some Lagrangian function.

The invariance of £ under the action of a symmetry group is connected via
Noether’s theorem with the existence of conservation laws for the Euler equations,
which give the stationary value of the functional (6.134).

We have generalized the Noether-type identity to the case of radially symmetric
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solutions in dimension n:

,OL oL oL . oL
S ot 5 o Tha, T [Di(n) — wDy(€) — urDi(§ )](9_u
oL
+ [Dr(n) — we Dy (&) — ({”)]
+ L[Dy(&") + Do(€7)] + Tf’"ﬁ
_ ' , oL oL 1 w1 OL
= ﬂa‘ ‘Dt(a_u) B mDTO a_)}
+ Dy {§t£+ (n — &uy — grur)gﬂ
+ %Dr [T‘"l (frﬁ +(n— &y — & ur) oL )] , (6.135)
where
0 d 9 9
:(Av(p)u Dt:a—i_u’f%—'—’ DT:E—FUT%_F

The operator identity (6.135) makes it obvious that there is a connection between
the invariance of the functional (6.134) and the conservation law

oL
Dy |EL A+ (n— Euy — §Tur)a—ut]
1 . _ac
+mD{r” 1(5 L+ (n—&u—¢ ur)aur)} =0

for any solution of the Euler equations

oL oL 1 oL
= D _Dr n—1"-""~ —
ou ( Ouy > rn-t (7“ ou, )
For the NLS problem, one can readily verify that the Lagrangian
1
L=A%+ A+ A0, — 5A4 (6.136)

has system (6.131)—(6.132) as the Euler equations. The Lagrangian (6.136) is in-
variant with respect to X; and X5, and according to the Noether theorem (see iden-
tity (6.135) with u = (A, ®)) equips system (6.131)—(6.132) with the following
conservation laws:

DA} + L p {m24%,} =0,

D{0.54% — A2 — A%®?

n71<2AtAr + 2A2(bt(br)} - O,

which are the well-known laws of conservation of mass and Hamiltonian for the
NLS system.
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6.10.2. Intermediate Lagrange coordinate system

Now we shall change the coordinate system to allow for the possible motion of
points in the mesh, which we shall analyze later. Let us prolong the symmetry
operators (6.133) to the subspace

{t,r, A, ®;dt;dr;dA; dD},

which contains the differentials dt, dr, dA, dP, so that

9 5
X1 = 9t Xy = 99"
o 9 B 0 0 B (6.137)
Xsg=2t—+r— — A— + 2dt—— + dr —dA

ot or 0A d(dt) o(dr) I(dA)
By solving the system of linear partial differential equations
X;(Jy) =0, 1=1,2,3, k=1,2,3,4,5,
we obtain the following complete set of differential invariants:

2 (dr)?

J1 = ’I"A, J2 = dt(dA) 5 Jg = dt 5 J4 = d@, J5 = Adr.
This set gives us the possibility of finding the most general form for the evolution
of r which preserves the symmetry (6.137):

dr 1
— = —F(Adr;dt(dA)* dP;rA).
= F(Adr; di(dA)?; d; rA)
This result provides means for the evolution of a computational mesh: if ' = 0,
then we obtain an orthogonal coordinate system (on a fixed mesh); if F' # 0, then
we have a moving coordinate system with an invariant evolution of 7.
For simplicity, we choose the following invariant evolution of 7:
dr
F =k(d® — =k,
( ) ? dt
where k£ > 0 is a control parameter (depending on n), which can be chosen to
control the form of the mesh obtained in the numerical calculations. For example,
it can prevent the mesh from becoming too sparse in certain regions.
Since r varies, we should prolong the time derivative to involve the following
Lagrangian derivative:

d
= — D, +k®,D,.
dt et

Significantly, this operation does not commute with D, :

d
4.0] 0
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Rewriting system (6.131)—(6.132) in the Lagrangian coordinates then gives

dr
W kq)ra
dt
A 1
‘Z—t A, 4 (k- 2B, — " A, (6.138)
T
® 1
Accli_t — A+ A (k- 1)AD,2 4 A3,
T

One can readily show that the prolonged system (6.138) admits the symmetry op-

. I dr dA dd.
erators (6.137) prolonged for the partial derivatives @, ®,.., A, A, G, 5,

0 0
Xl - aa X2 - a_q)a
0 0 0 0 9, 0
X3 = QtE + 7“5 — Aﬁ_A — 2147«8—1474 — BATTaTTT, — @Tﬁ
0 dr 0 dA 0 a 0

~ 2 e T daldrdt) S dt DA dt d(ddt)

6.10.3. The “substantive” Lagrange coordinate system

Now we will rewrite system (6.138) in an orthogonal coordinate system by chang-
ing independent variables (¢, r) to (¢, s) and involving the new dependent variable

p as follows:

1
D,——D (6.139)

- prn—l re

The purpose of this procedure is to recover the orthogonal differentiation property
satisfied by a fixed coordinate mesh, so that in the revised coordinate system one
has

d
—,D,| =0, 6.140
4.0] -0 o1
where

d
= — D, +k®,D,.
dt et

From (6.140), we have the following equation for p:
n—1
e+ (kp®,.), + Tkpfbr =0. (6.141)

From (6.141) and the relation

dp
- = kq)?“ Ty
o Pt + p
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we obtain one more equation, which gives the evolution for p in the form
dp  kp
a -

Let us find the connection between s and ¢, r. From (6.139), we have

(r"'®,),. (6.142)

s, = pr" L.

From the orthogonality of the coordinates (¢, s),
ds
B
dt ’
we obtain
s, = —kp®, "t
Thus, we have a contact transformation of the independent variables from (¢, ) to
(Z, 5),
t=t, ds = pr"tdr — kpr"'®, dt. (6.143)
We also should add p > 0 to (6.143), which implies the absence of a “vacuum
gap” in the Lagrange coordinate system.
Remark. 1t is worth drawing a link at this stage between this approach, based on La-
grangian coordinate system, and the method of equidistributed meshes (see [23]).
In this procedure a time-independent computational variable s is used for all calcu-
lations, and r is expressed in terms of s. To determine 7, a monitoring function M

is used, so that 0s/0r = M. It is straightforward that this approach is equivalent to
the orthogonal Lagrangian approach we consider provided that we set M = pr"~!.

Note that the differential form (6.143) is total (complete); moreover, it is possi-
ble to start from the differential form

ds = pr"Vdr — kpr"'®, dt
and then require the completeness of it; i.e.,
Dy(pr"™) = =D, (kpr"~'®,),

which is equivalent to (6.141).
Now, rewriting system (6.138)—(6.142) in terms of the orthogonal Lagrange
coordinates (¢, s), we obtain the system

— = kpr" o,
dt pr 9
dA
= 1 (—Ap(pr"ilés)s + (k= 2)p*r" 1@, A, — (n — 1)Ap7°*1CI>S) ,
dd
AE = pr" Hpr" A s+ (n— D" 2 pA, + (k — 1)A,02<I>§fr2("’1) + A3,
dp
Il S 2 Q(nfl)q)s ..
o p~(pr )

(6.144)
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6.10.4. Conservation laws in the Lagrangian coordinate system

We can now derive conservation laws for system (6.144) by using the conservation
of differential forms. We denote the conservation laws for system (6.131)—(6.132)
by

where A (the density of conservation law), for instance, for the first (mass) con-
servation law is
A() = Tn_lAQ.

Equation (6.145) is equivalent to the existence of the total differential form
dQ) = Ay dr — By dt. (6.146)

If we now transform the differential form (6.146) to the new set of independent
variables (6.143), then we have

dQ = Ayds — Bydt = Ay (pr" ™ dr — kpr" ' ®, dt) — B, dt.

It follows that A
A= —"-,  Bi=By— kA, (6.147)
pr-

We can rewrite this as a conservation law in the new coordinate system to obtain

d
a{Al} + DB} =0.

In accordance with (6.147), system (6.144) has the following conservation laws:

%{plAQ} + DS{rQ("’I)Aqu)SQ —k)} =0,

d . _ e n—
E{p 1(0.54* — pQAETQ( D p2 A% 1)@5)}
+ DS{pTQ("*l) [2A8(A — kp?r? U AD,) 4 2420, (D — kp*rinDe?)
R, (054 — P2 A2 422200 g)] ) = ),
where ” p
. . )
A= — O =—.
dt’ dt

Interestingly, system (6.144) has the additional conservation law

I
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which does not stem from the invariant Lagrange structure and is a continuity equa-
tion for the mesh density. Being transformed into the space (s,t, A, ®, p,r), the
symmetry operators (6.133) become

P 9 9 (6.148)

0
Xs=2t—+r——A—+s—+ (1 —n)p—.
R TR rir y S M SOy
System (6.144) admits an infinite-dimensional symmetry algebra. Indeed, in addi-
tion to the algebra (6.148), it admits the symmetries generated by

0 0
Xy = f(5>£ + Pfsa—pa

where f = f(s) is an arbitrary function.

6.10.5. The discretization procedure

Having considered various coordinate transformations of the NLS, we now turn
our attention to discretization of this system in terms of these coordinates. We
start our study of such discretization by considering NLS in the original variables
(6.131)—(6.132) and then proceed to construct an invariant difference scheme with
all appropriate conservation laws. The first question we need to address is finding
the mesh geometry appropriate for the discretization procedure (see [19]).

One can readily verify that all operators (6.133) preserve the mesh orthogo-
nality and regularity in both directions. Thus, we shall initially use the simplest
invariant mesh that is orthogonal and regular in both directions (see Fig. 6.3) with
constant steps h and 7. We note at this stage that while this mesh has good sym-
metry properties, it is not necessarily ideal for problems with associated small time
and length scales—this leads to discretization on regular meshes in the Lagrangian
variables, which we consider in subsequent sections.

On this mesh, we can consider the discrete version of the Lagrangian functional
given by

L= Li(A A, @, &)hr,

derived over an appropriate domain ). For the discrete Lagrangian we take

L=A72+ A%®,% + A%D, — 0.5A%, (6.149)
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Figure 6.3: The orthogonal regular mesh in the original variables

are the corresponding right difference derivatives. (We omit the subscripts i and 7
under difference derivatives so as not to overload formulas.) Our motivation is now
to use this to derive discretization schemes with correct conservation laws. To apply
the difference Noether theorem to (6.149), we generalize the discrete Noether-type
operator identity [30] to give

oL oL oL . 0L
G G g+ (D)~ wD(E) — w D

D)~ wD(E) — 1 (e g + LIDEY + DN+ 6L
{2 s (a0} Lp ()]
{5l (m)) i () e
g2 a) ) prafeesomcamen ()

e . (0L
e 1)+h{ 1{ L+ n—&uw —&u >(3ur> H (6.150)

where u = (A, ®) and all derivatives are difference derivatives. Identity (6.150)
can be proved by straightforward computations.

éft

From identity (6.150), we have the difference Euler equation

oL oL 1 AN
a—u—D<aut) D( a—m)—o’

but this equation possesses conservation laws only if ' = £" = 0.
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If the left hand-side of the Eq. (6.150) is zero, then the quasi-extremal equation
oL oL 1 oL
t) 7~ D e D n—1
s { ot = (“taut ﬁ) * r”l—h(r ut@ur)}
oL oL 1 [ oL ] n-1
" —+D|u. | — ——D — | -
{0 (an) o b () )+

oL oL 1 w1 0L
”{% —Q(a—u) N a_w)} -

possesses the conservation law

3 oL
plec-ca-ei(2))

1 n—1 _ P — oL\~
+—r(n1)ﬂ{(r‘) {grc +(n—&uy™ — &, )(aur) ”:0.

Now let us apply the difference Noether theorem to the Lagrangian (6.149).
The Lagrangian (6.149) is invariant under the actions of X; and X,. This leads to
the conservation laws

D{A%} + D{2r"'A*®,} =0, (6.151)

Tn—l —h

D{0.5A" — A%®,” — A%} + I%{Zr”‘l[ArAt + A%®,®,]} =0  (6.152)

rnfl

for the global extremal difference equations. Note that in the underlying case we
already have the invariant mesh and only need two difference equations for the
solution (A, ). For such equations we can take two equations (6.151) and (6.152).
Thus, the difference equations (6.151)—(6.152) form an invariant scheme on an
orthogonal regular mesh and thus coincide with the difference conservation laws.
Note that this model is not unique, because some other equations can be ob-
tained by the same procedure starting from some other invariant Lagrangian.

6.10.6. The total difference form

Now consider the difference analog of a total differential form on the orthogonal
difference mesh in the computational variable s in accordance with Fig. 6.4.

By doing this, we can derive discretizations of the NLS more appropriate for
problems with increasingly small length scales. On the right upper box, we consider
the difference form

As = s.h+ s/ 1 = 3,.h + 57, (6.153)
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Figure 6.4: The orthogonal mesh in the computational variables

where the difference operators on s are as follows:

st —s . §t —3s 5—5 L 8t —st
Sp = ) Sp = ) St = ) Sy =
h h ! T t T
It follows from (6.153) that
D =D 154
D(s) = D(s,) (6.154)

leading to the completeness of the difference form (6.153).
Let us restate the following difference derivatives of the computational vari-
able s:
Sy = pr"_l, Sy = —kpr”_lé,,.

The completeness condition (6.154) then gives

D(pr™ Y = —kD(pr"'®,). 6.155
+r(p ™) +h<p " ) ( )
Relation (6.155) can readily be shifted to any desired mesh point.

Now we introduce the new discrete differentiation operators of Lagrange type:

d d L.
— =D+kd,.D, — =D+kd,.D,
dt+ +7 + +h dt —r + +h

where

D=SD=DS, o, = SOP,.
+h —T+h +h—T —T

We also invoke a couple of difference operators corresponding to right and left
differentiation in the s-direction as follows:
n—1 —(,.—\n—1
Dys=D D,=D.
pr'=De=D,  p ()" D,=1D
One can readily verify that the above-stated definitions give the orthogonality
of the new mesh in the computational (¢, s)-coordinate system,

ds ds
— =0 — =0.
dt + ’ dt —
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6.10.7. Difference conservation laws in the Lagrange coordinate
system

To study discretization in the new coordinate system, we transform the difference
conservation laws (6.151)—(6.152) for the Lagrange coordinate system in the same
manner as was done in the continuous case by using the conservation of differential
forms.

We represent the conservation law (6.151)—(6.152) as

D{Ao} + D{Bo} =0,
which is equivalent to the existence of the difference form
Ao = Aoh — Bft = Agh — Byr. (6.156)

Now we transform the difference form (6.156) by the change of independent
variables:

t=t, As = pr"th —kpt(r)" '@ T = pr"th — kpr" 1,7

In this derivation, we have the “new” spatial step h, = As in the computational
variable.

The difference form (6.156) can be represented in the (¢, s)-coordinate system
by

Ao = Arhy — BT = Ajhy — Bim = Ay (pr"Vh — kpt (r 1)1 0F 1) — Bf 7
= Ay(pr" ' h — kpr" ' ®,7) — By

Then we have
A
141 = 0

an_l
- prn—l’ P

By =By — kAP, —— (6.157)

T A 10
which we can rewrite as the difference conservation law

D{A} + DB} =0 (6.158)

in the new coordinate system.
In accordance with (6.157) and (6.158), we can finally rewrite the conservation
laws in the following form:

~n—1
2 (A? ! ) 1D, (2(r)2(”1)(A)2p<I)S kA2 o) =0,
(6.159)
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(A2 (67 — k(p 2072 D (@))?)]

2,.3(n—1)

B Y
prn—l

[0.5A4% — p? A2@2r2(=1) — p2p2n=D A2} = 0. (6.160)

This system allows us to evolve the discrete solution. We should also allow
for the evolution of the mesh points given by the following two equations for the
evolution of 7 and p:

dr
— =kpr" o, 6.161
L (6.161)
% (pr" 1) = —=kp* (r )" o (pr" T D), (6.162)
+

Thus, Egs. (6.159)—(6.162) form an invariant difference scheme on the orthog-
onal mesh in the (¢, s)-plane, which can be implemented to calculate solutions of
the NLS as it evolves toward a singularity.

6.10.8. The blow-up invariant solution

Finally, consider the application of the discretization (6.159) in the context of so-
lutions with developing singularities. First, let us transform the symmetry opera-
tors (6.133) into the space (s,t, A, @, p,7):

6.163)
o 9 9 0 9 (
X3 =2t— — —A— — + (1 - —.
s = 2t g Agategs TN
We have shown that system (6.144), together with (6.163), has one more additional

symmetry

0 0

X = f(s>$ + pfsa_pa

where f = f(s) is an arbitrary function.
System (6.159)—(6.162) possesses the same symmetries (6.163) and has the ad-
ditional symmetry

0 0
X* = f(s)5; +pDs(f) 5 (6.164)

+h
Now consider the symmetry subalgebra

0 0
X = —2T0X1 +X3 = 2(T0 — t)m ‘F’I“E — Aa_A + 8% + (1 — n)pa—,
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where 7j is some positive constant. Then to (6.165) we add the special case of the

operator (6.164),
) 0
X** — i e
i (883 - pap) ’

which gives the subalgebra

5 0 0 0 0 0
X=2(y—-t)=———+r——A— 1 —+(1- —, (6.166
(To )O(To—t)+T8r aq TS5+ ( n+v)pap, (6.166)
where v is some “monitoring” parameter. One can readily see that v = —1 cor-

responds to the situation in which s is an invariant of the subalgebra (6.166). The
corresponding symmetry operator is the following:

0 0 0

Let us write out the invariant representation of the solution in this case:

A= A(/\)<T0 - t>_1/27 ¢ = (i)(A)a p= ﬁ(/\)<T0 - t>_n/27

s =3(N), A=r(Ty—t)~ Y2 (167

The ordinary differential system and the corresponding ordinary difference sys-
tem can readily be obtained by substituting the invariant representation (6.167) into
system (6.144) and (6.159)—(6.162).

This solution has the desired property of having a self-similar form and of be-
coming singular in finite time T, with amplitude proportional to (T — t)~/2 while
evolving on a length scale proportional to (Tj — t)'/2. Thus, if such a solution ex-
ists for the underlying problem, it is admitted by the discretization. As was noted
earlier, this is a significant feature of such a method, as it is known [131] that if
n > 2, then the stable form of singularity evolution is that of a monotone decreas-
ing self-similar solution.

Since s is an invariant of this solution, there is no movement of waves in the
s-direction for the invariant solution of the form (6.167), and any distinctive point
of the solution (6.167) in A (gradient maximum or zero point for example) does
not move in the s-direction. Thus, s is a true computational variable, in the sense
that a computationally “difficult” problem when expressed in terms of r has been
transformed into a more “regular” problem in s allowing for a more straightforward
discretization.






Chapter 7

Hamiltonian Formalism
for Difference Equations:
Symmetries and First Integrals

In this chapter, the relationship between symmetries and first integrals for differ-
ence Hamiltonian equations is considered. These results are built upon those for
the continuous canonical Hamiltonian equations

. 0H . oH

3

q _apl7 pzz_a_qlv

i=1,...,n, (7.1)

considered in the Introduction. It was shown there that the continuous Hamiltonian
equations can be obtained by the variational principle from action functionals. On
the basis of Noether-type identities, there was developed a Noether-type theorem
for the canonical Hamiltonian equations.

Now we shall develop a similar mathematical formalism for their discrete coun-
terparts, i.e., for difference Hamiltonian equations [43—45]. The approach based on
symmetries of discrete functionals provides a simple, clear way to construct first
integrals of difference Hamiltonian equations by means of purely algebraic ma-
nipulations. It can be used to preserve the structure properties of the underlying
differential equations under the discretization procedure; this is useful for numeri-
cal implementation.

7.1. Discrete Legendre Transform

Consider difference Hamiltonian equations at some lattice point (¢, q, p). The no-
tation is given in Fig. 7.1. Generally, the lattice in not regular. Using the analogy
with the continuous case, we can construct discrete Hamiltonian equations on the
basis of the discrete equations in the Lagrangian framework. We use the slightly
modified version [83] of the Legendre transform. The discrete Legendre transform
of L(t,t,q,q,) with respect to q. is the function

H(t7t+7qa p+) :pj_ﬂ(qz) _‘C(tat+aq7 q+)7 (72)

221
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Figure 7.1

where D (¢") = (¢". — ¢")/h+ and g is defined implicitly by
+

t=h, . (7.3)
b +8q+

Remark. Alternatively, one can consider the discrete Legendre transform with re-
spect to q. Then

H(t, b ar,p) = piD(q) = L{E: 14,9, 94), (7:4)
where q is found from
oL
=—h,—. 7.5
p + 9q (7.5)

For the discrete Legendre transform (7.2), (7.3) we obtain the following rela-
tions for the derivatives of the Hamiltonian function:

M S

opt  +h D, oq  hy 0q’

OH N oL OH A oL
—:p—zD(qz — a7 _:_p_quz — o
8t h+ +h 8t 8t+ h+ +h at+

By using these relations as well as relations (7.2) and (7.3), we can transform the
n + 1 global extremal equations for the Lagrangian L£(¢,t.,q, q, ) into the Hamil-
tonian framework. We arrive at the system of 2n + 1 equations

. OH oM
—&—Dh(q)_%’ Bl(pz)— aql, Z—l,...,n,
. (7.6)
OH h_O0H

Bt hyor ) =0
where H = H(t,ty,q,p;+) and H™ = 7Sh(’H) = H(t_,t,q_,p). We refer to

these equations as the difference (or discrete) Hamiltonian equations. Although
these equations have been introduced in terms of the discrete Legendre transform,
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they can be considered independently of the Lagrangian framework (see the next
section).

Note that the first 2n equations in (7.6) are first-order discrete equations, which
correspond to the canonical Hamiltonian equations (7.1) in the continuous limit.
These (and equivalent) equations were considered in a number of papers [3, 52,
53, 129]. The last equation is of second order. It defines the lattice on which the
canonical Hamiltonian equations are discretized. In the continuous limit, the lattice
equation itself disappears. Being a second-order difference equation, it needs one
more initial value (the first spacing of the lattice) to state the initial-value problem.

Remark. The second version (7.4), (7.5) of the discrete Legendre transform yields
the discrete Hamiltonian equations

oH oH

D(q") = D(p;) = ——— =1,...
—i—h(q ) 8}91 ? +h(pl) aqﬂ_? ? ) 7”7

3 (7.7)
OH h_OH

o Thoar hot)=0

where H = H(t,t,,q",p) and H™ = :S;Z(’H) =H(t_,t,q,p-).

7.2. Variational Statement of the Difference Hamiltonian
Equations

The discrete Hamiltonian equations (7.6), which were obtained by an application of
the discrete Legendre transform to the discrete Euler—Lagrange equations, can be
obtained from a variational principle. Indeed, consider the finite-difference func-
tional

Hy= Z(p;“g(qi) —H(t, 1, q,py))hy
Q
= i (d, — ') = H(t,te, q, P )hy). (7.8)
Q

The variation of this functional along a curve ¢¢ = ¢;(t), p; = ¥;(t),i =1,...,n,
at some point (¢, q, p) will affect only two terms in the sum (7.8),

Hh = _|_pz(qz - qz_) - H(t,,t, q-, p)h,
+pi (¢ — ') — H(t ty, q, P )Py + -+
Therefore, we obtain the expression

oH oH
OHy, = —dp; :
" ops pit oq’

. 0H
5q +E5t
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for the variation of the functional, where d¢" = ¢.dt, dp; = ¥\6t,i =1,...,n, and

5pi_q _qf_h_(()pi , 1=1,...,n,
) 0

og* 9q'

OH OH OH "™ _
W——(thE—H—i‘hE +H )

For the stationary value of the finite-difference functional (7.8), we obtain the sys-
tem of 2n + 1 equations

oH oH OH
= - = =1,... - = 7.1
5pl 07 5(]2 07 ¢ ) , 10, 5t 07 ( O)

which are equivalent to the discrete Hamiltonian equations (7.6).
Note that the variational equations (7.9) can be derived by applying the varia-
tional operators

4] 0 0
0 0
(Sql aql + :Si'zaqj_’ ¢ ’ 7n7 (7 )
o 0 0
5~ ot T S, 713

to the discrete Hamiltonian elementary action p; (¢, — ¢') — H(t,t4,q, p)h..
For the variation of the functional (7.8) along an orbit of the group generated
by the operator

0 » 0 0
X =¢&(t,q,p)5; +1'(t,q,P) 5= + Gi(t,q,p) (7.14)

ot g’ Ipi’
we have 6t = £da, ¢° = n'da, and op; = (;0a, i = 1, ..., n, where da is the varia-
tion of the group parameter. The stationary value of the finite-difference functional
(7.8) along the flow generated by this vector field is given by the equation

0H OH OH
A
Sop o T e
which explicitly depends on the coefficients of the generator and is the Hamiltonian
counterpart of the quasi-extremal equation in the Lagrangian framework.
If we have a Lie algebra of vector fields of dimension > 2n+4-1, then the station-
ary value of the functional (7.8) along the entire flow is attained on the solutions of

the system (7.10).
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Remark. In a similar way, one can show that the discrete Hamiltonian equations
(7.7) can be obtained from variations of the finite-difference functional

Hy =) (piD(q") = H(t, 1 ar, p)hy

Q
= Z(]%(qz,- - qz) - H(tat+aq+ap)h+)'
Q

In forthcoming sections, we consider the invariance and conservation proper-
ties of discrete Hamiltonian equations. For simplicity, we restrict ourselves to the
version (7.6) of such equations. All results can be equivalently stated for the other
version, i.e., for the discrete Hamiltonian equations (7.7).

7.3. Symplecticity of Difference Hamiltonian Equations

The canonical Hamiltonian equations generate symplectic transformations in the
phase space (q, p). For the solution (q(¢), p(¢)) of system (7.1) with initial data
q(to) = qo, p(tp) = p°, this property can be expressed as the conservation of the
2-form

dp; A\ dq" = dp? A dqé.

This property is used to select symplectic numerical integrators [84, 128] as numer-
ical schemes with the property

dpitt Add, ., =dp! Ndg,,  n=0,1,.... (7.15)

Definition (7.15) of conservation of symplecticity cannot be used for discretization
on solution-dependent meshes such as the discrete Euler—Lagrange equations and
the discrete Hamiltonian equations (7.6). Generally, the variations of the dependent
variables involve the variations of the lattice points. This is clearly seen from the
variational equations

L P(Mhy) ,  OP(Hhy) PR | (MR
dq'. — dq' = dt dt Zdqg’ dp’
T = grar T prar, T aprag T T aptapr P
1=1,...,n,

O2(Hhy) . 0*(Hh.) O2(Hhy) . P(Hh,)
dpt —dp; = ——— 2t — —~—Fqt, — gy — gyt
bi = api dqiot oot T dgdg L ogopr 0

1=1,...,n,

O (Hhy) 0*(Hhy) P(HMhy) 5 P(Hhy)
o "t o, T Tawag Y aopr
02(H h_) PH h_), O*(H h), , OXH h_)

dt_ — dt
Otot_ e * oo’ 7 Otdp;

dp]:O
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for system (7.6). These equations are a system of 2n + 1 linear algebraic equations
for the variations dt, dq, and dp™ at the next lattice point. Thus, the variational
equations considered in the phase space (without the variations of the independent
variable) form an overdetermined system of 2n + 1 equations for 2n variables,
which has only the trivial solution in the general case.

Therefore, we are forced to look for symplecticity in the extended phase space
(t,q,p). (See also the general considerations for the continuous case in [25].)

THEOREM. The difference Hamiltonian equations (7.6) preserve symplecticity:
dpi Ndq'. —dEy Ndty = dp; Ndg' — dE A dL,

where

OH OH™
S+ZH+h+E, g H +h_at

are the discrete energies for the lattice points t, and t.

Proof. From the first 2n variational equations, we obtain

, , 2(Hh 2(Hh,
dpf Ndq', — dp; Ndq' = 88(7:{8 )d FAdE+ aa(JrHa )d p A dty
+
0*(Hhy) 0?(Hhy)
0401 gt N dt + = gt ——dg" Adt,. (7.16)

With the help of the relations

0*(Hhy) ., O*(Hhy) O*(Hhy) , 5 O(Hhy)

— +
de+ = oot dt+ ot% diy + dgot, ! Opf ot ap;
_ *(H ho) PH h_), PHh) ;  PH )
dE = = —dt 4+~ —dt + 50 ot dq’ oot dp;
2 2 2 2
__P(Hhy) 0D (Hh+)dt+ _ O*(Hhy) ’— O*(Hh) .
ot2 otot otoqI otop;

for the variations (where the last variational equation was used), we obtain

P(Mhy) o (M)
2N g0y I S A
aprar P N e
0%(Hh,) 9%(Hh.,)
oo A dt + ST

dE, Adty — dE N dt = dpi A dt,

+ T gt Adt,. (7.17)

By comparing the right-hand sides of (7.16) and (7.17), we arrive at the statement
of the theorem. O
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4. Invariance of the Hamiltonian Action

To consider discrete Hamiltonian equations, we need three lattice points. The pro-
longation of the Lie group operator (7.14) to the neighboring points (t_,q_,p~)
and (t+, q.,p") is as follows:

8 8 ;0 -0 0

= -
a 9 2 0 K3

where
& =¢to,q-,p7),  ni=n'(t-,q-,p7), ¢ =¢E-,q-,p),
€+ = £(t+7q+7p+)7 77:- = 771(75+7Q+,P+)> Cj_ = Ci(t+7q+7p+)'

Consider the functional (7.8) on some lattice given by equation

Q<t7t—7t+7q;pyq—7p—’q+’p+) = 0. (719)

DEFINITION 7.1. We say that the discrete Hamiltonian function H considered on
the mesh (7.19) is invariant with respect to the group generated by the opera-
tor (7.14) if the action functional (7.8) considered on the mesh (7.19) is an invariant
of the group.

THEOREM 7.2. The Hamiltonian function considered together with the mesh (7.19)
is invariant with respect to the group generated by the operator (7.14) if and only

if

[G"D(@) +p D) = X(H) =HD(©)][q, =0, Xy ;=0. (7.20)

Jlaz

Proof. The invariance condition readily follows from the action of X on the func-
tional:

X (H,) = X(Dpr(qi —q) = Hhy))
—Z (GM(d = ¢') +pf (s = ') = X(H)hy — H(E =€)
Z (G Dla') +pi D) = X(H) = HD()hs = 0.

It should be supplemented with the invariance of the mesh, which is obtained by
the action of the symmetry operator on the mesh equation (7.19). [l

In the general case, the lattice is provided by the discrete Hamiltonian equations
(7.6). Therefore, we need to require their invariance to consider the invariance of
the Hamiltonian function.
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7.5. Difference Hamiltonian Identity and Noether-Type
Theorem for Difference Hamiltonian Equations

Just as in the continuous case, the invariance of a difference Hamiltonian on a
specified mesh yields first integrals of the discrete Hamiltonian equations.

LEMMA 7.3. For any smooth function H = H(t,t.,q, p.), one has the identity

G D(¢) +p D) = X(H) = HD(S)

oOH b oA ) l. oM
= (Gt~ 00— (Do) + o)

o P ol e (e on O
+¢ (gm 3p1)+D[npz 5(% +ho )} (7.21)

Proof. The identity can be established by a straightforward computation. 0

We refer to this identity as the difference Hamiltonian identity. It permits one
to state the following result.

THEOREM 7.4. The difference Hamiltonian equations (7.6) invariant with respect
to the symmetry operator (71.14) possess the first integral

. oM~
J—npi—é“(H +h = )

if and only if the Hamiltonian function is invariant with respect to the same sym-
metry on the solutions of Egs. (7.6).

Proof. This result is a consequence of identity (7.21). The invariance of the discrete
Hamiltonian equations is needed to guarantee the invariance of the mesh defined
by these equations. [

Remark. Theorem 7.4 can be generalized to the case of divergence invariance of
the Hamiltonian action, i.e., to the case in which

G D) +p D) = X(H) = HD(&) = D(V), (7.22)

! +h +h

where V' = V/(t,q,p). If this condition holds on the solutions of the discrete
Hamiltonian equations (7.6), then one has the first integral

. OH ™
ani—f(H +h,at )—V.
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Remark. For discrete Hamiltonian equations with Hamiltonian functions H =
H(h,q,p") invariant with respect to time translations, the energy is conserved,

OH~ OH
E=H thgp =Hthig.

Note that H is not the discrete energy; it has the meaning of generating function of
the discrete Hamiltonian flow.

Remark. In a similar way, one can consider the identity

QBL(qi) +pz‘BL(77i) - X(H) - HD(f)
oOH b oA ) i oM
=G - o) - (D + o)
, 0
w6 (D) -5 ) o n—e (w40 G0

which permits stating Noether’s theorem for the second version of the difference
Hamiltonian equations (7.7).

7.6. Invariance of Difference Hamiltonian Equations

An application of the discrete variational operators (7.11)—(7.13) to the expression

GHdy —d') + oy — ') = X(H)hy — H(E =€)
= (" D) + p?g(#) = X(H) = HD(O))hy

obtained by action of the symmetry operator X on the elementary action gives the
following result.

LEMMA 7.5. For any smooth function H = H(t,t,,q, p+), one has the identities

(GHdy — ) +pf 0y — ') = X(H)hy — H(E4 = 9))

5p]
SH\ O 6H O oM 9¢ OH
=X + + -+ ——, =1,...,n,
<5PJ> Op; opi ~ Opj 0q"  Op; ot J
—(C+< ¢') +pf(y —n') = X(H)hy — H(E =€)
_ o (OMN OGO oy oH 0 oM L
67 ) " dgi opi | Dgi gt g ot =5
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O (G — ) + 50 — 1) = X (b — (& — )

_x 5_% 0GOH  On' oH 856%
N 5t ot Spi Ot 5¢¢ Ot 8t

Using the lemma, we can relate the invariance of the discrete Hamiltonian equa-
tions to that of the Hamiltonian.

THEOREM 7.6. If the discrete Hamiltonian ‘H is invariant with respect to the oper-
ator (7.14), then so are the discrete Hamiltonian equations (7.6).

Proof. 1f the difference Hamiltonian 7 is invariant, then the left-hand sides of the
identities in Lemma 7.5 are zero. It follows that the variational equations (7.9) are
invariant. Consequently, so are the difference Hamiltonian equations, which are
equivalent to these variational equations. 0

Remark. 1f the difference Hamiltonian H is divergence invariant, then so are the
discrete Hamiltonian equations (7.6). This follows from the fact that total finite
differences belong to the kernel of the discrete variational operators.

By using the identities in Lemma 7.5, we can refine the result of Theorem 7.6
and state a necessary and sufficient condition for the difference Hamiltonian equa-
tions to be invariant. This explicitly shows the distinction between the invariance
of Hamiltonians and the invariance of Hamiltonian equations.

THEOREM 7.7. The difference Hamiltonian equations (7.6) are invariant with re-
spect to a symmetry (7.14) if and only if the following conditions are true (on the
solutions of the discrete Hamiltonian equations):

m (GH(dh = @) + 0/ (' =) = X(H)hy = H(E = ) |6 = O,

(C*( ¢)+pf(mfy —n') = X(H)he = H(Es =€) |75 =0,

) , , , ,
5 (GG = @) +pf k= 0) = X(H)hy = H(E =€) |7 = 0.

Proof. We use the fact that the discrete Hamiltonian equations (7.6) are equivalent
to the variational equations (7.10). Now the claim follows from the identities in
Lemma 7.5. [
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7.7. Examples

In this section, we present applications of the theoretical results presented above to
a number of differential equations and their discrete counterparts.

7.7.1. Discrete harmonic oscillator
Consider the one-dimensional harmonic oscillator
u+u=0. (7.23)

The symmetry group admitted by this equation and the corresponding first integrals
can be found, for example, in [94].
Now consider the one-dimensional harmonic oscillator in the Hamiltonian form

q=rp, pP=—q. (7.24)

These equations are generated by the Hamiltonian function

1
H(t,q,p) = §(q2 +p°).

Consider the discretization

4+ —q9 Dp+p+ Py — D q+q+
— = — 7.25
Iy 2 Iy 2 (7.25)

of Egs. (7.24) on the uniform mesh h, = h_ by the midpoint rule. This discretiza-
tion can be rewritten as the system of equations

4 hy 4 hy
D(q) = —— - D)= - 2

he =h_=h.

It can be shown that this system is generated by the discrete Hamiltonian function

2

H(t7 t—i—a q7p+) - m(q2 +p3- + h+qp+)
+

Indeed, the first and second equations in (7.6) are exactly the same as in (7.26). The
last equation in (7.6) acquires the form

24+h0%) 5, 16h
— (@ D) - P
(4—hi)? U Bt
24+ h?) 16h_
(4—n2)? (@ +p7) + a—pept?="0
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Using the first and second equations, we can rewrite it as

2 2 s g
— =0.
( 4+h2++4+h2_>(q )

Therefore, this equation can be taken in the equivalent form

h+:h,

provided that ¢% 4 p? # 0.
The system of difference equations (7.26) in particular admits the symmetries

0 J
X = sm(wt)a—q + cos(wt)a—p, Xy = Cos(wt)a—q - sm(wt)a—p,
0 0 0 0 0
Xs= 2 X, =q2 4p2. Xy=pL — g2
3 ata 4 qaq+pap7 5 paq qapa
where
_arctan(h/2)
~ h)/2

For the symmetry operators X; and X5, we have the divergence invariance condi-
tions

C+£(CI) +p+3(n) - X(H) - Hﬂ(ﬁ) = g(V)

satisfied on the solutions of Egs. (7.26) with the functions V; = ¢cos(wt) and
Vo = —gsin(wt), respectively. Therefore, we obtain the corresponding two first
integrals

J1 = psin(wt) — g cos(wt), Jo = pcos(wt) + gsin(wt).
The symmetry operator X3 satisfies the invariance condition
G+ D(a) +p+ D(n) — X(H) = HD(E) = 0.
Thus, we obtain the first integral

4 4+h? ¢ +p? 4h_
2 2 + 5 4-D |-
4 —h 4 — h2 2 4 — h*

J3 = —

Using the first and second equations in (7.26), we can simplify it as

4 ¢ +p?

‘73:_4+h2_ 2

Since the first integrals J; and > give the conservation law

T2+ T3 = q¢* + p® = const,
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we can equivalently take the third integral in the form Js = h_, which permits
using a regular lattice. B

The three first integrals J;, Jo, J3 are sufficient for the integration of sys-
tem (7.25). We obtain the solution

q = Josin(wt) — J; cos(wt), p = Jisin(wt) + J, cos(wt) (7.27)
on the lattice

ti=to+ih, i=0,%1,%2,..., h=7Ts. (7.28)

7.7.2. Modified discrete harmonic oscillator (exact scheme)

The solutions of the discrete harmonic oscillator in the Lagrangian case (7.23) and
in the Hamiltonian case (7.27), (7.28) follow the same trajectory as the solution of
the continuous harmonic oscillator but at a different velocity. These discretization
errors can be corrected by time reparametrization. Hence we obtain an exact dis-
cretization of the harmonic oscillator, i.e., a discretization that gives the solution of
the underlying ordinary differential equation.

The discrete harmonic oscillator admits reparametrization. Consider the har-
monic oscillator (7.24) discretized as

4+ —q D+ p+ D+ — P q+q+
=0 = -Q—= hp,=h_=h 7.29
h+ 9 ) h+ 92 9 + ) ( )
where
tan(h/2)
Q= —""7
h/2

By analogy with Sec. 7.7.1, it can be shown that this discrete model of the harmonic
oscillator is generated by the discrete Hamiltonian

2Q

%<t7t+7 Q7p+> = —(q2 +p2 —+ Q2h+qp+).
14— 2h2 +

The system of difference equations (7.29) admits the symmetries

0 0
Xy =sint— + cost—, Xy =cost— —sint—

dq Op Jdq dp’
0 0 0 0 0

X3 = — Xy =q—+p— X5 = p=— — q—.

For the symmetries X; and X,, which satisfy the divergence invariance condi-
tion (7.22) with the functions V;, = gcost and V, = —¢sint, we obtain two first
integrals,

Ji = psint — qcost, Jo = pcost + gsint.
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The operator X3 satisfies the invariance condition (7.20) and gives the first integral
Js, which (by analogy with Sec. 7.7.1) can be taken in the equivalent form J3 =
h_. The scheme (7.29) gives the exact solution of the harmonic oscillator, which
can be found with the help of the first integrals /1, J>, and J5 as

q= Josint — J, cost, p=Jysint + J,cost.
This discrete solution is given on the lattice
t:=to+ih, i=0,£1,42,.... h=Ts

Exact schemes for the two- and four-dimensional harmonic oscillators were used
in [80] to construct exact schemes for the two- and three-dimensional Kepler mo-
tion, respectively.

7.7.3. Nonlinear motion

The equations

4 1
q=—=, p=
»?
are generated by the Hamiltonian
4
H=—-—-—q
p
Consider the discretization
q+ — 9 4 b+ —D
— , =1 (7.30)
hy (p+ — hs/2)(p + 1y /2) hy
on the lattice h h
+ - (7.31)

pr—hij2 p—h_j2
This scheme is invariant with respect to the Lie group operators

) ) o o 0
_ =2  x,=2_,2.,9
9q 3= T U9, TPy,

The difference equations (7.30) can be rewritten as

4+ —q _ 4 P+ —p
hy (p+ — hy/2)% hy

These equations are generated by the discrete Hamiltonian function

=1.

4

Htvtva = T 7 5
(s, q,p4) pr — hy /2

q.
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The last discrete Hamiltonian equation in (7.6) is

Apy 4p

T —he2r T n oy

This equation leads to the lattice equation (7.31) on the solutions of (7.30).

The Hamiltonian function is invariant with respect to the symmetry operators
X, and X3. For the symmetry X5, we have divergence invariance with V5, = t.
Therefore, these symmetries give three first integrals,

+q-=0.

Ap,
Ti=—— tq Ty=ps—ts,
1 (P — Ry /2)? q 2 =P+ — Ut
Ap
=+t (G )

Note that )
hy
4—T\L —I3=| ———
e (p+ —hy/ 2)
on the solutions of the difference equations (7.30), which justifies the lattice (7.31).

By setting
hy

p+ —hy/2 B
we find the solution of the discrete model in the form

4 2
q:A——(l—%), p=t+B.

T,=A4A, I,=B8, €,

The integration of the lattice equation can be found in [48].






Chapter 8

Discrete Representation of Ordinary
Differential Equations with Symmetries

In this chapter, we consider the relationships between the objects under study,
namely, between differential and difference equations and transformation groups
admitted by them.

Using the Taylor series, one can readily write out the differential representation
of a given difference equation. This is a formal power series whose sum trun-
cated at a certain term is the so-called differential approximation to the difference
equation. The differential representation (an infinite-order differential equation)
formally admits the same transformation group as the original difference equation,
but the differential approximation, which is a finite-order differential equation, may
preserve the symmetry of neither the original equation nor the difference equation.

Using the Lagrange formula and formal Newton series expansions, one can
construct a discrete representation of the differential equation, which preserves the
group of the original differential equation. But the truncated partial sums of such
series, i.e., the difference approximations to the differential equation, need not pre-
serve the admissible group in general.

In this section, we consider all these objects only for second-order ordinary
differential equations and the corresponding schemes on a uniform mesh. For first-
order ordinary differential equations whose symmetry is known, one can readily
write out not only the invariant scheme but also the exact scheme; see Sec. 3.1.
In Sec. 3.2, we succeeded in writing invariant schemes and meshes on a three-
point stencil for the second-order ordinary differential equations. In Chapters 6
and 7, we constructed difference schemes that additionally have difference first
integrals. The solutions of such schemes are very close to the solutions of ordinary
differential equations not only in the approximation order but also in the form of
the curves, which differ from the exact curves (solutions) only by an insignificant
dilation or shrinking. It turns out that in the set of parametric families of invariant
difference schemes for second-order ordinary differential equations one can single
out schemes that have no approximation error, i.e., the discrete representation of
differential equations, or exact difference schemes.

237
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8.1. The Discrete Representation of ODE as a Series

1. Each second-order ordinary difference equation
{(w,aﬁ,x_,v,vﬂv_) =0
on the uniform mesh
ht=h"=h

can be represented in the “continuous” space of sequences Z = (x,u,uy,ug,...)
by means of the Taylor group with infinitesimal operator D.
Let us illustrate this by an example.

EXAMPLE. Let the following ordinary differential equation be given in Z:

u = u?, (8.1)
and let the following finite-difference equation on a uniform mesh approximat-
ing (8.1) up to the second order in / be given in % :

2
;= v°. 2
Vo = U (8.2)

To represent (8.2) in 7, one has to use the Taylor formula for Uaa!

s—1 hk—l

o . - <_h) s+k
o= g0 =3 S

Thus, Eq. (8.2) in 7 is a formal power series in h:

slhkl

>y ek =0 (8.3)

s=1 k=1

where v,,, is the mth derivative with respect to x.

The representation (8.3) allows us to consider the approximate object, namely,
the differential approximation of the difference equation. For example, omitting in
(8.3) the terms of higher order than h?, we obtain the first differential approximation
to (8.2):

h2
Vg + EU;; = U
Taking the terms of the next order into account, we similarly obtain the second,
third, etc. differential approximations to the difference equation.

In Z, the differential approximation of any finite order occupies an intermediate
position in the functional-analytic sense between the difference equation (in contin-
uous representation) and the differential equation. But the fact that the differential
approximation is close to the difference equation and to the differential equation in
the sense of approximation does not guarantee the same closeness in the algebraic
aspect, in particular, concerning the closeness of their group properties.



8.1. THE DISCRETE REPRESENTATION OF ODE AS A SERIES 239

2. Thus, so far we have three objects in Z and % : the differential equation (sys-

tem), the difference equation, and the continuous representation of the difference
equation. For symmetry reasons, it is necessary to have the fourth object, namely,
an exact expression for the differential equation in the mesh space % .

Earlier, for the Taylor group operator

p=2 w2y 4
oz ou T " ou

we obtained the representation

0 D 0 —i—b(u

+_ O 9 Y
e = ox +£(u)8u Th h5>8%s

:Fh)n 1 n
- D

in the mesh space, where D Yo The correspondence between the

differential and finite- dlfference Varlables is glven by the Lagrange formula
Z L
Z (+h

+h

D < (8.4)

h

Formula (8.4) permits one to represent the finite-difference variables in Z and hence
to obtain a representation of any other difference equation.

EXAMPLE. We use the Lagrange formula (8.4) to rewrite Eq. (8.1), which was
considered above on the uniform mesh, in the mesh space % as

 (FRT o ED >

; : ﬂ; ~—D"(u) = u’, (8.5)
Formula (8.4) gives a nonunique representation for the differential variables: ei-
ther the right half-line, or the left half-line, or the entire line of the independent
variable x is used. With increasing order of the derivative u,, the number of its dis-
crete representations also increases. For example, the representation (8.5) generally
means the following four representations:

L iﬂDs+”(u) =u?

s,n=1 § h
> hs—l—n—Q
II. Z%SJF”(U) = u?.
S —
s,n=1 (86)
s 1hn 1 DS D" )
111 22 D*D"(u) = u*,

hs 1
Iv. ZZ 33“( u) = u?.
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The formal series (8.6) represents the differential equation (8.1) in difference form;
these series will be called the “exact difference scheme” for (8.1) or the discrete
representation of the differential equation in series form.

In this one-dimensional case of a uniform mesh, the operators Dh and l% com-
+ —
mute, and representations III and IV in (8.6) coincide. Representations I and II are

taken to each other by the discrete reflection group + — —x, which acts as follows:
h — —h, b;l — b;l , and l% — l% . Representations III and IV are invariant under
+ - + -

reflection.

Thus, there is a significant difference between representations I (II) and III (IV).
To write out the differential equation in these representations, one uses a half-line
or the entire line of the independent variable, respectively. From the algebraic point
of view, this is the question of whether the reflection group is admissible. In this
respect, representations III and IV are preferable, because the original ordinary
differential equation admits the reflection group.

In more detail, from Egs. (8.6) we obtain, to within O(h?),

Ugy — hu:vacx + O(hQ) ’LLQ,
h h

Uzz + Nuzzz + O(hQ) U2a
h h

h 2\ .2
h 2\ .2

The finite-difference equations

h2
2 2 2
can be called the first difference approximation to the corresponding differential

equation in the mesh space % . In particular, it follows from (8.7) that the pres-

ence of the reflection group in representation III (IV) ensures the second order of
approximation. The difference approximation (of any order) to some differential
equation is a finite-order finite-difference equation and can be used to construct an
approximate difference model of the differential equation. Clearly, the situation in
the example considered above is of general character.

Note that we generally use distinct symbols (x, u) and (y, v) for the dependent

and independent variables in the notation of the spaces Z and % ; for simplicity,

we have assumed that + = y and v = v in the examples above. Moreover, the
space Z should be supplemented with a nonlocal variable /, because the continuous
representation of a finite-difference equation contains the mesh spacing h.

Differential-difference equations, which are often used to analyze difference
schemes, occupy an independent position in the above scheme.
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3. We use the same example to show how the group admitted by the original ordi-
nary differential equation acts on the four models considered above.
One can consider the product

%:(x7u7u17u27--wh;yavar‘}ilag%---7h‘)

of the spaces Z and % and treat the transition from Z to % and vice versa as a

change of variables in % :

y:f(xau)a ’U:g<£L‘,U). (8.3)

In a more general case, this change of variables (8.8) may be nonlocal.
The equation
u// —_ u2

in Z admits the group G5 with generators

0 0 0

Let us pass to a similar group in % by using the well-known formulas of change of

variables in the infinitesimal operator. We use the simplest change of the form (8.8),
namely, the identity transformation

Yy =2z, V=1

in the subspace (x, u, h,y, v, h). We obtain the following expressions for the coef-
ficients of the operators X; and X, given by (8.9):

_ 0 0 _
X, = Xz(f(x,u))a—y + Xi(g(aj,u))%7 i=1,2.
It follows that 5 9 5
X, = — Xy =y— — 20—
! oy’ 2 y@y You

Now it only remains to prolong X, to finite-difference variables. (Note that X has
no prolongation.) Denoting

vi=D(), v2=DD(),...

and using the prolongation formulas obtained above, we have

_ 0
Xi=—
1 ay?
Y=gl 2 30l 0 e L nl ®a0)

dy ov h Ovy h 8’22 h 8271 oh
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The group G, with operators (8.10) acts in the mesh space % and is similar to the

group (G5 with operators (8.9).
Let us verify that the discrete representation (8.6) of a differential equation
in % admits the operators (8.10). We rewrite the representation (8.6) in the same

notation:
e —p)stn—2
> %}{m —v? =0. (8.11)
s,n=1

Clearly, (8.11) admits the operator X;. The action of X, on (8.11) gives
i (s +n—2)(=h)*? i (n+s+42)(=h)*2

Unts —
SN h SN
s,n=1 s,n=1

2 _
%n-l—s +4U - 07

or, after simple transformations,

& —h s+n—2
()

s,n=1

whence it follows that the infinite-order difference equation (8.11) is invariant un-
der Gs.

In a similar way, we can verify that the other representations in (8.6) are invari-
ant under the operators (8.10) as well.

In % , consider the equation

Vo — v? =0, (8.12)

which is constructed with the guaranteed property of invariance under the group
G, with operators (8.10). As follows from (8.7), Eq. (8.12) is the “zero” difference
approximation to representation III (IV) in (8.6); i.e., it differs by O(h?) from the
infinite-order difference equation of the form II(IV) in (8.6). In this sense, the
difference equation (8.12) is the most natural approximation to (8.6).

It is clear that any difference equation approximating III (IV) in (8.6) to within
O(h?) is not necessarily invariant under G,..

4. Now consider the representation (8.12) in A ,

X g\s—1 X gp-1
Z( h) Zh D (u) —u® = 0. (8.13)

s! n!
s=1 n=1

The group G, similar to G, can be prolonged to the variables u, and h,

9
x, =2
1= 9z
9 9 9 9 o 9
D O W A A P D A S
2= agy T g, T3y, g (n 4 2unz —+hay



8.2. THREE-POINT EXACT SCHEMES FOR NONLINEAR ODE 243

The action of X; on (8.13) is zero, and the action of X5 on (8.13) gives

slhnl

Z Z i (s +n+2)usin

s=1 n=1

slhsl

+ Z Z Sl S +n— 2)us+n + 4U2 = Oa

s=1 n=1

which implies that

> > —h)s—1pn—1
[ B - ]

It is obvious that (8.13) admits the group G5 similar to G. The invariance of the
uniform mesh is also obvious. _ _
Thus, one and the same group acts in % , and its representations in Z and %

=0.
(8.13)

differ by a similarity transformation and can be prolonged to the differential vari-
ables (u) and the difference variables (?ii") by different prolongation formulas. The

differential equation and its discrete representation in % admit similar groups G,

and G,.. In general, an arbitrary difference scheme close in the approximation sense
to a given discrete representation need not admit a given group G,.. Apparently ap-
proximate models serving as differential approximations to difference schemes and
difference approximations to differential equations should be considered from the
standpoint of approximate groups [7]. In general, these approximate models need
not inherit the groups G, and G, of the exact models.

8.2. Three-Point Exact Schemes for Nonlinear ODE

In this section, we consider two examples in which exact difference schemes can
be represented in finite rather than series form. From the set of parametric families
of invariant schemes obtained in Sec. 6.9, we single out exact schemes that have
Zero approximation error.

8.2.1. Let us construct an exact scheme for the ordinary differential equation
' =u"?, (8.14)

which was considered in Sec. 6.9, where we constructed a one-parameter family of
invariant schemes with three first integrals.

Recall that Eq. (8.14) admits the three-parameter point transformation group
generated by the operators

0 0 0 0
X = — X = —_— - X == 2_ - . .
1= 50 9 2:6896+ua 3= ax—l—xuau (8.15)
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Equation (8.14) can be viewed as the Euler equation for the invariant functional
with Lagrange function (u—l2 — u2). By Noether’s theorem, Eq. (8.14) has three first
integrals

1
Jp :ui—i——Q = A% Ja :2% —2(u — upz)u, = 2B°,
u u
22
Js = — + (u— zu,)? = C°.

U2
The general solution of the ordinary differential equation has the form
A0u2 = (Aoﬂf + 30)2 + 1.

Earlier, we obtained the one-parameter family of invariant meshes

ht h~
— = — =g, e=const, O0<e<kl, (8.16)
uut  uuT
and the difference equation
= 8.17
h— wu~ ( )

approximating the original equation (8.14) to the second order.
The exact solution of the invariant scheme (8.16)—(8.17)

2
Agu? = (Agz + Bo)2 + 1 — %. (8.18)

is uniformly close to the exact solution of the original ordinary differential equation.
The exact scheme (if any) should admit the same transformation group as the
ordinary differential equation (8.14). Since it is invariant, such scheme and mesh
should be represented in terms of difference invariants. In particular, we can use
the mesh (8.16) constructed from difference invariants. (Any other invariant mesh
can be used as well.)
Let us construct an exact scheme starting from the parameter-dependent differ-

ence Lagrangian
o ) ut =\’
Cuut ht ’

where the parameter 0 = const is as yet undefined.
The variational procedure on the same invariant mesh results in the following
intersection of quasi-extremals (the global extremal):

ht h~
—=— =z, e=const, 0<e<xl, (3.19)
uut  uu”

Uy — Uz 5

nont (8.20)

h— wu—
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Using the difference analog of Noether’s theorem, we obtain the following first
integrals:

9 J

1. w2 + —— = A" = const,
h wut
2¢ + ht 2r+ht  u+ut
2. L R ) — » = B® = const
2 12 * 2uut 2 5 ’
ht T2z + kT O\’
3. (5I<x+ ) + utun srt uy | = C° = const.
uut 2 2 h

The two-parameter family of schemes (8.19)—(8.20) with constants £ and § con-
tains the approximate scheme (8.16)—(8.17). To find the value of § corresponding
to the exact scheme, we substitute the exact solution (8.18) into the scheme (8.19)—
(8.20) at three arbitrary points of some particular solution. This determines the

constant d:
1—v1-¢2
g2 ’
Since the action of the group G'3 with operators (8.15) takes every solution of the
ordinary differential equation to every other solution and since the scheme (8.19)—
(8.20) is invariant, it follows that the resulting scheme with constant (8.21) gives the
entire family of exact solutions. Note that the scheme (8.19)—(8.20) still contains
the arbitrary parameter €.

Thus, the scheme (8.19)—(8.20) with constant (8.21) is an exact scheme for
the ordinary differential equation (8.14); i.e., the family of solutions (8.18) of the
ordinary differential equation (8.14) identically satisfies this scheme. Of course,
the exact scheme (8.19)—(8.20) determines a set of points on the exact curve rather
than the entire smooth curve. The density of these points on the curve depends on
the parameter € and can be arbitrary.

It is important to note that the first integrals (8.14) are difference (i.e., nonlo-
cal) integrals and cannot be obtained from Noether’s classical theorem for ordinary
differential equations. But they hold both for the exact scheme and for the original
ordinary differential equation.

0=2 (8.21)

Remark. 1t turns out that the invariant approximate scheme and the exact scheme
are related by a similarity transformation. More precisely, the dilation

T=x-a%\/1—-= U=1U-«

of x, or u, or their combination, where o # 0 is an arbitrary constant, relates the
invariant scheme (8.16)—(8.17) to the exact scheme (8.19)—(8.20). By transforming
the ODE (8.14), we can find a differential equation for which the approximate
invariant scheme (8.16)—(8.17) is exact. This equation has the form

1 2
u'= = (1 _ %) (8.22)
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Table 8.1: Differential equations and invariant difference models

Invariant ODEs | Invariant difference models
, 1 hr T 5 sol=VI— T
u = — = = = = £
ud h— wu~’ g2 Towut uu
u,,_1—52/4 e Wt b .
u3 h— wu=' wut uuw
for each ¢.

Thus, the approximate invariant scheme (8.16)—(8.17) is exact for the approxi-
mate differential equations (8.22).

All four objects are shown in Table 8.1. The ordinary differential equation is on
the left, and its discrete representation (exact scheme) is on the right. Each scheme
approximates the ordinary differential equation in the other row.

8.2.2. Consider the operator algebra

X1:2 X2:é%’ ngx((%+(a:+u)%.
The corresponding invariant ordinary differential equation

u" = exp(—u’) (8.23)
and invariant schemes were considered in Sec. 6.9. The Lagrangian

L=exp(u)+u (8.24)
admits the operators X; and X as variational symmetries,

XL+ LD(&) =0, XoL + LD(&) =1= D(x).
For the second operator X5, one can find another Lagrangian,
Ly = zu' — exp(u'),

which ensures the exact (nondivergence) variational symmetry

XoLo + LQD(fz) =0
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for X,. One can show that there does not exist any Lagrangian providing varia-
tional symmetries for all three operators, but it suffices to have two symmetries to
integrate Eq. (8.23). By Noether’s theorem, the Lagrangian (8.24) permits easily
computing the two first integrals

Jy = exp(u)(1 —u') +u= A Jo = exp(u) —x = B,

from which one can readily find the general solution of Eq. (8.23) by eliminating
u':

u= (B +x)(In(B° +2) — 1) + A°,

where A° and B are arbitrary constants.
Recall that in Sec. 6.9 we constructed a conservative invariant model, which we
now rewrite as

651

hy

—1-1/e

(exp (yz) —exp (yz)) =1, h* =cexp(l+e*)(1+¢) exp(yz),

(8.25)
where the constant
ar = exp(l +£2)(1+¢)" ¢

ensures the second-order approximation. This scheme is completely invariant, has
two first integrals (see Sec. 6.9), and is integrable. By using the integrals and by
performing algebraic transformations, we find the general solution

u=(B"+z)In(B"+z)— (1+°)(z+ B") + A" (8.26)
On this solution, the mesh equation in (8.25) is equivalent to the equation
hy = e(z + B"). (8.27)
Such a mesh is an integral of the two-point invariant equation
hy =(1+¢)h_.

The scheme (8.25) and its general solution contain the small parameter £, which
characterizes the mesh scale. This parameter can be found, for example, from the
initial data (o, ug, 1, u1) for system (8.25).

The general solution (8.26), (8.27) provides a uniform second-order approxi-
mation to the general solution of the original ordinary differential equation (8.23).
We show that the family of models of the form (8.25) with a constant «; contains
an exact scheme whose solution coincides with the solution of the ordinary dif-
ferential equation at the mesh points. The mesh can be arbitrarily dense on the
x-axis. The exact scheme should admit the same transformation group as the orig-
inal equation; therefore, it should be expressed in terms of difference invariants.
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In particular, this means that one can use the same mesh as in the approximate
invariant scheme (8.25).

To find the constants that single out the exact scheme from the set of approx-
imate schemes, we use the same idea as in the preceding example. Note that the
scheme (8.25) with indeterminate constant ¢/ is written out in the invariant form

1 1 h
Jo = ™ (exp (uy) — exp (uz)) = o h_ir =(1+¢), (8.28)
where .Jj 1s an invariant of the group. To find the value of .J; on the exact solution,
it suffices to calculate this value at three points of an arbitrary particular solution.
For example, for such a solution we take

u=xlnr —x (8.29)

on the mesh
hy =ex. (8.30)

We take three points 3 = 1, 23 = (1 + ¢), and 23 = (1 + ¢)? on the z-axis
according to the mesh (8.30). By substituting the corresponding three points of the
particular solution into (8.28), we obtain the value

Jo=et(1+e)",

of the invariant Jy, which implies the value

a=e(l+e) Ve
corresponding to the exact scheme.

Thus, if the exact solution is known at three points, then we can not only recon-
struct the entire curve of the particular solution passing through these three points
but also write out the scheme (8.28), which, for the constant presented above, gives
the entire set of solutions. Note that in general we need not have any analytic ex-
pression for the particular solution (8.29); we should only know three points of the
exact solution.

The exact scheme, which is a special case of approximate invariant schemes,
admits a variational statement as well. Just the same procedure as in the case of
approximate invariant schemes gives the following exact integrals:

e(14 &) Yeexp (uy) =+ h™ + B,

1 - e
(1 + g)6(1 + &) WD In(1 + ) exp (ug) (ug — 1) (8.31)

1 h*
=u+ 1—1—5 In(l14+¢)—1 ?ux+A.
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From the integrals (8.31), we find the general solution
u=(x+B)ln(zr+ B)—(x+ B)+ A,

which does not contain a small parameter and coincides with the exact solution of
the ordinary differential equation (8.23).

The exact difference model has the same set of solutions as the original ordinary
differential equation. Just as Eq. (8.23), it has two first integrals (8.31), and these
difference integrals also hold for the differential equation (8.23).

The above examples show that approximate invariant schemes contain exact
schemes as a subset and have the same algebraic structure. Exact schemes for other
second-order ordinary differential equations with two or more symmetries can be
constructed in a completely similar way. A more complicated example (an exact
scheme for the Kepler problem) can be found in [80].

The existence of exact schemes whose solutions coincide at the points of an
arbitrarily dense mesh with the corresponding values of the solution of the differ-
ential equation, gives rise to a peculiar mathematical dualism. The same physical
processes can be described either by ordinary differential equations whose solutions
are continuous curves or by discrete equations providing points on these curves. We
believe that this dualism deserves attention of theoretical physicists interested in the
construction of mathematical models.
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